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Abstract

We present an improved algorithm for all pairs shortest paths. For a graph of n vertices our
algorithm runs in O(n®(loglogn/logn)®/7) time. This improves the best previous result which
runs in O(n®(loglogn/logn)'/?) time.
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1 Introduction

Given an input directed graph G = (V, E), the all pairs shortest path problem (APSP) is to compute
the shortest paths between all pairs of vertices of G assuming that edge costs are nonnegative
real values. The APSP problem is a fundamental problem in computer science and has received
considerable attention. Early algorithms such as Floyd’s algorithm ([2], pp. 211-212) computes
all pairs shortest paths in O(n?) time, where n is the number of vertices of the graph. Improved
results show that all pairs shortest paths can be computed in O(mn + n?logn) time [5], where m
is the number of edges of the graph. Recently Pettie showed [7] an algorithm with time complexity
of O(mn + n?loglogn). There are also results for all pairs shortest paths for graphs with integer
weights[6, 8, 10, 11]. Fredman gave the first subcubic algorithm [4] for all pairs shortest paths.
His algorithm runs in O(n?(loglogn/logn)/?) time. Later Takaoka improved the upper bounds
for all pairs shortest paths to O(n?(loglogn/logn)'/?) [9]. Dobosiewicz [3] gave an upper bound
of O(n?/(logn)'/?) with extended operations such as normalization capability of floating point
numbers in O(1) time.

As shown in ([1] pp. 202-206) the time complexity of distance matrix multiplication (DMM) is
asymptotically equal to that of the APSP problem. In this paper we show that the DMM can be
solved in O(n?(loglogn/logn)®7) time. Thus APSP problem for directed graphs with real edge
weights can be solved also in O(n?(loglogn/logn)®/7) time.

The computation model we used for our algorithm is the conventional RAM model. In particular
we assume that the bit-wise OR of two O(logn) bit integers and indexing into a O(n) size table

with an O(logn)-bit integer take constant time.



2 Matrix Multiplication Decomposition

Let A and B be n x n matrices whose components are nonnegative real numbers. The distance

matrix multiplication C' = AB is defined as

Cij = lg}cign{aik +bit,i,5=1,2,...,n.

We decompose A into n; = n/t n x t submatrices:

A=[A Ay ... An)].

We also decompose B into n; t X n submatrices:

Then C' = min{A; By, A2Bs, ..., Ay, By, }.

Note here that each A;B; is a n X n matrix and min is taken component-wise. Let the time
complexity of computing 4;B; be T} (n,t), then the time complexity for DMM is n3/t +nT}(n,t)/t.

Now let E be an n x ¢t matrix and F' be an ¢ x n matrix. We further decompose E into ne = n/h

h x t matrices:

We also decompose F' into no t X h matrices:

F=[F F,..F,].

Now D = EF can be decomposed into n3 h x h matrices:

DH D12 D1n2
D= Dgl D22 Dan :
Dn21 -DTL22 Dn2n2

where Dij = EZ'F]'.



Let the time complexity of E;F; be Ty(h,t), then T (n,t) = (n/h)?Ty(h,t). Therefore the time
complexity for DMM is n?/t + (n®/h?)Ty(h,t)/t. We shall show that for k& = c(logn/loglogn)/7,
where ¢ is a suitable constant, ¢ = k% and h = 24”1°8¢ e have that T5(h, t) = O(h?), and therefore
the upper bound of time complexity of DMM becomes O(n?(loglog n/logn)*7). In the following

we only consider the computation of E;F}.

Now let G be an h x ¢ matrix and H be an ¢ x h matrix. We further decompose G into n3 = h/k

k x t matrices:

We also decompose H into ng t X k matrices:

H=[H, Hy ... Hy,].

Now L = GH can be decomposed into n3 k x k matrices:

L11 ng L1n3
I = L21 L22 L2n3 :
Lp,1 Lpga ... Lpgp,

where L;; = G;Hj.

We will perform computations of G;H;. We shall show that based on the encoding infor-
mation of G and H (i.e. E; and Fj), the computation of G;H; takes O(t/k?) time. Thus
Ty(h,t) = O((h/k)?*t/k?) = O(h*t/k*). Therefore the time complexity for DMM is O(n3/t +
(n?/h2)(h2t/k*) /t) = O(n? [t + n3/k*). As stated above we shall let k = c(logn/ loglogn)/7 for a

constant ¢ and let t = k*.

3 Encoding Matrix Information

Please refer to procedure DMM in Section 4.

Let G ={gi;},H = {hi;},L = {l;;} and L = GH as in Section 2. We take the lists

(g1r — Giss ooy Ghr — Ghs), (L <7 <5 < )

and



(hsl - hrla---ahsh - hrh)a (1 <r<s< t)

and combine them and have them sorted. The sorting takes O(t?hlog(t2h)) < O(h?) time. Let
the sorted list be N. Let G(i,r,s) be the rank of g;, — g;s in N and let H(7,r,s) be the rank of
hsi —hy; in N. Then N[G(i,r,s)] = gir — gis and N[H (3,7, s)] = hs; — hyj. As shown in [4], we have

gir + hej < gis + hsj < gir — gis < hsj — haj.

As observed in [9],

gir + hrj < gis + hsj ~ G(i,’}", 3) < H(j,’l", 3)

G(i,r,s) and H(j,r, s) are computed at line 11 in procedure DMM.

Let 7 = {T C {1,2,3,...,t} and |T| = 3k2}. Then |T| < 2%¥*196%_ For each T € T and G; (G;
is a k x t matrix as given in section 2), we let G;[T] be the k x 3k? matrix by deleting j-th column
of G; iff j ¢ T. Let G;[T] = {g;j}. We obtain the encoding

k 3k%2—1 3k2

u=1 v=1 w=v+l
where [] is the concatenation of strings. Similarly for H;[T| which is obtained by deleting i-th

row of H; iff i ¢ T, we obtain encoding

k 3k%2—1 3k2

J[Hj[T]]:H H H H(u,v,w).

u=1 v=1 w=v+1

Note that since each G(u,v,w) and H (u,v,w) can be encoded by O(logh) bits, I[G;[T]] and
J[H;[T]] can be encoded by O(k® log h) bits. The computation of the encoding takes O(|T|(h/k)k®) =
O(2003k*1089) (1, /) kP) time because for each T' € T there are 2h/k submatrices (G;[T]’s and H;[TT’s)
for which the encoding needs to be done and for each submatrix the encoding can be done in O(k®)
time because there are only O(k®) integers encoded into the encoding. Since h = 24k*logt the
time for encoding is no more than O(h?). Now each encoded value of I[G;[T]] and J[H,[T]] takes
O(k%logh) = O(k"logt) = O(k" log k) bits.

I[G;[T]] is computed at line 15 of procedure DMM. J[H;[T]] is computed at line 19 of procedure
DMM.



4 The Improving Technique

Let Lij = {lap},a,b = 1,2, ..., k, where lo, = lrélcigt{gac + hep} and ggc is from G; and hg, is from
H;. Let m(a,b) be the index of ¢ for which the minimum is attained in lrgcigt{gac + hep}t. It is
obvious that 1 < m(a,b) <t. Let M(G;, Hj) = {m(a,b)|1 <a,b<k}. Since Ljj =G;Hjisakxk
matrix and ¢ = k%, therefore |{1,2,...,t} — M(G;, H;)| > k* — k?. This shows that many values of
{1,2,...,t} are not used in computing G;H;. We use a loop of m = O(logt) rounds to reduce the
possible values for M (G;, H;) from {1,2,...,t} to a set M,, with [M,,| < 3k%. Once there are only
3k? values left to choose from, the computation of L;; will become easy. This loop is at line 25 to
36 in procedure DMM.

With m rounds we reduce My = {1,2,...,t} to M,,. In the i-th round we reduce from M; ; to
M;. To keep track of M;’s, we maintain all possible subsets of {1,2,...,t}.

For each L;; we keep an integer [(, j) which encodes T', where T' = M, at the end of the a-th
round. That is, [(i,7) has ¢ bits and the 4-th bit is 1 iff i € T'.

We partition each T = {a1,as,...,a;}, where a1 < ag < ... < a; < t, into [|T|/(3k?)] sets
Ty = {a1,a2,...,a32}, To = {agp241,a3249, -, Qg2 }s -... Every set except the last one has 3k?
elements. We use an encoded integer to denote each T;. Such an integer has ¢ bits and the j-
th bit is 1 iff a; € T;. Let these encoded integers be 1,62, o Uy /3k2))- We now build a table
P of 2! entries. The value of [(i,5) is used to index into P. If [(4,4) corresponds to T then
P[I(i,§)] = {t1,t2, ... t[ /3k2y) - This table has size 2'[t/(3k?)]. Since k = O((logn/loglog n)Y/7)
and ¢ = k%, P can be built in O(n) time (here each entry of P can be built in O(t) time). This
table can be built once and be used throughout the whole algorithm. In procedure DMM, P is
built ar line 4. 1,9, %3... are obtained at line 27.

For each possible value of I[G,[T]] and J[H,[T]], where |T| = 3k? we build a table K.
K[I[G;[T], J[H;[T)], T] gives an encoded integer containing the at most k? values in M (G;[T, H;[T)).
This encoded integer is an integer having ¢ bits and the i-th bit is 1 iff ¢ € M (G;[T], H;[T]). Ta-
ble K can be built in O(Zo(k7logk)2tk2k2) time for a suitable constant ¢ because there are only
O(2O(k7 logk)9t) possible entries (here T' is represented by a t-bit integer and therefore has 2 pos-
sible values), the value for each entry has k? integers which are the values in M(G;[T), H;[T])
and each such integer can be determined in |T| time. Thus if we let k" logk = clogn or k =
c¢(logn/loglogn)'/™ for a suitable constant ¢, we can build table K in O(n) time. K is built at line
2 in procedure DMM.

Now for each [(i, j) and corresponding T' value we index into P and get g = [|T|/(3k?)] values
representing g sets 77,75, ...,T,. This is done at line 27 in procedure DMM. Each of these sets



except the last one has 3k? elements. For each 1 <4, < h/k we take g — 1 steps to index into

K[I[Gi[Tv”vJ[Hj[Tv”vTv]a 1<v<g-—1.

This is done at lines 29 to 33 in procedure DMM. Because |T,| = 3k? and the value of table K
returns at most k% values we have reduced the size of T, by 1/3. Therefore we have reduced the
size of T — T}, by 1/3. That is, we have reduced T by 2/3 if |T| > 3k?. We can now combine (by
using OR operations) the above g — 1 K values and ¢, into one integer which is the new value of
[(i,7) for the next round. This is done at line 34 of procedure DMM. For the O(logt) rounds the
value of ¢ is decreasing geometrically and therefore the time is dominated by the first round which
takes O((h/k)?t/k?). Since we let ¢ = k* the time is O(h?).

When |T| < 3k? we simply add arbitrary elements in {1,2,...,¢} to make |T| = 3k%. We index
into a table K’ similar to table K. The difference between K’ and K is that K’ gives an encoded
integer which contains k? values with each value giving the index of ¢ for which lrélcigt{gac + hev},
1 <a,b <k, is attained. And therefore we can obtain G;H;. This is done at lines 38 to 40 in
procedure DMM.

Thus we have shown that DMM can be computed in O(n3/t) = O(n?(loglogn/logn)*/7).
Theorem 1: All pairs shortest paths can be computed in O(n3(loglogn/logn)*7) time.

We list our algorithm below.

Procedure DMM
1. { /* Initialization, done once only. */
2. Create table K;

Create table K';

Create table P;

for each pair of G and H do
3

3

4

)

6. /* Now work on G and H. */
7

8 { /* This is repeated % times as there are that many pairs of G and H.*/
9

forl1<i<handl<r<s<tdo

10. {

11. Compute G(i,r, s) and H(i,r,s); /*By sorting*/
12. }

13. for 1 <i<h/kand each T € T do

14. {



15. compute I[G;[T]];

16. }
17. for 1 <j<h/kandeach T €T do
18. {
19. compute J[H;[T]];
20. }
21. /* Now work on G; and H;. */
22. for each pair of G; and H; do
23. {/* This is repeated (h/k)? times as there are that many pairs of G; and H; when multiplying G
and H. */
24. T =1{1,2,...,t} /* T is represented by a t-bit vector. */
25. for(a = 1; a < [logy/3(t/(3k*))1; a + +)
26. { /* Each iteration reduces the size of T by a factor of 3/4. After flog4/3(t/(3k2))] iterations
T is of size 3k%. */
27. Let (T}, T, ..., T,) = P[T];
28. /* Index into table P to get 11,15, ..., Ty. Each T} is a t-bit vector. g < fm] */
29. forw=1,v<g—1,v++)
30. {
31. Sy = K[I[G;[T,], JIH;[T,]], To);
32. /* Look up into table K to reduce the number of 1’s in T, by a factor of 3/4. */
33. }
g—1
34. T=(\ S\ T
35. /* Thqé:rllumber of 1’s in T is reduced by a factor of 3/4. */
36. }
37. /* Now T has no more than 3k? bits which are 1’s. */
38. § = K'[IGH[T)), JIH, [T, T;
39. /* S now contains the k> indices for multiplying G; and Hj, that is, the set M (G;, H;). */
40. Compute L;; = G;H; using M (G;, Hj);
Al. }
4. }
43}



5 Further Improvement

We shall let k& = c(logn/loglogn)'/” as in the previous sections and we shall let ¢+ = k* and
T =1{{1,2,...,t}}. Thus |T| = 1. We encode the matrix information as in section 3 for G and
H. Since G; is a k x t matrix and H; is a t x k matrix, I[G;] and J[H;] can be encoded by
O(k"log h) bits. The computation of the sorting of lists (gir — Gis, - Ghr — Ghs), (1 < 17 < 5 < 1)
and (hs1 — Rty .oy hsp — Bop), (1 < 7 < s < t) takes O(ht? log(ht?)) = O(hk® log(hk)) time and the
time of the encoding is O((h/k)kt?) = O(hk®) time. Thus if we let h = k” then the computation
of GH is within O(h?/k?) time. Since there are O((n/h)?(n/t)) = O(n®/(h?k3)) L’s for the whole
input matrix the computation for the whole matrix is O(n?/k%).

Because encoding I and J has O(k” log h) = O(k" log k) bits, table K has only 20("106%) entries.
Thus if we let k = c(logn/loglogn)'/7 for a suitable constant ¢ then table K can be built in O(n)
time. The value of an entry of table K is an integer of k3 bits with at most k? bits setting to 1’s
because |M (G;, H;)| < k?. Our computation of G;H;’s returns O((n/k)?n/t) = O(n3/k®) K values
in O((n/k)?n/t) = O(n?/k5) time. Thus we have reduced each M(G;, H;) from k* to k% and we
have done this in O(n3/k%) time.

Now we use this algorithm in section 4. We let ¢ = k® and h = 24k*logt  For all G,’s and Hj’s
there we take only O(((n/k‘)th/—f + n?)(n/t)) time, where we have (n/k)?(n/t) L;;’s and for each
of them we take 'Z—f time because 3k? values in M, are looked in one step and we have t/k values
instead of ¢ values because we have reduced the elements in My by a factor of k. Thus the total
time for our algorithm is O(n?/t) = O(n?/k%) = O(n?(loglogn/logn)>7).

Theorem 2: All pairs shortest paths can be computed in O(n3(loglogn/logn)®7) time.

6 Conclusions

Although we have improved the upper bound for all pairs shortest paths from previous results, the

problem is far from closed. We expect that better bounds be derived in the future.
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