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Abstract

We present an O(n3(log log n/ log n)5/4) time algorithm for all pairs shortest paths.
This algorithm improves on the best previous result of O(n3/ log n) time.

1 Introduction

Given an input directed graph G = (V, E), the all pairs shortest path problem (APSP) is

to compute the shortest paths between all pairs of vertices of G assuming that edge costs

are real values. The APSP problem is a fundamental problem in computer science and has

received considerable attention. Early algorithms such as Floyd’s algorithm ([2], pp. 211-

212) computes all pairs shortest paths in O(n3) time, where n is the number of vertices of

the graph. Improved results show that all pairs shortest paths can be computed in O(mn +

n2 log n) time [8], where m is the number of edges of the graph. Recently Pettie showed [12]

an algorithm with time complexity of O(mn + n2 log log n). See [13] for recent development.

There are also results for all pairs shortest paths for graphs with integer weights[9, 14, 15,

18, 19, 20]. Fredman gave the first subcubic algorithm [7] for all pairs shortest paths. His

algorithm runs in O(n3(log log n/ log n)1/3) time. Fredman’s algorithm can also run in O(n2.5)

time nonuniformly. Later Takaoka improved the upper bounds for all pairs shortest paths

to O(n3(log log n/ log n)1/2) [16]. Dobosiewicz [6] gave an upper bound of O(n3/(log n)1/2)

with extended operations such as normalization capability of floating point numbers in O(1)

time. In 2004 we obtained an algorithm with time complexity O(n3(log log n/ log n)5/7)
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[10]. Very recently Takaoka obtained an algorithm with time O(n3 log log n/ log n) [17] and

Zwick gave an algorithm with time O(n3
√

log log n/ log n) [21]. Chan gave an algorithm with

time complexity of O(n3/ log n) [5]. Chan’s algorithm does not use tabulation and bit-wise

parallelism. His algorithm also runs on a pointer machine. We were unaware of Chan’s result

and published [11] in which we achieved O(n3/ log n) time using large word size. Since Chan

published [5] before us the result of O(n3/ log n) time should be fully attributed to Chan.

Takaoka raise the question [17] whether O(n3/ log n) can be achieved. It is thought that

O(n3/ log n) is a natural bound for this problem [5]. We show, however, that this bound

can be improved to O(n3(log log n/ log n)5/4). Our technique is the traditional table lookup

technique. However, we construct many tables and maximize the saving the table lookup

could bring to us. We shall give reasons why the results presented in this paper would be

difficult to improve on.

2 The Approach

Since it is well known that the all pairs shortest paths computation has the same time as

computing the distance product of two matrices [1] (C = AB), we will concentrate on the

computation of distance product.

Let p = c1(log n/ log log n)1/2 and q = c2(log n/ log log n)1/4, where 0 < c1, c2 ≤ 1 are

suitable constants to be chosen later.

We divide the first matrix A into n/p · n/q small matrices each has dimension p× q. We

divide the second matrix B into n/q · n/p small matrices each has dimension q × p.

For a p × q matrix E = (eij), we obtain the ranks for eir − eis for all 1 ≤ r < s ≤ q.

Here rank is defined in [17] and will be given explicitly in the next section. These ranks

are O(log log n) bits numbers. We therefore obtain a matrix E ′ of ranks. E ′ has dimension

e× f where e = p and f = O(q2). E ′ has c3 log n bits with c3 < 1/2 being a constant. The

corresponding q×p matrix F is processed similarly. Now EF can be computed in one step by
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a table lookup. Since direct or naive computation of EF needs O((log n/ log log n)5/4) time

we saved a factor of (log n/ log log n)5/4 in the time complexity. However, the result R has

c2
1 log n/ log log n numbers (indices) each having O(log log n) bits. We cannot disassemble R

immediately for otherwise we lose a factor of log n/ log log n in the time complexity.

What we do is to combine the results for log n/ log log n small matrix product into one.

This should take O(log n/ log log n) time by repeated table lookup (details in the later sec-

tion). After that we disassemble R and get the c2
1 log n/ log log n resulting indices.

This concludes the strategy of our approach and we give our goal as:

Goal: Compute the distance produce of a p× q matrix and a q× p matrix in constant time

and compute the distance product of a p×q log n/ log log n matrix and a q log n/ log log n×p

matrix in O(log n/ log log n) time, after processing some lookup tables.

3 Obtaining the Ranks

Let l = (log n/ log log n)5/4 and m = log4 n.

We first divide the first matrix A into n/m · n/l medium matrices each of dimension

m × l and second matrix B into n/l · n/m medium matrices each of dimension l ×m. We

will further divide each medium matrix into small matrices in the next section. The reason

we need these medium matrices is that we need to compute the ranks to be defined below.

Let A1 and B1 be two medium matrices. We want to compute C1 = A1B1, where

A1 = (aij), B1 = (bij) and C1 = (cij). We have that cij = mink{aik + bkj}. Fredman noticed

[7] that air + brj ≤ ais + bsj ⇐⇒ air − ais ≤ bsj − brj. Takaoka[16] showed that by sorting

{air − ais}i=1,2,...,m into sorted list Ers and sorting {bsj − brj}j=1,2,...m into sorted list Frs and

then merging Ers and Frs we obtain a sorted list Grs. Let Hrs be the list of ranks of air−ais

(i = 1, 2, ...,m) in Grs and let Lrs be the list of ranks of bsj − brj (j = 1, 2, ...m) in Grs. Let

Hrs[i] and Lrs[j] be the i-th and the j-th component of Hrs and Lrs, respectively. Then:

Grs[Hrs[i]] = air − ais, Grs[Lrs[j]] = bsj − brj.

3



The lists Hrs and Lrs for 1 ≤ r < s ≤ l can be made in O(l2m) time, when the sorted

lists are available. The following fact was used in [16, 17].

air + brj ≤ ais + bsj ⇐⇒ air − ais ≤ bsj − brj ⇐⇒ Hrs[i] ≤ Lrs[j].

Note that each Hrs[i] and Lrs[j] has 4 log log n + 1 bits.

Here we calculate the time for sorting and for merging. Sorting for each pair of rs for each

medium matrix takes O(m log m) time. For all pairs of rs this is O(ml2 log m) time. For the

input matrix A this takes O((n/m)(n/l)ml2 log m)= O(n2l log m)= O(n2(log n/ log log n)5/4 log log n)

time. The same time holds for matrix B. The merging takes O((n/m)2(n/l)l2m)= O(n3l/m)

= O(n3(log n/ log log n)5/4/ log4 n)= O(n3(log log n/ log n)5/4) time.

The purpose of this section is to obtain all the ranks Hrs[i]’s and Lrs[j]’s.

4 Computing the Small Matrix Product

We further divide each medium matrix into small matrices. Divide the first medium matrix

A1 into small matrices each of dimension p × q and divide the second medium matrix B1

into small matrices each of dimension q × p. Let E = (eij) be a small matrix from A1 and

let F = (fij) be a small matrix from B1. We are to compute D = EF .

Thus if we have Hrs[i] and Lrs[j] for 1 ≤ r < s ≤ q we can determine the index k such

that hij = eik + fkj. Since q = c2(log n/ log log n)1/4 we have O((log n/ log log n)1/2) rs pairs.

We form matrix E ′ and F ′:

E ′ =




H11[1] H12[1] ... H23[1] ... Hq−1,q[1]
H11[2] H12[2] ... H23[2] ... Hq−1,q[2]

... ... ... ... ... ...
H11[p] H12[p] ... H23[p] ... Hq−1,q[p]




F ′ =




L11[1] L12[1] ... L23[1] ... Lq−1,q[1]
L11[2] L12[2] ... L23[2] ... Lq−1,q[2]

... ... ... ... ... ...
L11[p] L12[p] ... L23[p] ... Lq−1,q[p]




Thus E ′ and F ′ have c3 log n/ log log n numbers each having 4 log log n + 1 bits. That is
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E ′ and F ′ have c4 log n bits. Here c3 and c4 are constants which can be made small. Now E ′

and F ′ can be used to index into a lookup table T1 to get the p2 = c2
1 log n/ log log n indices

for the matrix multiplication of EF . These p2 indices are stored in one word. The lookup

table T1 can be built in O(n) time. Thus small matrix multiplication takes constant time.

5 Combining Results

Each small matrix multiplication returns a word R of c5 log n bits. R can be viewed as an

p×p matrix R[1..p, 1..p] with each element taking (1/4)(log log n−log log log n)+log c2 bits to

indicate the winner’s index. Suppose we have two small matrix multiplication result R1 and

R2. Let R1[i, j] = rij and R2[i, j] = sij, if we can obtain R3 with R3[i, j] = (Hrijsij
[i], rij, sij),

then our computation can continue. Note that the small matrix multiplications return a

three dimensional array Rxyz, 0 ≤ x, z < n/p, 0 ≤ y < n/q, of words mentioned above.

We now use Ru1v and Ru2v, for a fixed u and 0 ≤ v < m/p, to represent the results of

matrix multiplication of the two (consecutive) small matrices in A1 with a row of (a total

of m/p) small matrices in B1. Here consecutive means we are pairing even y indexed Rxyz

with next odd y + 1 indexed Rx(y+1)z. Note that u is fixed while v takes various values and

therefore we are considering many pairs of Rxyz simultaneously. We first group Ru1v and Ru2v

into one matrix Ruv by a table lookup such that Ru1v[i, j] and Ru2v[i, j] are consecutively

placed in Ruv[i, j]. Therefore Ruv[i, j] has 2 log q = (1/2)(log log n − log log log n) + 2 log c2

bits. We may assume that the address (that is (u, v, i, j)) is stored together with each original

number Ruv[i, j]. Since each address is a 9 log log n bit number this should not create any

problem. We shall call (u, v, i, j) the address of Ruv[i, j] and the original number in Ruv[i, j]

the winning index of Ruv[i, j].

We build a table for each row of a medium matrix in A and each medium matrix of a

row of medium matrices in B, i.e. fixing A1 and B1 and for each row in A1 build a table.

That is we need (n2/ log5/4 n)(n/ log4 n) = n3/ log21/4 n tables. Each of such a table has size
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O(log2∗5/4 n) = O(log5/2 n) because Ruv[i, j] has 2 values each can be as large as log5/4 n.

For each of Ruv[i, j] value we can index into a table to find the Hrs value.

We first sort the Ruv[i, j]’s within each Ruv by their (i, winning index) key and move

the addresses with the winning indices. This is done by a table lookup (not the table

built above) and therefore the cost is constant time for each fixed Ruv. Since there are

p = c1(log n/ log log n)1/2 winning indices with the same i address and each winning index

has 2 log q = (1/2)(log log n − log log log n) + 2 log c2 bits, by a suitable choice of c1 and c2

so that 22 log q ≤ p and therefore there are more winning indices than the different values

of winning indices. Note that we can put all these possible winning indices into one word.

Within each Ruv for each value of winning indices we just need to keep one copy. We use

a table lookup to obtain the Hrs value separately for each different winning index value in

Ruv. Since there are q2 different winning index values we need to take O(q2) time. This

is for a fixed i in Ruv[i, j]. For all Ruv’s for a fixed u we need O(pq2) time. After that we

assemble all these separately obtained Hrs values into one word w (as we have mentioned

that all these values fit into one word). This is done for all Ruv’s and there are m/p of them

(because for differnet v’s the table can be reused). We make copies of w and concatenate

one copy of w with each Ruv. That is the way each Ruv obtains its Hrs values. Note that we

do not do sorting other that the sorting within each word by table lookup mentioned above.

The similar process is done on the second input matrix B. If R1[i, j] = rij and R2[i, j] =

sij, then we will obtain R4 with R4[i, j] = (Lrijsij
[j], rij, sij).

Now use R3 and R4 to index into yet another table T4. T4 will give result R5 with R5[i, j]

being the winner between rij and sij for 1 ≤ i, j ≤ p. R3 and R4 have c5 log n bits and

therefore table T4 can be built in O(n) time. This accomplishes the combining of R1 and

R2 into R5. This is the 0-th step of combining. Each step of the combining pairs-off every 2

small matrices.

In the t-th step, we consider every 2t+1 Rxyz’s (for fixed x and z and consecutive 2t+1

y’s). By the previous steps now the winning indices of these Rxyz’s are in Ruwv (fixed u,w
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and v). Now 0 ≤ u, v < n/p, 0 ≤ w < n/(q2t+1). Here again Ruwv contains Ruw(1)v and

Ruw(2)v and we are going to combine the winning indices into one. We replace each duplicate

winning index in Ruwv[i, ∗] with a dummy (can be set to max) but keep the first winning

index among the same duplicated winning indices. Let the resulting word be R1
uwv. We

use each distinct winning index value of Ruwv[i.j] and index into the lookup table to obtain

the Hrs values. There are 22(t+1)q2 distinct winning indices for Ruwv[i, j] because Ruwv[i, j]

consists of Ruw(1)v[i, j] and Ruw(2)v[i, j] and each of them can take 2t+1q different values.

Since table can be reused for 0 ≤ v < m/p , looking these indices values up in the tables for

fixed u,w, i in Ruwv[i, j] takes O(22(t+1)q2) time. For all i’s in u this takes O(22(t+1)pq2) time.

But this is done once for all Ruwv’s (for all i in u, fixed w and 0 ≤ v < m/p since table can

be reused for each fixed i, u, w and different ranges of v). We have that 2t+1 ≤ O(log5/4 n)

(because we need not combine more than O(log5/4 n) words into one word). The number

of Ruwv’s (for fixed u,w, i and 0 ≤ v < m/p) is Ω(m/p) = Ω(22(t+1) log n log log n). Thus

we can spend O(22(t+1) log n log log n) time and still maintain linear time in each step. The

actual time we need as mentioned above is O(22(t+1)pq2) = O(22(t+1)(log n/ log log n)). Thus

we can iterate this part of this step at least log log n times (remember there are O(log log n)

steps) and still keep linear time.

In the following we will use bitonic sorting. We put the fact about bitonic sorting in the

following Lemma.

Lemma [3, 4]: n data items can be sorting on the n-node hypercube network in O(log2 n)

time. The serialized version of it can sort n data items in O(n log2 n) time.

We put these Hrs values together with its winning indices into 22(t+1) words wk, 0 ≤
k < 22(t+1) to contain Hrs values for the 22(t+1)q2 distince winning indices(for fixed i, w and

u). We then sort R1
uwv, for fixed u,w and k22(t+1) ≤ v < (k + 1)22(t+1), together with wk,

0 ≤ k < 22(t+1), by the packed winning indices in them, for k = 0, 1, ..., m/(p22(t+1)). We can

do this by a serialized version of the bitonic sort[3, 4]. The bitonic sort will bring a factor

of O(t2) to the complexity (note that we are sorting O(22(t+1)) words, the winning indices

7



within each word can be sorted by a table lookup.). Since in the t-th step we have reduced

the data amount by a factor of 2t (the range of y has shrunk) the factor of O(t2) in the

sorting can be absorbed. Therefore we can achieve linear time for sorting.

After sorting we now copy Hrs value to attach them to winning indices. For each winning

index there are at most 22(t+1) copies since duplicates have been removed. Therefore copying

can be done by incurring a factor of O(t) in the time complexity and since data amount have

be reduced this extra factor can be absorbed.

Now use bitonic sort to sort on the addresses to bring the Hrs values to each Ruv.

The combining (pairing-off) of each small matrix thus takes constant time. Therefore af-

ter O(log log n) steps we have combined log n/ log log n small matrix multiplication result into

one resulting matrix R6. R6 can be viewed as an c(log n/ log log n)1/2 × c(log n/ log log n)1/2

matrix with R6[i, j] giving the index k for cij = aik + bkj (mentioned in the previous section).

6 The Result

Since we expend O(log n/ log log n) time multiplying a p × l matrix with an l × p ma-

trix where p = c(log n/ log log n)1/2 and l = (log n/ log log n)5/4, and direct or naive ma-

trix multiplication takes O((log n/ log log n)9/4) time we save a factor of (log n/ log log n)5/4.

By choosing small enough constant ci’s all our preprocessing and table built up can be

done in O(n3(log log n/ log n)5/4) time. Thus our matrix multiplication algorithm takes

O(n3(log log n/ log n)5/4) time.

Theorem: All-pairs shortest paths can be computed in O(n3(log log n/ log n)5/4) time.

We give reasons why the results presented in this paper would be difficult to improve on.

When using tabulation and bit-parallelism we can expect to save a factor of roughly log n

because log n bits are encoded in one word. However, in all pairs shortest paths computation

if we encode log n numbers into a word then we can compute log2 n results in constant time

by table lookup. That is we can speed up algorithm by a factor of log2 n. However, the log2 n
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results have to be stored in at least log n words and therefore takes log n time to access. Thus

the speedup factor is reduced to log n. Since we need log log n bits to encode a number, with

log n bits we can use one word to store log n/ log log n results. Thus the best strategy is to

encode a (log n/ log log n)1/2 × a matrix and an a× (log n/ log log n)1/2 matrix into a word.

Here the larger the a, the better. However, we can encode at most log n/ log log n numbers

into one word because each number takes log log n bits, plus if we use Fredman-Takaoka

approach[7, 16] then the encoding will blow a numbers to a2 numbers and thus we have

that a2(log n/ log log n)1/2 = log n/ log log n. Therefore a = (log n/ log log n)1/4. This is the

dimension of the small matrices we used earlier in the paper.
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