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processor v if and only if v � u modulo N is 2k for some 0 � k � dlog2Ne � 1. Thisnetwork is called the binary jumping network. The total number of links in the networkis Ndlog2Ne. Information disseminating schemes that require only �(N) links are known[2, 8], but they are not time optimal. The scheme discussed in this paper can be tracedback to the work by Kn�odel [11] and by Alon et al.[1]. Han and Finkel discussed the faulttolerance of the scheme in the case where at most one fault exists [6].We consider only the case where faulty processors cannot forward messages, but canreceive messages, and/or some links may be disconnected. We do not consider cases wherea faulty processor alters information. The period for forwarding a message from a processorto one of its neighbors is called a round. We assume that each processor can forward amessage and can receive a message in the same round. This assumption is di�erent fromthe standard telephone model [7], but it is also reasonable since the time duration of eachround may be long enough for sending a message and receiving a message in the same round.We also assume that the source processor is always faultless. We show that for an arbitraryN , dlog2Ne+ f + 2 rounds su�ce for broadcasting if f faults exist and f � dlog2Ne � 2.The case where f = dlog2Ne � 1 is also discussed.2. An Information Disseminating SchemeOur motivations why we study binary jumping networks are as follows. First of all,for any N there exists a binary jumping network with N nodes. Second, binary jumpingnetworks have regular connections like hypercubes, and thirdly there exists a time optimalscheme for broadcasting in binary jumping networks in absence of faults.De�nition 1. A directed graph G = (V;E) is called a binary jumping network with Nnodes (N processors) if V = f0; � � � ; N � 1g and E = f(u; v)ju; v in V; and v � u moduloN is 2k for some 0 � k � dlog2Ne � 1g.The number of processors in the network is denoted by N , and dlog2Ne is denoted byn. The notation [m]r means m modulo r. Throughout this paper, we consider the followingscheme. When N is a power of 2, the scheme is the same one as in [1]. The correctness ofthe scheme in absence of faults can be derived from a classical result in [11].procedure disseminate(N)repeatfor round := 0 to dlog2Ne � 1 dofor each processor u send a messagefrom u to processor [u+ 2round]N concurrentlyforeverTheorem 1 (Han and Finkel [6]). Procedure disseminate will broadcast information fromany source to all destinations within any consecutive(1)dlog2Ne rounds if no processors have failed,(2)log2N + 1 rounds if N is a power of 2 and exactly one processor has failed, and(3)dlog2Ne+ 2 rounds if exactly one processor or exactly one link has failed.2



3. Message Route RepresentationIn this section, we introduce message route representation to express multiple processordisjoint routes for sending messages by procedure disseminate.De�nition 2. Message route u(i : ar � � �a0) is a sequence of integers (�0; :::; �r+1) de�nedas u(i : ar � � �a0) = (�0; :::; �r+1), where (ar � � �a0) is a binary sequence, and for each0 � j � r+ 1, �j = u+Pj�1k=0(ak2[i+k]n). Each �j denotes processor [�j ]N , and �j is calleda relabelled address. (Note that �0 = u and that a relabeled address is used to distinguishan integer from the residual class it belongs to. If �j < N then relabelled address �jcoincides with address [�j ]N .)If at is the �rst nonzero from the rightmost of ar � � �a0, u(i : ar � � �a0) is a message routeby procedure disseminate from processor u such that the �rst message move is at round[i+ t]n. For all nonzero bits ajk ; :::; aj0 (jg�1 < jg for all 1 � g � k) in ar; � � � ; a0, sequence(�0; �j0+1; :::; �jk+1) denotes the ordered set of processors in the message route. It is alsoclear that the message 
ow through the message route u(i; ar � � �a0) takes r + 1 rounds ifar is nonzero.De�nition 3. Let u and v (0 � u; v � N � 1) be a pair of processors. Then for each0 � i � n � 1, Ri(u; v) = u(i; an � � �a0), where a0 = 1, and for each k > 0, ak = q[i+k]n ifqn�1 � � � q0 is the binary representation of [v � u� 2i]N .Note that the last processor of message route Ri(u; v) is [u +Pnk=0(ak2[i+k]n)]N = v.The message initially located in processor u does not move in message route Ri(u; v) beforeround i. The next lemma is immediate.Lemma 1 For any s; i(0 � s; i � n � 1) and any pair of processors u and v, the messagefrom processor u by procedure disseminate with starting round s will reach processor vthrough message route R[s+i]n(u; v) within at most n+ i+1 rounds if no processors and nolinks in the route have failed.4. Fault Tolerance When N = 2nBecause of the symmetry of the network, without loss of generality we may assume thatin the proofs of the following lemma and theorem the source processor is 0.Lemma 2 When N is a power of 2, for any i1; i2(0 � i1 < i2 � n�1), u and v (0 � u; v �N � 1), the set of processors in Ri1(u; v) and the set of processors in Ri2(u; v) are disjointexcept for the source and the destination.Proof. We may assume that each processor is addressed as a binary number and that thesource is processor 0. Suppose that Ri1(0; v) = (�0; :::; �n+1) and Ri2(0; v) = (�0; :::; �n+1).The (i1 + 1)st bit from the rightmost of the binary representation of any processor in(�0; :::; �n+1) except for processor 0 and v is 1, and the (i2+ 1)th bit from the rightmost of3



the binary representation of any processor in (�0; :::; �n+1) except for processors 0 and v is1. Let the binary representation of v be vn�1 � � �v0.(I) Case where vi1 = 0. The (i1 + 1)th bit from the rightmost of the binary represen-tation of any processor in (�0; :::; �n+1) is 0, whereras the correponding bit of the binaryrepresentation of any processor in (�0; :::; �n+1) except for processor 0 and v is 1. Hence,the set of processors in (�0; :::; �n+1) and the set of processors in (�0; :::; �n+1) are disjointexcept for processors 0 and v.(II) Case where vi1 = 1 and vi2 = 0. The proof is similar to the previous case.(III) Case where vi1 = 1 and vi2 = 1. The (i1 + 1)th bit from the rightmost of thebinary representation of any processor in (�0; :::; �n+i1�i2) is 0, whereas the correspondingbit of the binary representation of any processor in (�1; :::; �n+1) is 1. Hence, the set ofprocessors in (�1; :::; �n+1) and the set of processors in (�0; :::; �n+i1�i2) are disjoint exceptfor processor 0. The (i2 + 1)th bit from the rightmost of the binary representation of anyprocessor in (�0; :::; �i2�i1) is 0, whereas the corresponding bit of the binary representationof any processor in (�1; :::; �n+1) is 1. Hence, the set of processors in (�0; :::; �i2�i1) and theset of processors in (�0; :::; �n+1) are disjoint except for processor 0.Assume that w is a commom processor in (�i2�i1+1; :::; �n+1) and (�n+i1�i2+1; :::; �n+1).Let the binary representation of w be wn�1 � � �w0. Then wk = vk for i1 � k < i2 because w isin (�i2�i1+1; :::; �n+1), and wk = vk for k < i1 or k � i2 because w is in (�n+i1�i2+1; :::; �n+1).Therefore, the set of processors in (�0; :::; �n+1) and the set of processors in (�0; :::; �n+1)are disjoint except for processors 0 and v. 2Theorem 2 Procedure disseminate will broadcast from any source to all destinations withinany consecutive log2N + f + 1 rounds if N is a power of 2 and at most f � log2N � 1processors and/or links have failed.Proof. Assume that the source is processor 0. Let s be the starting round and f bethe number of faulties. Suppose that f � log2N � 1. Consider the message routesR[s+i]n(0; v) (i = 0; � � � ; f). From Lemma 2, these f + 1 message routes are processordisjoint except for the source and the destination. Since we assume that the source is al-ways faultless, at least one of these message routes is faultless. Hence, from Lemma 1 themessage will reach processor v within at most log2N + f + 1 rounds. 2For a broadcasting scheme on a network with N nodes, if it happens that all the �rst ftrials of sending the message fail, then log2N + f rounds are not su�cient to complete thebroadcasting. Therefore, no scheme on the network cannot tolerate and broadcast in lessthan n+ f + 1 rounds. Thus the bound given in Theorem 2 is tight.5. Fault Tolerance for an Arbitrary NAssume that the source of information is processor 0. We divide the message routesRi(0; v); 0 � i � n � 1 into two classes, ascending routes and nonascending routes.De�nition 4. A message route Ri(0:v) is called an ascending route if 2i � v, and4



otherwise it is called a nonascending route.The next lemma is immediate from the above de�nition.Lemma 3 The sequence of processors in an ascending route is in ascending order.Due to Lemma 3, we need to consider only the processors 0; 1; 2; � � � ; v for ascendingroutes. Therefore, when we consider only ascending routes, the sequence of processorsin Ri(0; v) with N processors and that in Ri(0; v) with 2dlog2Ne processors are the same.Hence, from the argument in the proof of Lemma 2 the next lemma is immediate.Lemma 4 For an arbitrary size of the network all ascending routes are processor disjointexcept for the source and the destination.We now consider nonascending routes Ri(0; v), where relabeled addresses are used. Therelabeled address of processor p is p itself or p+N . The sequence of relabeled addresses ofthe processors in Ri(0; v) is in ascending order and ends with v +N . Hence, any processorexcept for processor 0 can appear at most once in the route. For example, the sequenceof processors in R3(0; 6) with N = 9 is (0; 8; 0; 2; 6) and it is expressed as (0; 8; 9; 11; 15) inrelabeled addresses. The sequence of relabeled addresses of the processors in nonascendingroute Ri(0; v) with network size N is exactly the same as the sequence of processors inRi(0; v+N) with network size 2n or 2n+1. Therefore, following the proof of Lemma 2, allthe nonascending routes are processor disjoint except for the source and destination. Notethat only one of the nonascending routes may go through the source processor. Since weassume that the source processor is not faulty, we have the next lemma.Lemma 5 For an arbitrary size of the network, if t nonascending routes are available thenthey can be used for tolerating t � 1 faults.We now discuss the interaction between ascending routes and nonascending routes. Letdestination v satisfy 2k�1 � v < 2k < N . Then for any nonascending route, each ofrounds 0; 1; :::; k� 1 will be executed only once. (Note that round k means the round whencommunication is performed from u to [u+ 2k]N for each processor u.)Lemma 6 Let 2k�1 � v < 2k < N . If nonascending route Ri(0; v) did not reach processorv at the end of round k � 1, then it will not go through any processor in f0; :::; vg duringthe rest of the rounds.Proof. Consider a nonascending route satisfying the condition of the lemma. Since theroute must reach v +N , the message will be sent from a processor p to the processor v (itsrelabeled address is v+N) during the rest of the rounds k; :::; i. Hence, p � v+N�2k < N .Therefore, the nonascending route never goes through any processor in f0; :::; vg (theirrelabeled addresses are in fN; :::; v+Ng. 2.Lemma 7 At most one nonascending route may share an intermediate processor (i.e., aprocessor that is neither 0 nor v) with at most one ascending route.5



Proof. Let 2k�1 � v < 2k, and let S be the set of the relabeled addresses of all thenodes of nonascending routes immediately after the �rst round n � 1. Let pi be the ithlargest relabeled address in S. Since every member of S is a multiple of 2k, for every i � 2,pi � v +N � 2k. Hence, for every i � 2, the nonascending route that goes through pi doesnot reach the destination before the end of round k� 1. From Lemma 6, any nonascendingroute that goes through pi (i � 2) never goes through any processor in f0; :::; vg. On theother hand, ascending routes go through only processors in f0; :::; vg. The nonascendingroute that goes through p1 may share an intermediate processor with an ascending route.If the nonascending route �rst meets a processor of an ascending route, then the rest of thenonascending route overlaps with the rest of the ascending route. Hence, the nonascendingroute does not share any intermediate processor with other ascending routes. 2From Lemmas 4, 5, and 7 we have the next theorem.Theorem 3 Procedure disseminate will broadcast from any source to all destinations withinany consecutive dlog2Ne+ f +2 rounds if at most f � dlog2Ne� 2 processors and/or linkshave failed.Example 1. Consider the massage routes Ri(0; 6) (0 � i � 5) with N = 37. Thesemessage routes are shown in Table I. Routes R3(0; 6); R4(0; 6) and R5(0; 6) are nonascend-ing, whereas routes R0(0; 6); R1(0; 6) and R2(0; 6) are ascending. Let S be the set of therelabeled addresses in the nonascending routes immediately after the �rst round 5. ThenS = f16; 32; 40g. The nonascending route with the maximum element in S could possi-bly go through a processor in an ascending route. In fact, processor 4 is included in bothR2(0; 6) and R3(0; 6). If processors 1, 2, 4, and 32 have failed, only route R4(0; 6) is notfaulty among the routes Ri(0; 6) (0 � i � 5). In this case, if the starting round is 5 then 12rounds are necessary and su�cient for broadcasting. This number of rounds coincides withthe bound given in Theorem 3.6. The Case of dlog2Ne � 1 FaultsWe know that the vertex connectivity of the binary jumping network with N processorsis dlog2Ne. This fact can be derived from the result by van Doorn [15]. Hence, proceduredisseminate should tolerate up to dlog2Ne � 1 faults. However, van Doorn did not discussin [15] how to construct disjoint paths connecting each pair of nodes. In this section wediscuss how many rounds su�ce to tolerate dlog2Ne � 1 faults. Assume that the source isprocessor 0 and that v is a destination processor.Theorem 4 Let N = 2n�1 + t and 2k�1 � v < 2k. If t + v � 2k and the number of faultyprocessors and/or links f � dlog2Ne� 1, then 3dlog2Ne� k� 1 rounds su�ce for sendinga message from processor 0 to processor v.Proof. Let t + v � 2k. Let R = Rr(0; v) be the nonascending route that reaches theprocessor with the largest relabeled address p at the end of the �rst round n� 1. As shownin the proof of Lemma 7, only route R could possibly intersect with an ascending route. Itis obvious that p must be a multiple of 2k. 6



Table IMessage Routes Ri(0; 6) (0 � i � 5) with N = 37Round �!Ri(0; v) 0 1 2 3 4 5 0 1 2 3 4 5R0(0; 6) 0 1 - 5 - - - 6ascendingR1(0; 6) 0 - 2 6ascendingR2(0; 6) 0 - - 4 - - - - 6ascendingR3(0; 6) 0 - - - 8 - 3 4 6nonascending (40) (41) (43)R4(0; 6) 0 - - - - 16 - 17 19 - 27 6nonascending (43)R5(0; 6) 0 - - - - - 32 33 35 - 6nonascending (43)Note. (r) indicates that r is a relabeled address.(I) N + v � p � 2k. Since p � N + v � 2k, R cannot reach N + v before the end of the �rstround k � 1. Hence, from Lemma 6, R cannot intersect with any ascending route.(II) N + v� p < 2k. Since we assume 2k � t+ v and N + v� p < 2k, p > 2n�1. In route R,at the �rst round n � 1 the message in processor p0 = p � 2n�1 moves to processor p. Wenow modify the route R and obtain route R0. In route R0, the message in processor p0 willnot move at the �rst round n � 1. We now use rounds 0; :::; k� 1 following the �rst roundn � 1 to send the message in processor p0 to processor p00 = N + v � 2n�1. This move ispossible since N + v� p < 2k. We then use the second round n� 1 to move the message inprocessor p00 to the destination v (Note that p00+2n�1 = N + v). In the duration of movingthe message from processor p0 to processor p00, the route R0 does not intersect with any ofroutes Ri(0; v) except for route R = Rr(0; v). At the second round n � 1 the message inprocessor p00 can reach directly the destination v. By replacing R with R0, we obtain a set ofn processor disjoint routes connecting processor 0 and processor v. Therefore, the networkcan tolerate n � 1 faults for sending the message from the source to processor v.For any starting round, 2n rounds su�ce for sending the message through the routesexcept for the modi�ed route R0. When the starting round is round k + 1, the number ofrounds required to send the message through R0 is the largest. In the worst case, 3n�k� 1rounds may be required to send the message through R0. 2Example 2. Let N = 37 = 32 + 5, t = 5, and let the source and the destination beprocessors 0 and v = 6, respectivley. Then 22 � v < 23 and k = 3. The condition inTheorem 4, t + v = 11 > 23 is satis�ed. The message routes Ri(0; 6) (0 � i � 5) areshown in Table I. Only route R3(0; 6) intersects with an ascending route R2(0; 6). RouteR0 = (0; 8; 9; 11; 43) (43 modulo 37 = 6) is obtained by modifying R3(0; 6). This route is7



shown in Table II. Routes Ri(0; 6) (i = 0; 1; 2; 4; 5) and R0 are processor disjoint messageroutes from processor 0 to processor 6. If the starting round is 4, then 14 rounds are requiredto send the message from processor 0 to processor 6 through route R0.Table IIThe modi�ed Route R0 in the Network with N = 37Round �!0 1 2 3 4 5 0 1 2 3 4 5R0 0 - - - 8 - - 9 11 - - - 6modi�ed route (43)Note. (r) indicates that r is a relabeled address.Theorem 5 Let N = 2n�1 + t (t 6= 0), 2k�1 � v < 2k, t + v < 2k, and m = b(2k � v)=tc.Then the message from processor 0 can reach processor v by procedure disseminate withinany consecutive n(m+ 2) rounds if at most f � dlog2Ne � 1 processors and/or links havefailed.Proof. Let S be the set of relabeled addresses of nonascending routes immediately afterthe �rst round n � 1 as de�ned in the proof of Lemma 7. Note that each member of Sis a multiple of 2k. Since t + v < 2k, we have N + v < 2n�1 + 2k. Hence. among thenonascending routes, Rn�1(0; v) has the largest relabeled address in S. As shown in theproof of Lemma 7, only Rn�1(0; v) could possibly intersect with an ascending route. Notethat Rn�1(0; v) �rst goes through processor 2n�1. Since v � 2k�1 and t+ v < 2k, we havet < 2k�1 and thenm � 1. We construct a route R from processor 0 to processor v as follows.The �rst m + 2 processors in R are 0; 2n�1; q1; q2; :::; qm, where qj = 2k � jt (1 � j � m).This construction is possible since [2k � jt + 2n�1]N = 2k � (j + 1)t (0 � j � m � 1).In the following rounds 0 to k � 1 we can move the message in processor qm to processorv + t, since v + t � (2k � mt) < t < 2k�1. The last link in R is the edge from processorv + t to processor v. This edge exists since [v + t + 2n�1]N = v. The route R never useprocessors from f1; :::; v � 1g nor processors from f2k; :::; N � 1g � f2n�1g. Hence, routeR is processor disjoint from all the ascending routes and the nonascending routes exceptfor Rn�1(0; v) that goes through processor 2n�1. Thus dlog2Ne messages routes (i.e., allthe ascending routes, all the nonascending routes except for Rn�1(0; v), and route R) areprocessor disjoint. Route R requests the largest number of rounds among these dlog2Nemessage routes. Note that for route R the worst choice of the starting round is round 0.The sequence of rounds used to move the message through route R is n � 1; k;m timesn � 1, some combination of rounds in f0; :::; k� 1g, n� 1. Hence, n(m+ 2) rounds su�cefor sending the message through route R to processor v. 2Corollary 1 Let N = 2n�1 + t and t > 2n�3. Then procedure disseminate will broadcastfrom any source to all destinations within any consecutive 3dlog2Ne rounds if at mostdlog2Ne � 1 processors and/or links have failed.8



Proof. If v � 2n�1, then all Ri(0; v) (0 � i � n � 1) are ascending routes and processordisjoint. Hence, in this case 2n rounds su�ce for tolerating f � dlog2Ne�1 faults. Supposethat 2k�1 � v < 2k and k � n � 1. From Theorem 4 we may only consider destinations vsuch that t + v < 2n�1. Since we assume that t > 2n�3, m = b(2k � v)=tc = 1. Then fromTheorem 6, 3n rounds su�ce for tolerating f � dlog2Ne � 1 faults. 27. Concluding RemarksUsing the message route representation Ri(u; v) we have derived a su�cient numberof rounds for broadcasting in a binary jumping network. From our computer experiment,for many values of N the bound given in Theorem 3 is tight. In Theorem 4, Theorem 5and Corollary 1 we have partly solved the fault tolerance of procedure disseminate whendlog2Ne � 1 faults exist. For an arbitrary N , a su�cient number of rounds to toleratedlog2Ne � 1 faults can be given from Theorem 4 and Theorem 5. The bound given inTheorem 5 is in general greater than 3dlog2Ne rounds. At present we do not know whetherfor an arbitrary N and f = dlog2Ne � 1, 3dlog2Ne rounds su�ce for broadcasting by pro-cedure disseminate. Our computer experiment could not �nd any example of N processorsincluding f = dlog2Ne�1 faulty processors (N � 46), dlog2Ne�1 faulty links (N � 20), orthe sum of faulty processors and faulty links = dlog2Ne � 1 (N � 16) such that it requiresmore than 3dlog2Ne rounds to complete broadcasting.AcknowledgmentsThe authors thank Mr. Koji Obokata and Mr. Shingo Osawa for their assistance withour computer experiment, and the anonymous referees for their e�orts and comments thathelped in improving the presentation and readability of the paper.References1. N. Alon, A. Barak and U. Mauber, On disseminating information reliably withoutbroadcasting, The 7th International Conference on Distributed Computing Systems,1987, pp.74-81.2. J-C. Bermond and C. Peyrat, Broadcasting in de Bruijn networks, Congr. Numer.,66, (1988) 283-292.3. S.-C Chau and A. L. Liestman, Constructing fault-tolerant minimal broadcast net-works. J. Combin. Inform. System Sci. 11(1986), 1-18.4. S. Carlsson, Y. Igarashi, K. Kanai A. Lingas, K. Miura and O. Petersson, Informationdisseminating schemes for fault tolerance in hypercubes, IEICE Trans. on Fundam.Electron., Comm. Comput. Sci. E75-A (1992) 255-260.5. L. Gargano and U. Vaccaro, Minimum time broadcast networks tolerating a logarith-mic number of faults. SIAM J. Discrete Math. 5 (1992), 178-198.6. Y. Han and R. Finkel, An optimal scheme for disseminating information, Proceedings9
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