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Abstract

We discuss the fault tolerance of an information disseminating scheme in a processor network
called a binary jumping network. The following results are shown. Let N be the number
of processors in the network. When N is a power of 2, logy N 4+ f + 1 rounds suffice for
broadcasting in the binary jumping network if at most f processors and/or links have failed
and f <log, N—1. For an arbitrary N, [logy N|+ f+2 rounds suffice for broadcasting in the
binary jumping network if at most f processors and/or links have failed and f < [log, N|—2.
For an arbitrary N and f = [log, N] —1, 3[log, N| rounds suffice for sending a message to
a destination with a certain distance from the source processor. This result implies that for
some N and arbitrary f = [log, N]—1, 3[log, N| rounds suffice for broadcasting. For other
N and arbitrary f = [logy N| — 1, the bound given in this paper is larger than 3[log, N].

1. Introduction

Data broadcasting in a network is a very fundamental operation for a distributed system.
It can be accomplished by the data disseminating process in a network in a way that each
processor repeatedly receives and forwards messages. We consider a scheme such that any
processor can be the source of information and any round can be the start of broadcasting.
This type of broadcasting schemes have been studied in [1, 4, 6, 10, 11]. They are somewhat
different from broadcasting schemes with the fixed starting round in [2, 3, 5, 7, 9, 12-14],
since the necessary number of rounds for broadcasting in a faulty network depends on the
starting round.

In the network, multiple copies of a message are disseminated through disjoint paths,
and the fault tolerance can be achieved by this multiplicity. The processors in the network
are synchronized with a global clock. In the network there is a link from processor u to

! A preliminary version of this paper was presented at the 3rd International Symposinm on Algorithms
and Computation, ISSAC’92, Nagoya, Japan, December 16-18, 1992. See also Lecture Notes Computer
Science Vol. 650, pp. 145-154. Springer-Verlag, New York/Berlin, 1992.

2E-mail igarashi@cs.gunma-u.ac.jp.



processor v if and only if v — v modulo N is 2% for some 0 < k < [log, N] — 1. This
network is called the binary jumping network. The total number of links in the network
is N[log, N]. Information disseminating schemes that require only ©(V) links are known
[2, 8], but they are not time optimal. The scheme discussed in this paper can be traced
back to the work by Knddel [11] and by Alon et al.[1]. Han and Finkel discussed the fault
tolerance of the scheme in the case where at most one fault exists [6].

We consider only the case where faulty processors cannot forward messages, but can
receive messages, and /or some links may be disconnected. We do not consider cases where
a faulty processor alters information. The period for forwarding a message from a processor
to one of its neighbors is called a round. We assume that each processor can forward a
message and can receive a message in the same round. This assumption is different from
the standard telephone model [7], but it is also reasonable since the time duration of each
round may be long enough for sending a message and receiving a message in the same round.
We also assume that the source processor is always faultless. We show that for an arbitrary
N, [logy N| + f + 2 rounds suffice for broadcasting if f faults exist and f < [log, N| — 2.
The case where f = [log, N] — 1 is also discussed.

2. An Information Disseminating Scheme

Our motivations why we study binary jumping networks are as follows. First of all,
for any N there exists a binary jumping network with N nodes. Second, binary jumping
networks have regular connections like hypercubes, and thirdly there exists a time optimal
scheme for broadcasting in binary jumping networks in absence of faults.

Definition 1. A directed graph G = (V, F) is called a binary jumping network with N
nodes (N processors) if V. ={0,---,N — 1} and £ = {(u,v)|u,vin V, and v — v modulo
N is 2% for some 0 < k < [logy NT — 1}.

The number of processors in the network is denoted by N, and [log, N is denoted by
n. The notation [m], means m modulo r. Throughout this paper, we consider the following
scheme. When N is a power of 2, the scheme is the same one as in [1]. The correctness of
the scheme in absence of faults can be derived from a classical result in [11].

procedure disseminate( N )
repeat
for round := 0 to [log, N] — 1 do
for each processor u send a message
from u to processor [u 4 27°%"]y concurrently
forever

Theorem 1 (Han and Finkel [6]). Procedure disseminate will broadcast information from
any source to all destinations within any consecutive
(1)[logy N rounds if no processors have failed,
(2)logy N + 1 rounds if N is a power of 2 and exactly one processor has failed, and
(3)[logy N + 2 rounds if exactly one processor or exactly one link has failed.



3. Message Route Representation

In this section, we introduce message route representation to express multiple processor
disjoint routes for sending messages by procedure disseminate.

Definition 2. Message route u(7 : a, - - -ag) is a sequence of integers (ag, ..., @,41) defined
as u(i @ a,---ap) = (ag,...,a,41), where (a,---ag) is a binary sequence, and for each
0<j<r+1l,a;=u+ Zi;é(aﬁ[i"'k]"). Fach a; denotes processor [a;]y, and a; is called
a relabelled address. (Note that ag = u and that a relabeled address is used to distinguish
an integer from the residual class it belongs to. If a; < N then relabelled address a;
coincides with address [a;]n.)

If a; is the first nonzero from the rightmost of a, - - -ag, u(? : a, - - -ag) is a message route
by procedure disseminate from processor u such that the first message move is at round
[t 4+ t],,. For all nonzero bits a;, ,...,a; (jg—1 < jy forall 1 < g < k)in a,,---,ag, sequence
(g, @jy41, -oes @j,41) denotes the ordered set of processors in the message route. It is also
clear that the message flow through the message route u(i;a, ---ag) takes r 4+ 1 rounds if
a, 1s nonzero.

Definition 3. Let u and v (0 < u,v < N — 1) be a pair of processors. Then for each
0<i<n—1, Ri(u,v) = u(i;a,---ap), where ap = 1, and for each k > 0, a, = gy, if
¢n_1---qo is the binary representation of [v — u — 2']y.

Note that the last processor of message route R;(u,v) is [u 4+ S ¢_o(ar2l )y = v,
The message initially located in processor u does not move in message route R;(u,v) before
round ¢. The next lemma is immediate.

Lemma 1 For any s,i(0 < s,@ < n — 1) and any pair of processors u and v, the message
from processor u by procedure disseminate with starting round s will reach processor v
through message route R[sy;, (u,v) within at most n + i+ 1 rounds if no processors and no
links in the route have failed.

4. Fault Tolerance When N = 2"

Because of the symmetry of the network, without loss of generality we may assume that
in the proofs of the following lemma and theorem the source processor is 0.

Lemma 2 When N is a power of 2, for any i1,12(0 < i3 <iy <n-—1), v andv (0 < u,v <
N — 1), the set of processors in R, (u,v) and the set of processors in R;,(u,v) are disjoint
except for the source and the destination.

Proof. We may assume that each processor is addressed as a binary number and that the
source is processor 0. Suppose that R; (0,v) = (ag, ..., an41) and R, (0,v) = (So, ..., Brt1)-
The (#1 + 1)st bit from the rightmost of the binary representation of any processor in
(ag, ..., 1) except for processor 0 and v is 1, and the (i34 1)th bit from the rightmost of



the binary representation of any processor in ([, ..., Bn41) except for processors 0 and v is
1. Let the binary representation of v be v,_1 ---vg.
(I) Case where v;; = 0. The (¢1 + 1)th bit from the rightmost of the binary represen-

tation of any processor in ([, ..., B,41) is 0, whereras the correponding bit of the binary
representation of any processor in (ag, ..., @,4+1) except for processor 0 and v is 1. Hence,
the set of processors in (ag, ..., a,41) and the set of processors in (fg, ..., B,41) are disjoint

except for processors 0 and v.

(IT) Case where v;; =1 and v;, = 0. The proof is similar to the previous case.

(IIT) Case where v;; = 1 and v;, = 1. The (¢ + 1)th bit from the rightmost of the
binary representation of any processor in (fg, ..., Bnti,—i, ) is 0, whereas the corresponding
bit of the binary representation of any processor in (ai,...,a,41) is 1. Hence, the set of
processors in (aq, ..., @,41) and the set of processors in (fo, ..., Bntiy—i, ) are disjoint except
for processor 0. The (i3 + 1)th bit from the rightmost of the binary representation of any
processor in (ag, ..., &;,—;, ) is 0, whereas the corresponding bit of the binary representation
of any processor in (01, ..., Bn41) is 1. Hence, the set of processors in (ag, ..., @;,—;, ) and the
set of processors in (fo, ..., Bn41) are disjoint except for processor 0.

Assume that w is a commom processor in (Qj,—iy 41, - Ont1) AN (Brgiy —ipt1s -y Bnt1)-
Let the binary representation of w be w,_q - - -wg. Then wy = v for iy < k < i3 because w is
in (Qiy—iy 41y ey @ng1), and wy, = vg for k < iy or k > i3 because w is in (Bntiy —ip41s -0 Bnt1)-
Therefore, the set of processors in (ag, ..., ,4+1) and the set of processors in (fo, ..., Bpt1)
are disjoint except for processors 0 and v. O

Theorem 2 Procedure disseminate will broadcast from any source to all destinations within
any consecutive logg N + f 4+ 1 rounds if N is a power of 2 and at most f < logy N — 1
processors and/or links have failed.

Proof. Assume that the source is processor 0. Let s be the starting round and f be
the number of faulties. Suppose that f < logs N — 1. Consider the message routes
Ri4q,(0,v) (¢ = 0,---, f). From Lemma 2, these f 4 1 message routes are processor
disjoint except for the source and the destination. Since we assume that the source is al-
ways faultless, at least one of these message routes is faultless. Hence, from Lemma 1 the
message will reach processor v within at most logy N + f 4+ 1 rounds. O

For a broadcasting scheme on a network with N nodes, if it happens that all the first f
trials of sending the message fail, then log, N 4+ f rounds are not sufficient to complete the
broadcasting. Therefore, no scheme on the network cannot tolerate and broadcast in less
than n + f + 1 rounds. Thus the bound given in Theorem 2 is tight.

5. Fault Tolerance for an Arbitrary N

Assume that the source of information is processor 0. We divide the message routes
R;(0,v),0<7<n-—1into two classes, ascending routes and nonascending routes.

Definition 4. A message route R;(0.v) is called an ascending route if 2' < v, and



otherwise it is called a nonascending route.

The next lemma is immediate from the above definition.
Lemma 3 The sequence of processors in an ascending route is in ascending order.

Due to Lemma 3, we need to consider only the processors 0,1,2,---, v for ascending
routes. Therefore, when we consider only ascending routes, the sequence of processors
in R;(0,v) with N processors and that in R;(0,v) with 2[°& N1 processors are the same.
Hence, from the argument in the proof of Lemma 2 the next lemma is immediate.

Lemma 4 For an arbitrary size of the network all ascending routes are processor disjoint
except for the source and the destination.

We now consider nonascending routes R;(0,v), where relabeled addresses are used. The
relabeled address of processor pis p itself or p+ N. The sequence of relabeled addresses of
the processors in R;(0,v) is in ascending order and ends with v + N. Hence, any processor
except for processor 0 can appear at most once in the route. For example, the sequence
of processors in R3(0,6) with N =9 is (0,8,0,2,6) and it is expressed as (0,8,9,11,15) in
relabeled addresses. The sequence of relabeled addresses of the processors in nonascending
route R;(0,v) with network size N is exactly the same as the sequence of processors in
R;(0,v+ N) with network size 2" or 2"t1. Therefore, following the proof of Lemma 2, all
the nonascending routes are processor disjoint except for the source and destination. Note
that only one of the nonascending routes may go through the source processor. Since we
assume that the source processor is not faulty, we have the next lemma.

Lemma 5 For an arbitrary size of the network, if t nonascending routes are available then
they can be used for tolerating t — 1 faults.

We now discuss the interaction between ascending routes and nonascending routes. Let
destination v satisfy 2¥~' < » < 2F¥ < N. Then for any nonascending route, each of
rounds 0,1, ...,k — 1 will be executed only once. (Note that round k& means the round when
communication is performed from u to [u + 2¥]y for each processor u.)

Lemma 6 Let 2571 < v < 2¥ < N. If nonascending route R;(0,v) did not reach processor
v at the end of round k — 1, then it will not go through any processor in {0,...,v} during
the rest of the rounds.

Proof. Consider a nonascending route satisfying the condition of the lemma. Since the
route must reach v + N, the message will be sent from a processor p to the processor v (its
relabeled address is v+ N) during the rest of the rounds k, ...,i. Hence,p < v+ N — 2F < N.
Therefore, the nonascending route never goes through any processor in {0,...,v} (their
relabeled addresses are in {N,...,v+ N}. 0.

Lemma 7 At most one nonascending route may share an intermediate processor (i.e., a
processor that is neither 0 nor v) with at most one ascending route.



Proof. Let 2571 < » < 2% and let § be the set of the relabeled addresses of all the
nodes of nonascending routes immediately after the first round n — 1. Let p; be the ith
largest relabeled address in S. Since every member of S is a multiple of 2%, for every i > 2,
pi < v+ N — 2% Hence, for every i > 2, the nonascending route that goes through p; does
not reach the destination before the end of round & — 1. From Lemma 6, any nonascending
route that goes through p; (¢ > 2) never goes through any processor in {0,...,v}. On the
other hand, ascending routes go through only processors in {0,...,v}. The nonascending
route that goes through p; may share an intermediate processor with an ascending route.
If the nonascending route first meets a processor of an ascending route, then the rest of the
nonascending route overlaps with the rest of the ascending route. Hence, the nonascending
route does not share any intermediate processor with other ascending routes. O
From Lemmas 4, 5, and 7 we have the next theorem.

Theorem 3 Procedure disseminate will broadcast from any source to all destinations within
any consecutive [logy N+ f+ 2 rounds if at most f < [logy N| — 2 processors and/or links
have failed.

Example 1. Consider the massage routes R;(0,6) (0 < 7 < 5) with N = 37. These
message routes are shown in Table I. Routes R3(0,6), R4(0,6) and R5(0,6) are nonascend-
ing, whereas routes Ro(0,6), R1(0,6) and R3(0,6) are ascending. Let S be the set of the
relabeled addresses in the nonascending routes immediately after the first round 5. Then
S = {16,32,40}. The nonascending route with the maximum element in S could possi-
bly go through a processor in an ascending route. In fact, processor 4 is included in both
R5(0,6) and R3(0,6). If processors 1, 2, 4, and 32 have failed, only route R4(0,6) is not
faulty among the routes R;(0,6) (0 < ¢ < 5). In this case, if the starting round is 5 then 12
rounds are necessary and suflicient for broadcasting. This number of rounds coincides with
the bound given in Theorem 3.

6. The Case of [log, N| — 1 Faults

We know that the vertex connectivity of the binary jumping network with N processors
is [logy N]. This fact can be derived from the result by van Doorn [15]. Hence, procedure
disseminate should tolerate up to [logy N| — 1 faults. However, van Doorn did not discuss
in [15] how to construct disjoint paths connecting each pair of nodes. In this section we
discuss how many rounds suffice to tolerate [logy N| — 1 faults. Assume that the source is
processor 0 and that » is a destination processor.

Theorem 4 Let N = 2771 + ¢ and 271 < v < 28, Ift + v > 2% and the number of faulty
processors and/or links f < [logy N| — 1, then 3[logy N| — k — 1 rounds suffice for sending
a message from processor 0 to processor v.

Proof. Lett+ v > 2% TLet R = R.(0,v) be the nonascending route that reaches the
processor with the largest relabeled address p at the end of the first round n» — 1. As shown
in the proof of Lemma 7, only route R could possibly intersect with an ascending route. It
is obvious that p must be a multiple of 2*.



Table I
Message Routes R;(0,6) (0 < < 5) with N =37

Round —

R:(0,0) 01 23 4 5 0 1 2 3 4 5
Ro(0,6) o1 - 5 - - - 6

ascending

R1(0,6) 0 - 2 6

ascending

R(0,6) O

ascending

R3(0,6) 0 - - - 8 - 3 4 6

nonascending (40) (41) (43)

R4(0,6) 0 - - - - 16 - 17 19 - 2T 6
nonascending (43)
R5(0,6) 0 - - - - - 32 33 35 - 6
nonascending (43)

Note. (r) indicates that r is a relabeled address.

(DN+v—p> 2k Since p<N+v-— 2’“, R cannot reach N + v before the end of the first
round k£ — 1. Hence, from Lemma 6, R cannot intersect with any ascending route.
(IT) N +v —p < 2%, Since we assume 2F < t+v and N 4+v —p < 2%, p > 2771, In route R,

~! moves to processor p. We

at the first round n — 1 the message in processor p’ = p — 2"
now modify the route R and obtain route R’. In route R’, the message in processor p’ will
not move at the first round n — 1. We now use rounds 0, ..., k — 1 following the first round
n — 1 to send the message in processor p’ to processor p’ = N + v — 2771, This move is
possible since N 4+ v — p < 2%, We then use the second round n — 1 to move the message in
processor p” to the destination v (Note that p” +2"~! = N +v). In the duration of moving
the message from processor p’ to processor p”, the route R’ does not intersect with any of
routes R;(0,v) except for route R = R,(0,v). At the second round n — 1 the message in
processor p’’ can reach directly the destination v. By replacing R with R’, we obtain a set of
n processor disjoint routes connecting processor 0 and processor v. Therefore, the network
can tolerate n — 1 faults for sending the message from the source to processor v.

For any starting round, 2n rounds suffice for sending the message through the routes
except for the modified route R’. When the starting round is round k + 1, the number of
rounds required to send the message through R’ is the largest. In the worst case, 3n —k—1
rounds may be required to send the message through R’. O
Example 2. Let N = 37 = 3245, ¢t = 5, and let the source and the destination be
processors 0 and v = 6, respectivley. Then 2? < v < 2% and k& = 3. The condition in
Theorem 4, t + v = 11 > 2% is satisfied. The message routes R;(0,6) (0 < i < 5) are
shown in Table I. Only route R3(0,6) intersects with an ascending route R5(0,6). Route
R =1(0,8,9,11,43) (43 modulo 37 = 6) is obtained by modifying R3(0,6). This route is



shown in Table II. Routes R;(0,6) (i = 0,1,2,4,5) and R’ are processor disjoint message
routes from processor 0 to processor 6. If the starting round is 4, then 14 rounds are required
to send the message from processor 0 to processor 6 through route R'.

Table 11
The modified Route R’ in the Network with V = 37

Round —

01 2 3 4 5 0 1 2 3 4 5
R 0 - - - 8 - - 9 1l - - - &
modified route (43)

Note. (r) indicates that r is a relabeled address.

Theorem 5 Let N = 2" 7'+t (1t #£0), 251 <o <28, t + v < 28, and m = [(2F — v)/t].
Then the message from processor 0 can reach processor v by procedure disseminate within
any consecutive n(m + 2) rounds if at most f < [logy N — 1 processors and/or links have

failed.

Proof. Let S be the set of relabeled addresses of nonascending routes immediately after
the first round n — 1 as defined in the proof of Lemma 7. Note that each member of §
is a multiple of 2k Since t + v < 2’“, we have N + v < 2771 4+ 2% Hence. among the
nonascending routes, R,_1(0,v) has the largest relabeled address in 5. As shown in the
proof of Lemma 7, only R,,_1(0,v) could possibly intersect with an ascending route. Note
that R,_1(0,v) first goes through processor 2°~!. Since v > 25~! and ¢ + v < 2¥, we have
t < 2F=1 and then m > 1. We construct a route R from processor 0 to processor v as follows.
The first m 4 2 processors in R are 0,2"71, ¢1,q2, ..., ¢, Where q; = 2F — gt (1 <7< m).
This construction is possible since [2F — jt + 277y = 28 — (G + 1)t (0 < j < m — 1).
In the following rounds 0 to & — 1 we can move the message in processor ¢, to processor
v+ t, since v+t — (2’“ —mt) < t< 2k=1 " The last link in R is the edge from processor
v + t to processor v. This edge exists since [v + ¢ + 2”_1]]\7 = v. The route R never use
processors from {1,...,v — 1} nor processors from {2%,.... N — 1} — {2"='}. Hence, route
R is processor disjoint from all the ascending routes and the nonascending routes except
for R,—1(0,v) that goes through processor 2"~!. Thus [log, N] messages routes (i.e., all
the ascending routes, all the nonascending routes except for R,_1(0,v), and route R) are
processor disjoint. Route R requests the largest number of rounds among these [log, N
message routes. Note that for route R the worst choice of the starting round is round 0.
The sequence of rounds used to move the message through route R is n — 1,k, m times
n — 1, some combination of rounds in {0,...,k— 1}, n — 1. Hence, n(m + 2) rounds suffice
for sending the message through route R to processor v. O

Corollary 1 Let N = 2"~' + ¢ and t > 2"73. Then procedure disseminate will broadcast
from any source to all destinations within any consecutive 3[logy N| rounds if at most
[logy N| — 1 processors and/or links have failed.



Proof. If v > 2"~! then all R;(0,v) (0 < < n — 1) are ascending routes and processor
disjoint. Hence, in this case 2n rounds suffice for tolerating f < [log, N]—1 faults. Suppose
that 28~ < v < 2¥ and k < n — 1. From Theorem 4 we may only consider destinations v
such that ¢ + v < 2771, Since we assume that ¢t > 2772 m = [(2¥ — v)/t| = 1. Then from
Theorem 6, 3n rounds suffice for tolerating f < [log, N] — 1 faults. O

7. Concluding Remarks

Using the message route representation R;(u,v) we have derived a sufficient number
of rounds for broadcasting in a binary jumping network. From our computer experiment,
for many values of N the bound given in Theorem 3 is tight. In Theorem 4, Theorem 5
and Corollary 1 we have partly solved the fault tolerance of procedure disseminate when
[logy N| — 1 faults exist. For an arbitrary N, a sufficient number of rounds to tolerate
[logy N| — 1 faults can be given from Theorem 4 and Theorem 5. The bound given in
Theorem 5 is in general greater than 3[log, N'] rounds. At present we do not know whether
for an arbitrary N and f = [logy N] — 1, 3[log, N'| rounds suffice for broadcasting by pro-
cedure disseminate. Our computer experiment could not find any example of N processors
including f = [log, N]—1 faulty processors (N < 46), [log, N]—1 faulty links (N < 20), or
the sum of faulty processors and faulty links = [log, N] —1 (N < 16) such that it requires
more than 3[log, N| rounds to complete broadcasting.
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