
Mapping a Chain Task to Chained ProcessorsY. Han* B. Narahari** H-A. Choi***Department of Computer ScienceUniversity of KentuckyLexington, KY 40506**Department of Electrical Engineering and Computer ScienceThe George Washington UniversityWashington, DC 20052AbstractWe present algorithms for computing an optimalmapping of a chain task to chained processors. Ouralgorithm has time complexity no larger than O(m + p1+�) for any small � > 0. This represents animprovement over the recent best results of an O(mp) algorithm and an O(m+p2 log2m) algorithm.We extend our algorithm to the case of mapping a ring task to a ring of processors with timecomplexity O(mp�) and the case of mapping multiple chain tasks to chained processors with timecomplexity O(mn + p1+�).Keywords: Parallel computation, task mapping, task allocation, task scheduling, linear processorarray.1 IntroductionIn parallel computation it is often desired to map a computation task to a parallel machine. A com-putation task is usually modeled as a weighted graph where nodes in the graph are task modules andedges represent communication requirement among task modules. Each node in the graph is labeledwith a number indicating the execution time (by a single processor) of the task module. Each edge isalso labeled with a number indicating the communication time required for the intercommunication1



between the two task modules incident with the edge. The objective sought is a mapping whichminimizes the parallel execution time of the computation task.The general mapping problem is known to be intractable[1]. In reality a complicated compu-tation task is often decomposed into subtasks with simple structures and these simple structuredsubtasks are then mapped to parallel machines. Thus the knowledge of mapping simple structuredcomputation tasks to parallel machines is very important in achieving good speedup on parallelcomputers.In this paper we will study the problem of mapping a chain task to chained processors. Thecomputation task is represented by a connected linear graph and the parallel machine architec-ture is a one dimensional linear array. Chain tasks are frequently encountered in parallel com-putation, they found applications in image processing, signal processing and scienti�c comput-ing [2][10][11]. The problem of mapping chain tasks to chained processors is studied by severalresearchers[1][5][6][9][10]. The best algorithms known so far[5] have time complexity O(mp)[5] andtime complexity O(m+ p2 log2m) [9] for mapping m modules to p processors. The algorithm in [5]uses the dynamic programming technique. In this paper we present an algorithm for the problemwith time complexity O(m + p(log p= log log p)1=2cplog p log log p log2 p), where c is a constant. Thetime complexity is less than O(m+ p1+�) for any small � > 0. Our algorithm is based on a recursiveallocation technique which gains its e�ciency by exploiting recursion in the process of mapping taskmodules to processors.Because a chain can be embedded with unit dilation cost in networks such as meshes andhypercubes[3], our algorithm can be used for mapping chain tasks to these networks accordingto the embedding functions.We adapt our algorithm to the case of mapping a ring task to a ring of processors. The algorithmfor mapping a chain task to chained processors can not be used for this case because an arbitrarycutting of the ring task into a chain task can result in a nonoptimal mapping. We thus have toexamine several possible cuttings to make sure that we will always �nd the optimal mapping. Ouralgorithm for mapping a ring task to a ring of processors has time complexity O(mp�).Another case we shall consider is that of mapping several chain tasks to chained processorswith the constraint that a processor can not be allocated task modules of di�erent chains. Thisproblem models partitionable parallel architectures which can simultaneously execute many taskswith di�erent computational requirements. Such an architecture can be partitioned into subsetsof processors where each subset operates independently of others and computes a task. Examplesof partitionable architectures include the PASM system[12], and hypercube based systems such asIntel's iPSC[7]. The general problem of allocating and scheduling partitions of processors to achieve2



optimal system performance is known to be NP-complete[8]. For the problem of mapping n chaintasks each containing m task modules to a chain of p processors we show an algorithm with timecomplexity O(mn + p1+�).2 PreliminaryA chain task is represented by a weighted graph G = (V;E) where V = fv1; v2; :::; vmg and E =f(vi; vi+1)j1 � i � m � 1g. The set of vertices V represents the task modules and the edges Erepresent communication between modules. Each node vi in G is assigned a weight wi which is theexecution time of the module on a single processor. Each edge (vi; vi+1) is also assigned a weightci which is the amount of communication on the edge if the two modules are mapped to adjacentprocessors. It is assumed that c0 = 0 and cm = 0. A subchain of G = (V;E) is any set of contiguousmodules and the subchain consisting of modules fvi; vi+1; :::; vjg is denoted < i; j >.Chained processors are represented by a graph Gp = (Vp; Ep) where Vp = fP1; P2; :::; Ppg are theprocessors and Ep = f(Pi; Pi+1)j1 � i � p � 1g are the communication links. We assume that allprocessors are homogeneous, i.e., a module will have the same execution time on any processor.For a chain task G = (V;E) and chained processors Gp = (Vp; Ep), a mapping � is a function:V 7! Vp. We assume the contiguity constraint[2][5][6][10]. The contiguity constraint stipulates thateither �(vi) = �(vi+1) or if �(vi) = Pl then �(vi+1) = Pl+1.Because of the contiguity constraint the mapping � always maps a subchain < ik; jk > toa processor k. The time taken by processor Pk, when assigned the subchain < ik; jk >, is Tk =(Pjkl=ik wl)+cik�1+cjk . Under mapping �, the time taken by the chained processors is the maximumamong the time taken by each processor. We de�ne this as the cost of the mapping C(�) =maxk2VpfTkg. Our objective is to �nd the optimal mapping which minimizes C(�) among all �'s.We now discuss two important special cases. The �rst is the case of a monotonic chain. A chaintask is said to be monotonic if for all i, 1 � i � m, ci < wi+1 + ci+1 and ci < wi + ci�1. Thusa nonmonotonic chain represents the situation there are two neighboring modules which takes lesstime when assigned to a single processor than assigned to two neighboring processors because oflarge communication cost. A nonmonotonic chain can always be condensed to a monotonic chain[6]in time O(m) without a�ecting the cost of optimal mapping. Thus without loss of generality weneed only consider monotonic chains.The second is the case where all communication costs (ci's) are zeros. This case is interestingbecause it is easy to deal with. This case captures the essential features of the general chain mapping3



problem. To simplify the exposition our algorithms will be designed for this special case althoughthey work for any monotonic chains.3 ProbingA basic routine used in mapping is the routine of probing. Probing is the routine that, given aprobe value b, check whether or not there exists a � such that C(�) � b. Probing can be done byallocating to processors one by one the task modules, stipulating that each processor gets the largestnumber of task modules with total weight no more that b. If we have exhausted all processors withunallocated task modules left then the chain can not be mapped to the processors with cost less orequal to b, otherwise it can. Because each task module is examined only once, we haveLemma 1: Giving a probing value b it takes O(m) time to check whether there exists a � such thatC(�) � b. 2It is obvious that such a probing routine is optimal because every task module has to be examinedto reach a correct conclusion. However, in our algorithm for mapping a chain task to chainedprocessors such a probing need to be done repeatedly. We therefore use the idea of grouping toreduce the time complexity for repeated executions of the probing routine.We assume without loss of generality that m is a multiple of p. We use p groups for the taskmodules. Group i contains vim=p+1; :::; v(i+1)m=p, 0 � i < p. For each group we build a binary searchtree of height dlog(m=p)e with m=p leaves. The task modules and their weight are placed at theleaves, from left to right. We label each internal node of the tree with the sum of the weight of theleaves in the subtree rooted at that internal node. We therefore have p binary search trees. It takesO(m) time to build these binary search trees.Now for a value b and a tree T we can check whether the total weight in T is larger than b or notby simply looking at the root of T . If the total weight in T is larger than b we can search into T to�nd the leave l such that the total weight of the leaves to the left of l is less than or equal to b, butit is larger than b when the weight of l is included. Such a search into T takes O(log(m=p)) time.When we allocate task modules to a processor in the process of probing we can now look ata binary search tree. We will either allocate the whole tree to the processor or search into thetree to allocate a subtree to the processor. For each processor we need search into a tree at mostonce besides allocating some whole trees to the processor. There are a total of p trees and each ofthem can be allocated only once if it is allocated as a whole tree to a processor. Thus the time forallocating whole trees is O(p). The time taken to search into a tree for a processor is O(log(m=p)).4



Therefore the time needed for the probing excluding the time for building the trees is O(p log(m=p)).Lemma 2: Assume that the binary search trees are prebuilt, giving a probe value b it takesO(p log(m=p)) time to check whether there exists a mapping � with C(�) � b. 2We use S([i1; j1]; [i2; j2]; b) to denote allocating task modules vi1 ; vi1+1; :::; vj1 to processorsPi2 ; Pi2+1; :::; Pj2 with probing value b. S([i1; j1]; [i2; j2]; b) is 1 if the allocation is successful, thatis, there is a mapping � with C(�) � b for mapping task modules vi1 ; vi1+1; :::; vj1 to processorsPi2 ; Pi2+1; :::; Pj2. S([i1; j1]; [i2; j2]; b) is 0 if the allocation is unsuccessful. From Lemmas 1 and 2we know that the value of S([i1; j1]; [i2; j2]; b) can be found out in time O((j2� i2+1) log((j1� i1+1)=(j2 � i2 + 1))) if the binary search trees are prebuilt.4 AllocationIn this section we give an algorithm for mapping a chain task to chained processors. In order to �ndthe minimum cost mapping we repeatedly allocate task modules to processors and check whethersuch allocation are valid by invoking the probing routine designed in the last section.Let g denote the minimum cost for any mapping. Then S([1;m]; [1; p]; g) = 1 and for any g0 < gS([1;m]; [1; p]; g0) = 0. We describe our �rst algorithm. We call this algorithm Schedule1. For an i,let W =Pij=1 wj. We may allocate v1; v2; :::; vi with total weight W to P1. To make sure that suchan allocation is appropriate we may then check S([i+1;m]; [2; p];W ). That is we probe the valueWon mapping vi+1; :::; vm to processors P2; P3; :::; Pp. If S([i+ 1;m]; [2; p];W ) = 1 then we know thatW � g. If S([i+1;m]; [2; p];W ) = 0 then we know thatW < g. In the case S([i+1;m]; [2; p];W ) = 1we need �nd out whether any value smaller than W could still be � g, therefore we need decrease i.In the case S([i + 1;m]; [2; p];W ) = 0 we need �nd out whether any value larger than W could stillbe < g, therefore we need increase i. Due to the monotonic nature of the chain task there exist an isuch that S([i+ 1;m]; [2; p];W ) = 0 and S([i+ 2;m]; [2; p];W +wi+1) = 1. Such an i indicates thatW < g � W + wi+1. A special case is that i = 0. In this case we know immediately that g = w1.Otherwise we should consider allocating task modules vi+1; :::; vm to processors P2; P3; :::; Pp. Thisobviously can be done by recursion. The recursion will return a value b which is the minimum costfor mapping vi+1; :::; vm to processors P2; P3; :::; Pp. If b > W+wi+1 then we should return W+wi+1because we know previously that g � W +wi+1. If b � W +wi+1 then we return b because processorP1 is allocated with weight W . Note that W < b because of the probing we have done. We now givethe formal description of Schedule1.Algorithm Schedule1(i1; j1; i2; j2)/* Map task modules vi1 ; :::; vj1 to processors Pi2 ; :::; Pj2. */5



if i2 = j2 then /* One processor left. */beginW :=Pj1j=i1 wj ;return(W );endif S([i1 + 1; j1]; [i2 + 1; j2]; wi1) = 1 then return(wi1 );elsebeginFind i � i1 such thatS([i + 1; j1]; [i2 + 1; j2];Pij=i1 wj) = 0 and S([i + 2; j1]; [i2 + 1; j2];Pi+1j=i1 wj) = 1;b :=Schedule1(i + 1; j1; i2 + 1; j2);if b >Pi+1j=i1 wj then return(Pi+1j=i1 wj) else return(b);endBy the analysis above we have,Theorem 3: Schedule1(1;m; 1; p) returns the minimum cost for mapping the chain task on chainedprocessors. 2Theorem 4: The time complexity of Schedule1 is O(m+ p2 logm log(m=p)).Proof: Each recursion has to �nd out the i satisfying certain conditions. This i can be found byusing binary search. Thus we need evaluate S for at most O(logm) times for locating the right i.Each evaluation (that is, probing) takes O(p log(m=p)) time by Lemma 2. We �rst take O(m) timefor constructing binary search trees. This can be considered as precomputation. Let T (p) be thetime needed for scheduling m task modules on p processors. We have the recursionT (p) � T (p� 1) + cp logm log(m=p), c is a constant.T (1) � O(m).Which gives T (p) = O(m + p2 logm log(m=p)). 2We now generalize algorithm Schedule1. For an i, we map v1; v2; :::; vi to P1; P2; :::; Pt, for asuitable t. To make sure that such a mapping is appropriate we obtain the minimum cost W for anysuch mapping. If we choose t to be 1 then W can be easily obtained. If t is not 1 then W can beobtained by invoking recursion if t < p. We then check S([i+ 1;m]; [t+ 1; p];W ). That is, we probethe valueW on mapping vi+1; :::; vm to processors Pt+1; Pt+2; :::; Pp. If S([i+1;m]; [t+1; p];W ) = 1then we know that W � g. If S([i + 1;m]; [t+ 1; p];W ) = 0 then we know that W < g. In the case6



S([i+1;m]; [t+1; p];W ) = 1 we need �nd out whether any value smaller than W could be still � g,therefore we need decrease i. In the case S([i + 1;m]; [t+ 1; p];W ) = 0 we need �nd out whetherany value larger than W could be still < g, therefore we need increase i. Due to the monotonicnature of the chain task there exists an i such that the minimum cost of mapping v1; v2; :::; vi toP1; P2; :::; Pt is W and the minimum cost of mapping v1; v2; :::; vi; vi+1 to P1; P2; :::; Pt is W 0 � W ,and S([i + 1;m]; [t + 1; p];W ) = 0 and S([i + 2;m]; [t + 1; p];W 0) = 1. Such an i indicates thatW < g � W 0. A special case is that i = 0. In this case we know immediately that g = w1.Otherwise we should consider mapping task modules vi+1; :::; vm to processors Pt+1; Pt+2; :::; Pp.This obviously can be done by recursion. The recursion will return a value b which is the minimumcost for mapping vi+1; :::; vm to processors Pt+1; Pt+2; :::; Pp. If b > W 0 then we should return W 0because we know previously that g � W 0. If b � W 0 then we return b. To achieve maximume�ciency we should pick t carefully. We �rst give the formal description of the algorithm. We showhow to pick up a good t when we analyze the time complexity of the algorithm.Algorithm Schedule2(i1; j1; i2; j2)/* Map task modules vi1 ; :::; vj1 to processors Pi2 ; :::; Pj2. */if i2 = j2 thenbeginW :=Pj1j=i1 wj ;return(W );endif S([i1 + 1; j1]; [i2 + 1; j2]; wi1) = 1 then return(wi1 );elsebeginPick a t, i2 � t < j2;Pick an i, i1 � i � j1, using binary search;W :=Schedule2(i1; i; i2; t);W 0 :=Schedule2(i1; i+ 1; i2; t);Let i satisfy that S([i + 1; j1]; [t+ 1; j2];W ) = 0and S([i + 2; j1]; [t+ 1; j2];W 0) = 1;b :=Schedule2(i + 1; j1; t; j2);if b � W 0 then return(b) else return(W 0);endFrom the above analysis we have 7



Theorem 5: Schedule2(1;m; 1; p) returns the minimum cost for mapping the chain task on chainedprocessors. 2The time complexity of Schedule2 depends on t. If t = i2 then algorithm Schedule2 degeneratesto algorithm Schedule1. For each t chosen we analyze the time complexity of Schedule2(1;m; 1; p). Inorder to �nd the correct i we need test at most logm times by using binary search. Each test requiresa recursive call to Schedule2(1; i; 1; t) and the evaluation of S([i + 1;m]; [t+ 1; p];W ) and anotherrecursive call to Schedule2(1; i + 1; 1; t) and the evaluation of S([i + 2;m]; [t+ 1; p];W 0). When i ischosen another recursive call to Schedule2(i+1;m; t+1; p) is invoked. These analyses are based on thecondition that the binary search trees used for probing and the array s[i] =Pij=1 wj, 1 � i � m, areavailable. We know that the binary search trees and array s[i] can be constructed in precomputationand they take O(m) time. Now let T (p) be the time complexity of Schedule2(1;m; 1; p), we haveT (p) � 2 logm(T (t) + cp log(m=p)) + T (p � t),T (1) � c logm, where c is a constant.Lemma 6: T (p) = O(p(log p= log logm)1=2cplogp log logm log2m), where c is a constant.Proof: To simplify the estimation we work on the following recurrence equationT (p) � 2 logm(T (t) + cp logm) + T (p � t).If we divide p into segments each of length x and let t = x, we have,T (p) � 2 logm(T (x) + cp logm)+2 logm(T (x) + cp logm) + 2 logm(T (x) + cp logm) + 2 logm(T (x) + cp logm) + T (p� 4x)� (2cp2=x) log2m + (2p=x)T (x) logm.We shall take segments of length xi at level i, x1 is x. We haveT (p) � (2cp2=x1) log2m + (2p=x1) logm((2cx21=x2) log2m+(2x1=x2) logm((2cx22=x3) log2m + (2x2=x3) logm((2cx23=x4) log2m+ (2x3=x4) logmT (x4))))= (2cp2=x1) log2m+ (4cpx1=x2) log3m + (8cpx2=x3) log4m+ (16cpx3=x4) log5m + � � �To pick suitable xi's we let p=x1 = (2x1=x2) logm, xi=xi+1 = (2xi+1=xi+2) logm, i = 1; 2; :::;.Let xj be a constant, we will �gure out how large j is. Let xj�1 and xj be constants we havep = (2 logm)O(j2). Therefore j = O((log p= log logm)1=2). p=x1 = O((2 logm)j). We now haveT (p) � O(jp(2 logm)j log2m) = O(p(log p= log logm)1=2cplogp log logm log2m). 2Theorem 7: Schedule2(1;m; 1; p) runs in time O(m + p(log p= log logp)1=2cplog p log log p log2 p).Proof: Whenm � p2 we havem > p(logp= log logm)1=2cplog p log logm log2m. Therefore the theorem8



holds. 2The analysis we gave here is pessimistic. t can be chosen by experiments to minimize the timecomplexity. We note that the time complexity we obtained here is not larger than O(m + p1+�).Thus our algorithm is optimal when m � p1+�.5 Generalizations5.1 Monotonic ChainsThe algorithms we presented in the last section are algorithms designed for a chain task with zerocommunication costs. We note that these algorithms work for arbitrary monotonic chains. We haveto modify our probing routines by incorporating communication costs into binary search trees. Thecalculation of weightW in our algorithms should be modi�ed to include communication costs. Afterthese modi�cations our algorithms will work for any monotonic chains.We have mentioned that an arbitrary chain can always be converted into a monotonic chain intime O(m). Thus the algorithms we gave in the last section could be modi�ed to work for arbitrarychains.5.2 Multiple Chain TasksA set of n chain tasks is de�ned by a set of task graphs Gc = fG1 [ G2; :::;[Gng. Each task iis represented by the graph Gi = (V i; Ei) where Gi is a chain task with m modules, such thatV i = fvi1; vi2; :::; vimg. and Ei = f(vij; vij+1)j1 � j � m � 1g. The weight of a module j of task iis denoted as wij, and the weight of edge (vij ; vij+1), the communication time, is denoted cij. Theset of chains is therefore Gc = (Vc; Ec), where Vc = [1�i�nV i and Ec = [1�i�nEi. A mapping �must map modules of all tasks to the p processors and is de�ned as: � : Vc 7! Vp. The mapping �must satisfy two constraints, the contiguity constraint and the partition constraint. The contiguityconstraint stipulates that for any two modules vji and vji+1, �(vji ) = �(vji+1) or if �(vi) = Pl then�(vi+1) = Pl+1. The partition constraint stipulates that if �(vik) = �(vjl ), 1 � k; l � m, then i = jfor 1 � i; j � n. The cost of the mapping C(�) is as de�ned before.After adding the partition constraint to our algorithms they work for mapping multiple chaintasks to a linear array of processors. Therefore we have,Theorem 8: It takes O(mn + p1+�) time to compute the optimal mapping for mapping n chainseach containing m modules to a chain of p processors. 29



5.3 Mapping a Ring Task to a Ring of ProcessorsWe now consider the case where the input chain task is a ring and we are to map it to a ring ofprocessors. And we assume that the communication costs are 0's as it is easy to generalize it to thecase where the communication costs are not 0's. Since the processors are homogeneous we couldallocate task modules starting at any processor. The problem here is which task module we shouldstart allocating. If we start with an arbitrary task module we may end up �nding a mapping whichis not optimal. The following example demonstrates this situation.Weight on task modules: 2, 3, 3, 4, 6, 5, 8. These task modules form a ring and they are to bemapped to a ring of three processors. Below we show some possible ways of mapping.(1) 2 3 3 4 | 6 5 | 8, cost of mapping is 12.(2) 3 3 4 | 6 5 | 8 2, cost of mapping is 11.(3) 3 4 6 | 5 8 | 2 3, cost of mapping is 13.(4) 4 6 | 5 8 | 2 3 3, cost of mapping is 13.Consider the problem of mappingm task modules with weight w1; w2; :::; wm to p processors, letW =Pmi=1wi and M = maxfwi; 1 � i � mg. We have the following lemma.Lemma 9: If M � 2W=p then the optimal mapping has cost M , otherwise the optimal mappinghas cost � 2W=p.Proof: We start with an arbitrary task module and an arbitrary processor P . We allocate weightW=p to each processor. This allocation will result in allocating one module to several contiguousprocessors. Start with processor P , we will work on processors one by one. Suppose currently weare working with processor P 0, we check whether there is only one task module allocated to P 0. Ifthere is only one task module allocated to P 0 and if part of the task module is allocated to someprocessors following P 0 we shall allocate the whole task module to P 0. If there are more than onetask module allocated to P 0 we check whether the last task module allocated to P 0 is a completemodule or not. If it is not we will allocate this module to the next processor. When we �nish withall the processors we obtain a mapping with cost � maxfM; 2W=pg. 2By Lemma 9 we may check whether M � 2W=p or not. If M � 2W=p then the optimal mappinghas costM . Otherwise we know that the cost of the optimalmapping is � 2W=p. IfPki=j wi � 2W=pwe may try to start with each of the mi, j � i � k, and one of them will give the cost of an optimalmapping. If we check the sum of the weight of every contiguous d2m=pe task modules, one of thecontiguous d2m=pe task modules will have total weight � 2W=p, for otherwise the total weight of10
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