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Abstract

We present schemes for derandomizing parallel algorithms by exploiting redundancy of
a shrinking sample space and the mutual independence of random variables. Our design
uses n mutually independent random variables built on a sample space with exponen-
tial number of points. Our scheme yields an O(logn) time parallel algorithm for the
PROFIT/COST problem using no more than linear number of processors.

1 Introduction

Randomization is a powerful tool in the algorithm design. With the aid of randomization
the design of algorithms for many difficult problems becomes manageable. This is partic-
ularly so in the design of parallel algorithms. Recent progress in this direction not only
results in producing many efficient randomized algorithms, but also provides techniques
of derandomization, i.e., to convert a randomized algorithm to a deterministic algorithm
through a systematic approach of removing randomness. This paper addresses the tech-
niques of derandomization and presents a fast derandomization scheme which yields a
fast parallel algorithm for the COST/PROFIT[KW][L2] problem.

A technique of derandomization due to Spencer[Spencer] is to locate a good sample
point by an efficient search of the sample space. For an algorithm using n mutually



independent random variables the sample space contains exponential number of sam-
ple points[ABI]. If every sample point is tested for “goodness” then the algorithm is
derandomized with an explosive increase in the time complexity. In order to obtain a
polynomial time algorithm, Spencer’s scheme uses efficient search techniques to search
the sample space for a good point. In the case when the search is binary the sample
space is partitioned into two subspaces, and then the subspace with larger probability of
finding a good point is preserved while the other discarded. Such a searching technique
enables an algorithm to search an exponential sized sample space in polynomial time.
Efficient sequential algorithms have been obtain by using this technique[Rag][Spencer].

Spencer’s technique seems to be sequential in nature. A known technique[KW][L1]
[ABI] to derandomize parallel algorithms is to reduce the size of the sample space by
using limited independence. When the sample space contains polynomial number of
points, exhaustive search can be used to locate a good point to obtain a DNC algorithm.
This technique has been used successfully by Karp and Wigderson[KW], Luby[L1], Alon
et al.[ABI].

In order to obtain processor efficient parallel algorithms through derandomization,
Luby[L2] used the idea of binary search[Spencer] on a sample space with pairwise indepen-
dent random variables. This technique was developed further by Berger and Rompel[BR]
and Motiwani et al. [MNN], where log®n-wise independence among random variables
was used. Because the sample space contains 9log? n sample points in the design of
[BR][MNN], a thoughtfully designed binary search scheme can still guarantee a DNC

algorithm.

We show that a derandomization scheme faster than Luby’s[L2] can be obtained.
One of our observations leading to a faster derandomization scheme is to exploit the
redundancy which is a consequence of a shrinking sample space. Initially a minimum
sized sample space is chosen for the design of random variables of limited independence.
When a binary search technique is used to search the sample space for a good sample
point, the sample space is shrunken or reduced. In fact we observe the shrinkage of
the sample space when conditional probability is considered. However, when the sample
space is shrunken, the original assumption of independence among random variables
can no longer hold. That is, dependency among random variables is expected. Such a
dependency is a form of redundancy which can be exploited to the advantage of parallel
algorithm design. We note that such redundancy has not been exploited before in the
previous derandomization schemes[ABI|[KW][L1].

Our scheme uses yet another idea of exploiting mutual independence. Previous deran-
domization schemes for parallel algorithms tried to stay away from mutual independence
because a sample space containing n mutually independent random variables has expo-
nential number of sample points|ABI]. We show, on the contrary, that mutual indepen-
dence can be exploited for the design of fast parallel algorithms. Our design provides a
fast algorithm for the PROFIT/COST[KW][L2] problem with time complexity O(logn)
using no more than linear number of processors. It also improves on the time complexity
of the (A + 1)-vertex coloring algorithm obtained by Luby[L2].



2 Exploiting Redundancy

We consider the scenario of 0/1-valued uniformly distributed pairwise independent ran-
dom variables in the following setting.

A set of n 0/1-valued uniformly distributed pairwise independent random variables
can be designed on a sample space with O(n) points. The following design is given
in [ABI|[BR][L2]. Let k = [logn]. The sample space is Q = {0, 1}¥*1. For each
a = apay...ar, € Q, Pr(a) = 2= (k+1) " The value of random variables z;, 0 < i < n, on

point a is z;(a) = (Z;:é(zj -a;) + a) mod 2.

Typical functions to be searched on have the form F(zg, z1, ..., 2p—1) = Z” fij (i, ;)
where f; ; is defined as a function {0, 1}*> — R. Function F models the important
PROFIT/COST problem studied by Karp and Wigderson[KW] and Luby[L2]. Luby’s

parallel algorithm[L2] for the PROFIT/COST problem has been used as a subroutine in
the derandomization of several algorithms[L2][BRS]|[PSZ].

The problem can be stated as follows. Given function F(xg, =1, .., Zpn_1) =
Zo<i<n,o<]’<n fi,j(xi, x;), find a point (zg, 1, ..., n—1) such that F(zo, 1, ..., Tp_1) >
E[F(xg, 1, ..., zn_1)]. Such a point is called a good point. Function F is called the
BENEFIT function and functions f; ;’s are called the COST/PROFIT functions.

The input of the problem is dense if there are Q(n?) COST/PROFIT functions in F.
Otherwise the input is sparse. We denote the number of COST/PROFIT functions in
the input by m.

A good point can be found by searching the sample space. Luby’s scheme[L2] uses
binary search which fixes one bit of a at a time and evaluates the conditional expectations.
His algorithm[L2] is shown below.

Algorithm Convert1:

for [:=0to k
begin
Fy := E[F(xo, X1, «oy Tn—1) | ao =710y «ovy aj—1 =111, a; = 0];
Fy := E[F(xo, 1, -, Tn-1)]|ao =ro, ..., aj—1 =71—1, a1 = 1];

if Fy > F; then q; := 0 else q; :=1;
/*The value for a; decided above is denoted by r;. */

end
output(ag, a1, ..., ax);
It is guaranteed that the sample point (ag, a1, ..., ax) found is a good point, i.e., the
value of F evaluated at (ag, a1, ..., ag) is > E[F(xo, ®1, ..., Tn_1)]-

By linearity of expectation, the conditional expectation evaluated in the above algo-
rithm can be written as E[F(zo, 21, ..., Tn—1) a0 = 70, ..., e = 1] = 32, ; E[fi j (@i, 75)|ao
=7, ..., a; = r7]. We assume that the input is dense, i.e., m = Q(n?). We will drop this
assumption in the next section. We also assume that constant operations(instructions)
are required for a single processor to evaluate E|[f; ;(z;, x;) | ag = ro, ... ay = 17]. Al-



gorithm Convertl uses O(n?logn) operations. The algorithm can be implemented with
n?/logn processors and O(log” n) time on the EREW PRAM[BH][S] model.

We observe that as the sample space is being partitioned and reduced, the pairwise
independence can no longer be maintained among n random variables. Thus dependency
among random variables is expected. Such dependency is a form of redundancy which
can be exploited.

After bit ag is set, random variables x; and x;%¢ become dependent, where i#0 is
obtained by complementing the 0-th bit of . If ag is set to 0 then in fact x; = x;40. If ag
is set to 1 then z; = 1—x;40. Therefore we can reduce n random variables to n/2 random
variables. Since the input is dense, we are able to cut the number of COST/PROFIT
functions from m to about m/4.

The modified algorithm is shown below.

Algorithm Convert2:
for [ :=0to k
begin
Fo=32 5 Elfij(@i, zj) [ao =10, oy ar—1 =1121, @ = 0J;
Fy=30 5 Elfi (@i, z5) [ao =710, oy arm1 =1021, @y = 1]
if Fy > F} then q; := 0 else q; := 1;
/* The value for a; decided above is denoted by r;. */
combine(fi ;(xi, x;), figrj(Tint, ©5),
figa(@i, Tjgr) and figer jar(@iger, Tjga); for all 4, j);
end
output(ag, a1, ..., ax);

Some remarks on algorithm Convert2 is in order. The difference between the scheme
used in Convert2 and previous schemes is that previous derandomization schemes use a
static set of random variables while the set of random variables used in Convert2 changes
dynamically as the derandomization process proceeds. Thus our scheme is a dynamic
derandomization scheme while the previous schemes are static derandomization schemes.

The redundancy resulting from the shrinking sample space is being exploited result-
ing in a saving of O(logn) operations. Algorithm Convert2 can be implemented with
n?/log®n processors while still running in O(log?n) time, since its computing time is
bounded by (clog®n)(1+ o + - - - + 73 for a constant c.

A bit more parallelism can be extracted from algorithm Convert2 by using idling pro-
cessors to speed up the later steps of the algorithm. When there are n? /2! COST/PROFIT
functions left, we can extend a by ¢ bits. Thus the number of iterations will be cut down
to O(loglogn). With some modifications of algorithm Convert2, we are able to obtain
the time complexity O(logn loglogn) using n?/logn loglogn processors.

We note that Luby’s technique[L2] can be used here to achieve the same performance.
However, there is a conceptual difference between our technique and Luby’s, i.e., ours is
a dynamic derandomization technique while Luby’s is a static one. Our technique uses
the idea of exploiting redundancy. This idea is not present in Luby’s technique[L2].



3 Exploiting Mutual Independence

In this section we show how mutual independence can be exploited to the advantage of
parallel algorithm design. Our idea is embedded in our design of the random variables
which is particularly suited to the parallel searching of a good sample point.

In the previous derandomization schemes[ABI|[KW][L1] the main objective of the
design of random variables is to obtain a minimum sized sample space. Because small
sample space requires less effort to search. Original ideas of the design of small sample
space for random variables of limited independence can be found in [Bern][Jo][La]. Luby’s
result[L2] shows that considerations should be given that the design of random variables
should facilitate parallel search. Our result presented here carries this idea further in
that our design of the random variables facilitates the dynamic derandomization process.

For the problem of finding a good sample point for function F(zq, 1, .., Tp_1)=
> fij(wiy x;), Luby’s technique of derandomization yields a DNC algorithm with

time complexity O(log2 n) using linear number of processors. When the input is dense
or the COST/PROFIT functions are properly indexed, Luby’s technique yields time
complexity O(lognloglogn) with linear number of processors. However, indexing the
functions properly requires O(log? nloglogn) time with his algorithm[L2].

Previous solutions[L2|[BR|[MNN] to the problem uses limited independence in order
to obtain a small sample space. A small sample space is crucial to the technique of
binary searching if DNC algorithms are demanded. In this section we present a case
where mutual independence can be exploited to achieve faster algorithms. Since the
sample space has exponential number of sample points, binary search can not be used in
our situation to yield a DNC algorithm. What happens in our scheme is that the mutual
independence helps us to fix random variables independently, thus resulting in a faster
algorithm.

We use n 0/1-valued uniformly distributed mutually independent random variables
ri, 0 < i < n. Without loss of generality assuming n is a power of 2. Function F' has n
variables. We build a tree T' which is a complete binary tree with n leaves plus a node
which is the parent of the root of the complete binary tree (thus there are n interior
nodes in 7" and the root of T has only one child). The n variables of F are associated
with n leaves of T and the n random variables are associated with the interior nodes of
T. The n leaves of T' are numbered from 0 to n — 1. Variable z; is associated with leaf 7.

We now randomize the variables z;, 0 < ¢ < n. Let r;, 73, ..., 7;, be the random
variables on the path from leaf ¢ to the root of T', where k = logn. Random variable x;
is defined to be z; = (Zf;é ij-Ti; +7i,) mod?2. It can be verified that random variables
z;, 0 < i < n are uniformly distributed pairwise independent random variables. Note

the difference between our design and previous designs[ABI][L1][L2].
We shall call tree T' the random variable tree.

We are to find a sample point 7= (ro, r1, ..., Tn—1) such that F| > E[F]=
122 (fi3(0,0) + fi;(0, 1)+ fi; (1, 0) + fi; (1, 1)),

Our algorithm fixes random variables r; (setting their values to 0’s and 1’s) one level
in a step starting from the level next to the leaves (we shall call this level level 0) and



going upward on the tree T' until level k. Since there are k + 1 interior levels in T all
random variables will be fixed in k + 1 steps.

Now consider fixing random variables at level 0. Since there are only two random
variables x;, ;%0 which are functions of random variable r; (node r; is the parent of
the nodes z; and x;4x0) and z;, ;%0 are not related to other random variables at level
0, and since random variables at level 0 are mutually independent, they can be fixed
independently. This apparently saves computing time because random variables can be
fixed locally, thus eliminating the need of collecting global status.

Consider in detail the fixing of r; which is only related to x; and x;40. We simply
compute fo = f5,j%0(0, 0)+ fj j0(L, 1)+ f5%0,5(0, 0)+ fizo ;(1,1) and fr = f; j%0(0, 1)+
fig#0(1, 0) 4+ fizo0,5(0, 1) + figo,;(1, 0). If fo > fi then set r; to 0 else set r; to 1. Our
scheme will allow all random variables at level 0 be set in parallel in constant time.

Next we apply the idea of exploiting redundancy. This reduces the n random variables
zi, 0 < ¢ < n, to n/2 random variables. COST/PROFIT functions f; ; can also be
combined, whenever two functions have the same variables they can be combined into
one function. It can be checked that the combining can be done in constant time using
linear number of processors and O(n?) space.

We now have a new function which has the same form of F' but has only n/2 variables.
A recursion on our scheme solve the problem in O(logn) time with linear number of
Processors.

Theorem 1: A sample point T = (ro, 71, ..y Tn—1) satisfying F|? > E[F] can be found
in O(logn) time using linear number of processors and O(n?) space. O

4 Derandomization using Tree Contraction

In this section we outline further improvements on our derandomization algorithm. We
show that the derandomization process can be viewed as a special case of tree contrac-
tion[MR]. By using the RAKE operation[MR] we are able to cut down the processor and
space complexities further.

A close examination of the process of derandomization of our algorithm shows that
functions f; ; are combined according to the so-called file-major indexing for the two
dimensional array, as shown in Fig. 1. In the fileemajor indexing the n x n array A is
divided into four subfiles 4y = A[0..n/2 -1, 0..n/2 — 1], A; = A[0..n/2 -1, n/2..n — 1],
Ay = Aln/2.m — 1, 0.n/2 — 1], A3 = A[n/2.n — 1, n/2..n — 1]. Any element in A;
proceeds any element in Aj; if ¢ < j. The indexing of the elements in the same subfile is
recursively defined in the same way. The indexing of function f; ; is the number at the
i-th row and j-th column of the array. After the bits at level 0 are fixed by our algorithm,
functions indexed 4k, 4k + 1, 4k + 2, 4k + 3, 0 < k < n?/4 will be combined. After the
combination of these functions they will be reindexed. The new index k will be assigned
to the function combined from the original functions indexed 4k, 4k + 1, 4k + 2, 4k + 3.
This allows the recursion in our algorithm to proceed.

Obviously we want the input to be arranged by the file-major indexing. When the
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Fig. 1. File-major indexing.

input has been arranged by the file-major indexing, we are able to build a tree which
reflects the way input functions f; ;’s are combined as the derandomization process pro-
ceeds. We shall call this tree the derandomization tree. This tree is built as follows.

We use one processor for each function f; ;. These COST/PROFIT functions are
stored in an array. Let f;, j, be the function stored immediately before f; ; and f;, j, be
the function stored immediately after f; ;. By looking at (i1, j1) and (42, j2) the processor
could easily figure out at which step of the derandomization f;; should be combined
with f;, j, or fi, j,. This information allows the tree to be built for the derandomization
process. This tree has logn + 1 levels. The functions at the 0-th level (leaves) are those
to be combined into a new function which will be associated with the parent of these
leaves. The combination happens immediately after the random variables at level 0 in
the random variable tree are fixed. In general, functions at level ¢ will be combined
immediately after the random variables at level ¢ in the random variable tree are fixed.
Note that we use the term level in the derandomization tree to correspond to the level
of random variable tree presented in the last section. Thus, a node at level ¢ of the
derandomization tree could be at depth < logn — 1.

Since the derandomization tree has height at most logn, it can be built in O(logn)
time using m processors. If the input is arranged by the file-major indexing, the tree
can be built in O(logn) time using optimal m/logn processors by a careful processor
scheduling.

An example of derandomization tree is illustrated in Fig. 2.

The derandomization process can now be described in terms of the derandomization
tree. Combine the functions at level 7 of the derandomization tree immediately after the
random variables at level ¢ of the random variable tree are fixed. The combination can be
accomplished by the RAKE[MR] operation which should be interpreted here as raking
the leaves at level i instead of raking all leaves. The whole process of the derandomization
can now be viewed as a process of tree contraction which uses only the rake operation
without using the compress operation[MR].

Since the nodes in the derandomization tree can be sorted by their levels, the deran-
domization process can be done in O(logn) time using m/logn processors.

Theorem 2: A sample point 7= (rg, 71, ..., rn_1) satisfying F|- > E[F] can be found
on the CREW PRAM in O(logn) time using optimal m/ log n processors and O(m) space
if the input is arranged by the file-major indexing. O

We note that if the input is not arranged by the file-major indexing we could sort
the input into the file-major indexing. A parallel integer sorting algorithm suffices here.
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Fig. 2. A derandomization tree.

Unfortunately no deterministic parallel algorithm is known for sorting integers of mag-
nitude ) with time complexity O(logn) using optimal number of processors. We
can, of course, use parallel comparison sorting. Known algorithms[AKS][Co] have time
complexity O(logn) using linear number of processors.

Corollary: A sample point 7= (o, r1, .., Tn—1) satisfying F'|» > E[F] can be found
on the CREW PRAM in O(logn) time using m processors and O(m) space. O

Our algorithm can be used directly to solve the PROFIT/COST problem in O(logn)
time with optimal number of processors and space if the input is arranged by the file-
major indexing. If the file-major indexing for the input is not assumed it would in
general use linear number of processors. When our algorithm is used in Luby’s (A +
1)-vertex coloring algorithm[L2] it will improve the time complexity to O(log®n) from
O(log® nloglogn).

5 Conclusions

Our ideas of exploiting redundancy and mutual independence enables us to obtain a
faster derandomization scheme. In principle the idea of exploiting redundancy applies to
any search schemes which partitions the sample space. In practice how the redundancy
could be exploited depends on each case.

Our scheme could be studied further under more restrictive conditions. Such study
would usually yield faster algorithms on the CRCW model, although achievable algo-
rithms would be less general.
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