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tThis paper presents very fast parallel algorithms for approximate edge 
oloring. Let log(1) n =logn, log(k) n = log(log(k�1) n), and log�(n) = minf k j log(k) n < 1g. It is shown that a graphwith n verti
es and m edges 
an be edge 
olored with (2dlog1=4 log�(n)e)
 �(d�= log
=4 log�(n)e)2
olors in O(log log�(n)) time using O(m+ n) pro
essors on the EREW PRAM, where � is themaximum vertex degree of the graph and 
 is an arbitrarily large 
onstant. It is also shownthat the graph 
an be edge 
olored using at most d4�1+4= log log log�(�) log1=2 log�(�)e 
olors inO(log� log log�(�)= log log log�(�) + log log�(n)) time using O(m + n) pro
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tionGiven a simple graph G = (V;E) with n verti
es, m edges and maximum vertex degree �, an edge
oloring of G is to 
olor the edges of the graph su
h that no two edges in
ident to a vertex re
eivethe same 
olor. The minimum number of 
olors whi
h is suÆ
ient to edge 
olor G is 
alled the
hromati
 index �0(G). It is easy to see that �0(G) � �. Vizing [14℄ has shown that �0(G) � �+1.Misra and Gries [12℄ later gave a simple 
onstru
tive proof of Vizing's theorem. A
tually Vizing'sproof implies an O(mn) time algorithm for edge 
oloring a graph with � + 1 
olors. However,Holyer has shown [6℄ that de
iding whether �0(G) = � is NP-
omplete, even when restri
ted to the
lass of 
ubi
 graphs.Although there is a polynomial time sequential algorithm for edge 
oloring a graph with �+ 1
olors, it is not known whether the problem of edge 
oloring a graph with � + 1 
olors is in NC.Several parallel algorithms for edge 
oloring a graph with �+1 
olors have been developed [9, 11℄,but the time 
omplexities of these algorithms are polynomial of �. To obtain fast NC algorithms,a number of deterministi
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using more than �+ 1 
olors to edge 
olor G) have also been studied. F�urer and Raghava
hari [2℄showed that a graph 
an be edge 
olored with d
�e 
olors in O(log2 n) time using O(m + n)pro
essors, where 
 is �xed and 1 < 
 � 2. They also showed that a graph 
an be edge 
olored with�2 
olors in O(log�(n)) time using O(m + n) pro
essors, where log�(n) = minf k j log(k) n < 1g.Liang [10℄ gave a parallel algorithm whi
h edge 
olors a graph with 2:5� 
olors in O(log n log�)time using O(m + n) pro
essors. Liang's result [10℄ shows that a graph 
an be edge 
olored with�+ d�= log
 ne 
olors by a parallel algorithm with polylog time 
omplexity, where 
 is a 
onstant.Karlo� and Shmoys [9℄ presented a randomized NC algorithm with � + 20�1=2+�0 
olors for any�xed �0 < 1=4. Later Berger and Rompel [1℄ and Motwani et al [13℄ proved that the randomness inthe algorithm of Karlo� and Shmoys 
an be removed by presenting deterministi
 NC algorithmsfor edge-
oloring G with �+�1=2+� 
olors for any �xed � > 0. Re
ently, Grable and Pan
onesi [7℄gave another randomized NC algorithm for approximate edge 
oloring. Their algorithm requiresO(log logn) time using O(m�) pro
essors with high probability. The number of 
olors used intheir algorithm is (1 + �)� for any � > 0.In this paper our obje
tive is to edge 
olor a graph as fast as possible. In doing so, onenatural question is how many 
olors needed for this 
oloring. Formally speaking, not only do anNC algorithm is needed but also is the time 
omplexity of the algorithm kept within o(log n).The previously known parallel algorithms that satisfy this 
ondition are the algorithm by F�urerand Raghava
hari [2℄ and the algorithm by Grable and Pan
onesi [7℄. F�urer and Raghava
hari'salgorithm edge 
olors a graph with �2 
olors in O(log�(n)) time using O(m+n) pro
essors on theEREW PRAM. Grable and Pan
onesi's algorithm is a randomized algorithm, whi
h uses O(m�)pro
essors and runs in O(log log n) time on a CRCW PRAM.In this paper we �rst improve upon F�urer and Raghava
hari's result by showing that a graph 
anbe edge 
olored with (2dlog1=4 log�(n)e)
 � (d�= log
=4 log�(n)e)2 
olors in time O(log log�(n)) usingO(m+n) pro
essors on the EREW PRAM, where 
 is an arbitrarily large 
onstant. The number of
olors used is essentially 2
d�2= log
=4 log�(n)e, whi
h 
an be written as d�2= log
0 log�(n)e be
ause
 is an arbitrarily large 
onstant. Therefore our algorithm uses less 
olors than the algorithm byF�urer and Raghava
hari [2℄, while our algorithm runs faster. We also show that a graph 
an be edge
olored with d4�1+4= log log log�(�) log1=2 log�(�)e 
olors inO(log� log log�(�)= log log log�(�)+log log�(n))time using m+ n pro
essors on the EREW PRAM.Without loss of generality, we assume that V = f1; 2; :::; ng. Every vertex v 2 V is asso
iatedwith an adja
en
y list L(v) whi
h is stored in an array. Ea
h edge (u; v) 2 E is represented twi
e,on
e in the adja
en
y list of u and on
e in the adja
en
y list of v. These two representations arelinked to ea
h other.The parallel 
omputational model used is the EREW PRAM [8℄. Usually, a parallel algorithm2



is 
alled optimal if Tp �p = O(T1), where Tp is the time 
omplexity of the parallel algorithm, p is thenumber of pro
essors used, and T1 is the time 
omplexity of the best known sequential algorithm.In our 
ase an algorithm is also optimal if Tp � p = O(m+ n).2 Edge Coloring with (2dlog1=4 log�(n)e)
 � (d�= log
=4 log�(n)e)2 ColorsWe make use of the following result in the design of our algorithms.Theorem 1 [4℄. A linked list or 
y
le of size n 
an be edge 
olored or vertex 
olored with 3
olors in O(n log ip + log(i) n+ log i) time using p pro
essors on the EREW PRAM, where i is anadjustable integer parameter. A linked list or 
y
le of size n 
an also be 
olored with dlog(i) ne
olors in O(log i) time using n pro
essors on the EREW PRAM. 2Theorem 1 implies that, to edge 
olor a linked list or 
y
le with three 
olors, if i = log�(n),it 
an be done in time O(log log�(n)) using n pro
essors. This 
ase is also observed by Beame[3℄.Note that the 
oloring algorithm is an iterative pro
ess and therefore if the verti
es (edges) of thelinked list are initially 
olored with C 
olors then the 3 
oloring 
an be done in O(log log� C) timeusing n pro
essors, see [3℄[4℄[5℄. If i is a 
onstant, edge 
oloring a linked list or 
y
le 
an be donein time O(n=p+ log(i) n) using p pro
essors.By applying the s
heme outlined in [2℄, the theorem below follows immediately.Theorem 2. A graph G(V;E) 
an be edge 
olored with �2 
olors in O(log log�(n)) time usingO(m+ n) pro
essors on the EREW PRAM.Proof: We follow the algorithm by F�urer and Raghava
hari [2℄. First ea
h vertex assigns labelsfrom f1; 2; :::;�g to its in
ident edges so that ea
h in
ident edge re
eives a pair of labels. Thistakes 
onstant time with O(m) pro
essors. Then, ea
h edge has an ordered pair hi; ji, where i � jand i and j are the labels assigned by the two endpoints of the edge. The edge uses hi; ji as itstemporary 
olor. But the edge 
oloring obtained may be invalid (an edge 
oloring is invalid if twoedges in
ident to a vertex have the same 
olor). However, for a 
olor hi; ji with i 6= j, the subgraphindu
ed by the edges 
olored with hi; ji 
onsists of disjoint paths and simple 
y
les. Now for ea
hsu
h a path or 
y
le, we �rst edge 
olor the path or 
y
le with three additional 
olors f�; �; 
gusing Theorem 1. As a result, if an edge re
eives �, we re
olor it with 
olor hi; ii; if it re
eives 
,we re
olor it with 
olor hj; ji; if it re
eives �, we re
olor it with 
olor hi; ji. For a path whose edgesare 
olored with 
olor hi; ji, we may need to alter the 
olor of the �rst edge (the edge in
ident toan endpoint of the path 
olored with i) and the last edge (the edge in
ident to another endpoint ofthe path 
olored with j) in the path to make sure that the �rst edge is re
olored with hi; ii or hi; jiand the last edge is re
olored with hi; ji or hj; ji. The edge 
oloring obtained now is a valid edge3




oloring, whi
h is proven as follows. Let v0; v1; :::; vt be the vertex sequen
e of a 
y
le C whose edgesare temporarily 
olored with 
olor hi; ji. Then after re
oloring the edges (vk�1; vk) and (vk; vk+1)(0 � k � t, v�1 = vt, vt+1 = v0) are 
olored with di�erent 
olors (from hi; ii; hi; ji; hj; ji). Anyother edge (u; vk) in
ident to vertex vk is 
olored with a 
olor hx; yi where the endpoint of (u; vk) atvertex u re
eives label x and the endpoint of (u; vk) at vertex vk re
eives label y. Then y 6= i; y 6= j.Therefore if x 6= i; j or edge (u; vk) is not re
olored then the 
olor (x; y) is di�erent than the 
olorsused for 
oloring and re
oloring the edges in 
y
le C. Now 
onsider the situation where x = i (orj) and edge (u; vk) is re
olored. This happens only when (u; vk) is the �rst or the last edge in apath (vk is an endpoint of the path) 
olored with the same 
olor. Therefore it is re
olored with
olor (x; y) or (y; y). Thus edge (u; vk) is also 
olored with a di�erent 
olor than the 
olors used for
oloring and re
oloring the edges in 
y
le C. Now let v0; v1; :::; vt be the vertex sequen
e of a pathP whose edges are temporarily 
olored with 
olor hi; ji. Then after re
oloring, the edges in
identto internal verti
es of the path are re
olored with valid 
olors (this situation is the same as in the
ase of 
y
les). Sin
e we re
olor edge (v0; v1) with hi; ji or hi; ii and any other edge in
ident tov0 is 
olored with 
olor hx; yi where either x 6= i or x = i but y 6= i and y 6= j. Therefore afterre
oloring we obtain a valid edge 
oloring for v0. The situation for vt 
an be analyzed similarly. Wealso note that 
olors (i; i) are possibly assiged to edges in the original temporary 
oloring. But inthis 
ase no two adja
ent edges are 
olored with the same (i; i) 
olor. By Theorem 1, the proposedalgorithm has time 
omplexity O(log log�(n)) using O(m+ n) pro
essors. 2Remark. If the O(n=p+log(i) n) time algorithm with 3 
olors in Theorem 1 is applied to Theorem 2,then, an optimal parallel algorithm for edge 
oloring G with �2 
olors follows.If � = 
(log(
) n) for an arbitrarily large 
onstant 
, we 
an prove the following theorem.Theorem 3. A graph G(V;E) 
an be edge 
olored with �2 
olors in 
onstant time using O(m+n)pro
essors on the EREW PRAM, if � = 
(log(
) n) for an arbitrarily large 
onstant 
.Proof: As in Theorem 2, �rst ea
h edge re
eives two labels i, j. If i � j then the edge temporarily
olors itself with 
olor hi; ji; otherwise it temporarily 
olors itself with 
olor hj; ii. Therefore G isedge-
olored by �(� + 1)=2 
olors. Now if a path or a 
y
le is 
olored with the same temporary
olor hi; ji, we �rst 
olor the path or the 
y
le with dlog(
) ne < �=2 
olors (from a se
ond set X of
olors numbered 1; 2; :::; dlog(
) ne). By Theorem 1 this 
an be done in O(log 
) time. Consequently,if an edge on the 
y
le is 
olored with the xth 
olor in X, we then re
olor it with 
olor hi; x +�i,1 � x � dlog(
) ne. This is done for all edges in 
y
les. For the edges in a path we re
olor all edgesin the path by the above routine ex
ept the �rst and the last edges. The �rst and the last edges inthe path still retains their original 
olor hi; ji. For the 
ase in whi
h a path 
onsists of two edges,we then 
olor the �rst edge with hi; ji (i.e. do not 
hange its 
olor) and 
olor the se
ond edgewith hj; ji. Now the number of 
olors used is no more than �2 (in
luding 
olors of the form hi; ji4



with i � j and 
olors of the form hi; x +�i). We 
laim that the 
oloring obtained is a valid edge
oloring, whi
h is proven as follows.Let p1 = (v1; v2; :::; vt) be a simple 
y
le in whi
h the edges are 
olored with the same temporary
olor hi; ji. If another path or 
y
le p2 whose edges are 
olored with the same temporary 
olorhk; li goes through vertex vs where 1 � s � t (note that vs is neither the �rst nor the last vertex inthe path), then we 
on
lude that k 6= i, k 6= j, l 6= i, l 6= j. Therefore, after re
oloring, the 
olorsused in p1 and p2 are disjoint. If an edge in
ident to vs is not in any path (or 
y
le) or it is the�rst edge in a path p2 edge 
olored with the same 
olor, then after re
oloring their 
olors do not
hange. The 
olor used to 
olor them is hk; li with k � l � � while the 
olors used to re
olor edgesin p1 are 
olors hi; x+�i. Therefore the 
olors used are disjoint. Finally if an edge in
ident to vsis the last edge in a path p2 edge 
olored with the same 
olor hk; li, this 
olor may be 
hanged tohl; li by re
oloring. But the 
olors used to 
olor p1 are of the form hi; x+�i. Therefore the 
olorsused are disjoint. The situation where p1 is a path 
an be analyzed similarly. 2In the following we show how to redu
e the number of 
olors used from �2 to(2dlog1=4 log�(n)e)
 �(d�= log
=4 log�(n)e)2 while retaining the O(log log�(n)) time 
omplexity, where
 is an arbitrarily large 
onstant. Sin
e the algorithm is not straightforward we �rst explain themain operations used in the algorithm and then give the algorithm.Initially the edges in the adja
en
y list of a vertex v is stored 
onse
utively in an array. Asour algorithm pro
eeds, there will be dummies (i.e. empty 
ells) generated in the adja
en
y list.When this happens, the edges in the adja
en
y list of v will still be stored in the array ex
ept thatthere may be dummies s
attered among the edges in the adja
en
y list. We do not require ea
hedge in an adja
en
y list to be linked to its previous and next edges in the adja
en
y list. All werequire is that edges in
ident to a vertex are stored in an array with possibly some array 
ells beingdummies. We never 
ompa
t or 
lean up the adja
en
y list by removing dummies be
ause removingdummies will be too 
ostly and also be
ause these dummies do not a�e
t the operations and the
orre
tness of our algorithm. We use list size to indi
ate the number of memory 
ells in the array ofthe adja
en
y list of a vertex, where one memory 
ell 
an be used to store one edge re
ord. Whenthere are no dummies the list size is equal to the degree of the vertex. When there are dummies thelist size is larger than the degree of the vertex. The list size of a graph is the maximum value overthe list sizes of all verti
es. Initially the list size of the graph is �. The algorithms we presentedbefore 
an be interpreted in terms of list size. For example by Theorem 2 a graph with list size L
an be 
olored with L2 
olors in O(log log� n) time using O(m+n) pro
essors, where m is the totalnumber of edges (not the total number of memory 
ells in the arrays for adja
en
y lists be
ausewe do not need allo
ate pro
essors for dummies). Of 
ourse we have to assume that ea
h edge isasso
iated with a pro
essor. Throughout our algorithm we asso
iate one pro
essor with ea
h edge5



of the graph. As the algorithm pro
eeds, edges are moved around in the memory and the pro
essorasso
iated with an edge is always asso
iated with the edge no matter where the edge is moved to.The initial input of the algorithm is G. The main operations involved in the algorithm are split,
olor, and 
ombine, whi
h are explained below.The split operation is to split ea
h vertex of G into several verti
es su
h that ea
h has list sizeno more than k, where k is any 
hosen integer parameter. The split operation simply 
uts thearray of the adja
en
y list of ea
h vertex into segments su
h that ea
h segment 
ontains no morethan k 
onse
utive memory 
ells. The i-th segment 
ontains memory 
ells from 
ell (i � 1)k + 1to 
ell ik. The last segment may 
ontain less than k memory 
ells. Ea
h segment is the adja
en
ylist of a new vertex u0. Suppose edge (u; v) in the adja
en
y list of u is in segment u0 after 
uttingand the edge (v; u) in the adja
en
y list of v is in segment v0 after 
utting, then edge (u; v) in theoriginal graph be
omes edge (u0; v0) in the new graph after splitting. If the split operation is wellunderstood, it is not diÆ
ult to see that splitting takes 
onstant time on the EREW PRAM ifO(m) pro
essors are available, where m is the number of edges. Note that m is not the total listsize of all verti
es. Denote by G1 the graph after the split operation. Sin
e the list size of G1 is k,the degree of G1 � k.The 
olor operation is to 
olor graph G1 (of list size k) with 2k � 1 
olors whi
h is done asfollows. First 
olor G1 with k2 
olors by using Theorem 2. This takes O(log log� n) time with O(m)pro
essors, where m is the number of edges of G1. Then the algorithm 
onsists of k2 phases. Inphase j we work on the edges 
olored with 
olor j. All these edges form a mat
hing in G1. Ifedge (u; v) is 
olored with 
olor j, (u; v) will use d(u) + d(v)� 2 pro
essors to re
olor (u; v), whered(u) and d(v) are the degrees of u and v in G1, respe
tively. Note that we only use a total of 2mpro
essors, wherem is the number of edges. We 
annot use list size(u)+ list size(v)�2 pro
essorsfor edge (u; v), where list size(u) is the list size of u, for if we did, we would need more than O(m)pro
essors. We use these pro
essors to �nd an unused 
olor among the �rst d(u) + d(v)� 1 
olors.We do this by �rst allo
ating an array A of size k2. Then d(u) + d(v) � 2 pro
essors write the
olors used for 
oloring edges in
ident to u and v (ex
ept the 
olor used for 
oloring (u; v)) intoA. If 
olor i is used a bit 1 will be written into the i-th 
ell of A. We now imagine a balan
edbinary tree built on array A. The array 
ells are the leaves of the binary tree. The d(u) + d(v)� 2pro
essors are initially asso
iated with the leaves having value 1's. These pro
essors then 
limbup the tree, one level in a substep, for O(log k) substeps. As a pro
essor 
limbing up the tree if it�nds the sibling node is a dummy it 
arries this information with it. If two pro
essors meet at anode of the tree, one pro
essor will stop 
limbing and the other pro
essor 
ontinues 
limbing thetree. When the root of the tree is rea
hed an unused 
olor among the �rst d(u) + d(v) � 1 
olorsis found. We then use this unused 
olor to re
olor edge (u; v). It is easy to see that this s
heme6



uses a total of O(m) pro
essors for the whole graph, and it 
an be implemented on the EREWPRAM. Ea
h phase takes O(log k) time with O(m) pro
essors, where m is the number of edges.After these k2 phases we redu
e the number of 
olors used to 2k � 1. The total time expended isO(log log� n+ k2 log k) with O(m+ n) pro
essors.The 
ombine operation is to 
ombine edges 
olored with the same 
olor together. Suppose avertex v in G is split into v1; v2; :::; vt verti
es in G1 after the split operation and ea
h vi has listsize no more than k. After the 
olor operation edges are 
olored with 2k � 1 
olors. If the originalgraph has list size L then t < dL=ke. In the 
ombine operation we 
reate a new graph G2. The
ombine operation is to 
ombine all edges in v1; v2; :::; vt 
olored with 
olor j into the adja
en
ylist of a newly 
reated vertex in G2. Be
ause there are 2k � 1 
olors we 
reate 2k � 1 new verti
esu1; u2; :::; u2k�1 in G2 for the original vertex v in G. New vertex ui will have the edges 
olored i inverti
es v1; v2; ::; vt in
ident to it. Vertex ui uses an array of size t to store its adja
en
y list. Edge
olored i in
ident to vertex vj of G1 moves itself into the j-th memory 
ell of new vertex ui of G2.This is done by indexing and takes 
onstant time. If no edge in
ident to vertex vj is 
olored i thenthe j-th memory 
ell of the new vertex ui 
ontains a dummy. This is where dummy gets generated.After exe
uting the 
ombine operation we have a new graph G2 with list size dL=ke. G2 
onsistsof 2k� 1 subgraphs. Subgraph i 
ontains the edges 
olored with 
olor i. Subgraph i and subgraphj are not 
onne
ted if i 6= j. After 
ombine operation vertex v in G is divided into 2k � 1 verti
esu1; u2; :::; u2k�1 in G2, where vertex ui is in subgraph i. The list size of ea
h vertex ui is no morethan dL=ke.Suppose we have a 
oloring s
heme to edge 
olor G2 with C 
olors. Then we obtain a 
oloringwith C � (2k�1) 
olors for G. Be
ause if edge (x; y) in G be
omes edge (xi; yi) in G2 (note that thetwo subs
ripts are equal be
ause (x; y) is 
olored with 
olor i in the 
olor operation and thereforeedge (x; y) moves itself to the i-th subgraph of G2 in the 
ombine operation) and re
eives 
olor zamong the C 
olors, we 
an re
olor it with 
olor (i� 1)C + z. We thus obtain a valid 
oloring forG with C � (2k � 1) 
olors.Note that G2 is a graph with list size dL=ke. To 
olor G2 we 
an re
ursively or iteratively applythe split, 
olor and 
ombine operations. Ea
h appli
ation of these operations redu
es the list sizeof the graph by roughly a fa
tor of k. Thus we 
an redu
e the list size of the graph until it is smallenough and then we use Theorem 2 to 
olor the resulting graph.Now we estimate how mu
h memory is used in the algorithm. The representation of G uses
m memory 
ells for m edges, where 
 is a 
onstant. Consider G1, ea
h vertex in G1 has list sizek. Therefore there are roughly m=k verti
es in G1. The 
onstru
tion of G1 uses 
km memorybe
ause k2 memory 
ells is used for ea
h vertex in G1 and there are about m=k verti
es in G1.However, G1 is not needed after G2 is 
onstru
ted. Thus memory used for G1 
an be re
laimed.7



Ea
h vertex v in G is divided into 2k � 1 verti
es u1; u2; :::; u2k�1 in G2. Ea
h ui has list sizedlist size(v)=ke, where list size(v) is the list size of v in G. Thus the amount of memory usedfor v is (2k � 1) � dlist size(v)=ke whi
h is roughly 2 � list size(v). Thus the memory used for G2is roughly 2
m. Thus the memory used for storing the adja
en
y lists of the input graph for thenext level of re
ursion is roughly 2
m. This indi
ates that ea
h level of re
ursion (of 
alling split,
olor and 
ombine) doubles the size of the memory. Of 
ourse the in
reased memory are used forstoring dummies. If we invoke d levels of re
ursion the amount of memory used for storing theadja
en
y lists will be O(2dm). Note that d 
an be a fun
tion of n instead of a 
onstant. Notealso that although the amount of memory used is doubled for ea
h level of re
ursion, the list sizeof the graph is redu
ed by a fa
tor of k for ea
h level of re
ursion. We 
an go to the extreme, i.e.invoke suÆ
ient number of levels of re
ursion to redu
e the list size of the graph to a 
onstant.That is exa
tly what we will do in Se
tion 3. Note also that throughout the algorithm we useonly O(m+ n) pro
essors. There is one pro
essor allo
ated and asso
iated with ea
h edge. As theedge moves itself around in the memory the allo
ated pro
essor is always asso
iated with it. Nopro
essors are allo
ated for dummies.Now we are ready to give the algorithm as follows.Algorithm Edge Color(G, L, x)/* G is the input graph. L is the list size of G. x is an integer parameter. */Step 1. If L = 0 then return.Otherwise, if L = 1 then edge 
olor G with 1 
olor; return.If x = 0 then edge 
olor G with L2 
olors by applying Theorem 2; return.Step 2. Split ea
h vertex v ofG into at most dL= log1=4 log�(n)e new verti
es v1; v2; :::; vdL= log1=4 log�(n)esu
h that ea
h vertex vi has degree dlog1=4 log�(n)e (with the possibility that the last vertex hasdegree < dlog1=4 log�(n)e). Denote by G1 this transformed graph. This step implements the splitoperation with k = dlog1=4 log�(n)e.Step 3. Edge 
olor G1 with O(log1=2 log�(n)) 
olors in time O(log log�(n)) using Theorem 2.Note that the list size of G1 is no more than dlog1=4 log�(n)e.Step 4. We pro
eed on G1 in O(log1=2 log�(n)) phases sequentially, ea
h phase 
orresponds toa 
olor in the 
olor set f1; 2; : : : ; O(log1=2 log�(n))g. In phase j we work on 
olor j. All the edgesof G1 
olored with 
olor j form a mat
hing. For ea
h edge (u; v) of G1 
olored with 
olor j, theedge (u; v) 
he
ks whi
h 
olor among 
olors f1; 2; :::; d(u) + d(v) � 1g, is not used for 
oloring the8



edges (ex
ept (u; v)) in
ident to its two endpoints. Sin
e there are d(u) + d(v) � 2 edges besides(u; v) whi
h are in
ident to u and v, there is at least one su
h a free 
olor. Then, (u; v) re
olorsitself using this 
olor. Thus, after sequen
ing through the O(log1=2 log�(n)) 
olors we redu
e thenumber of 
olors used to 2dlog1=4 log�(n)e � 1. Steps 3 and 4 implement the 
olor operation.Step 5. First, 
ombine the verti
es v1; v2; :::; vdL= log1=4 log�(n)e of G1 into v of G. That is, transformG1 ba
k to G. Group edges in
ident to v 
olored with the same 
olor together. There are at mostdL= log1=4 log�(n)e edges in
ident to v 
olored with the same 
olor. Then, transform G into G2, i.e,divide ea
h vertex v of G into 2dlog1=4 log�(n)e � 1 verti
es u1; u2; :::; u2dlog1=4 log�(n)e�1 su
h thatall edges in
ident to v whi
h are 
olored with the same 
olor i are in
ident to vertex ui. Note thatthe list size of G2 is no more than dL= log1=4 log�(n)e. In summary, the 
omputation involved inthis step is to allo
ate dL= log1=4 log�(n)e memory 
ells to ea
h ui and to move an edge in
ident tovj 
olored with 
olor i into the j-th memory 
ell of ui. Thus this step takes 
onstant time. Thisstep implements the 
ombine operation.Step 6. Edge 
olor G2 by 
alling Edge Color(G2, dL= log1=4 log�(n)e, x � 1). Let C be thenumber of 
olors used in this step.Step 7. Group the verti
es u1; u2; :::; u2dlog1=4 log�(n)e�1 of G2 ba
k to v of G. That is, trans-form G2 ba
k to G. If edge e in
ident to ui is 
olored with 
olor z in Step 6, we re
olor it with
olor (i� 1) � C + z. It is not hard to see that the 
olor obtained for G is a valid edge 
oloring.Theorem 4. A graph G(V;E) 
an be edge 
olored with (2dlog1=4 log�(n)e)
 � (d�= log
=4 log�(n)e)2
olors in O(log log�(n)) time using O(m+ n) pro
essors, where 
 is an arbitrarily large 
onstant.Proof: First, Edge Color uses 2dlog1=4 log�(n)e � 1 
olors to edge 
olor G1. Then, use this edge
oloring, transform G into G2, and edge 
olor G2 re
ursively. Finally, the edge 
oloring of G isderived from the edge 
oloring of G2 in Step 7. The 
orre
tness of algorithm Edge Color 
an beeasily veri�ed.If the initial 
all is Edge Color(G, �, 
), the re
ursion will pro
eed to 
 levels. Let N(
) be thetotal number of 
olors used for edge 
oloring G, and list size(
) be the list size of the graph obtainedat level 
. Then, if list size(
) � dlog1=4 log�(n)e, we have N(
) � N(
� 1) � (2dlog1=4 log�(n)e� 1)and list size(
 � 1) � list size(
)=dlog1=4 log�(n)e. Thus, list size(0) � d�= log
=4 log�(n)e andN(
) � N(0)�(2dlog1=4 log�(n)e�1)
 � (list size(0))2 �(2dlog1=4 log�(n)e�1)
 � (2dlog1=4 log�(n)e)
�(d�= log
=4 log�(n)e)2.Assume that there are O(m+ n) pro
essors available. Then, Step 1 takes O(log log�(n)) time.Step 2 takes 
onstant time. Step 3 takes O(log log�(n)) time. Step 4 takes9



O(log1=2 log�(n) log log log�(n)) time. In ea
h phase of Step 4, the edges 
olored with the same 
olorform a mat
hing, and an edge (u; v) in the mat
hing 
an be re-
olored using dG1(u) + dG1(v) � 2pro
essors. We use O(log log log�(n)) time to pi
k the 
olor in ea
h phase within Step 4. In Step5 we treat the edge 
olored with i whi
h is in
ident to vj as the j-th edge of ui. Therefore, the
ombine operation in Step 5 
an be done in 
onstant time. Step 7 takes 
onstant time. Let T (
)be the time taken by Edge Color(G, �, 
). We then have T (
) � T (
� 1) +O(log log�(n)). Sin
eT (0) = O(log log�(n)) and 
 is a 
onstant, T (
) = O(log log�(n)). 23 Edge Coloring with d4�1+4= log log log�(�) log1=2 log�(�)e ColorsIf we invoke Edge Color(G, �, x) with x = d4 log �= log log log�(n)e, then the graph obtained atthe xth level of re
ursion is of 
onstant list size. Be
ause ea
h level of re
ursion 
ontributes a fa
torof d2 log1=4 log�(n)e 
olors, the number of 
olors used for the edge-
oloring of G is(2 log1=4 log�(n))d4 log�= log log log�(n)e+1� (2 log1=4 log�(n))4 log�= log log log�(n)+2= (log1=4 log�(n))4 log�= log log log�(n) � 24 log�= log log log�(n) � (2 log1=4 log�(n))2= � ��4= log log log�(n) � 4 log1=2 log�(n)= 4�1+4= log log log�(n) log1=2 log�(n).Thus, the number of 
olors used is less than �2 when � is relatively large. In fa
t, the 4 log1=2 log�(n)fa
tor 
omes from our analysis. The real number of 
olors used is always less than �2. The time
omplexity of the algorithm be
omes O(log log�(n)) �O(log�= log log log�(n))= O(log� log log�(n)= log log log�(n)) be
ause ea
h level of re
ursion adds an item of O(log log�(n))in the time 
omplexity, and this time 
omplexity is less than O(log n) when � is small. The totalnumber of pro
essors used is O(m+ n). Therefore, we haveTheorem 5. A graph G(V;E) 
an be edge 
olored with d4�1+4= log log log�(n) log1=2 log�(n)e 
olorsin time O(log� log log�(n)= log log log�(n)) using O(m+ n) pro
essors on the EREW PRAM. 2Note that the result in Theorem 5 
an be improved further. The observation is as follows.During the pre
omputation, if we 
olor the verti
es of the input graph with 3�2 
olors, then thethree 
oloring of a linked list in Theorem 1 
an be done in O(log log�(3�2)) = O(log log��) timeinstead of O(log log� n) (see the paragraph immediately below Theorem 1). Therefore the time
omplexity in Theorem 2 also be
omes O(log log��) instead of O(log log� n). Also we 
an splitv into dL= log1=4 log�(�)e verti
es rather than dL= log1=4 log�(n)e verti
es in Step 2 of algorithmEdge Color. Then the graph G1 in Step 3 of algorithm Edge Color has list size dlog1=4 log�(�)e.Step 3 
an now be done in O(log log��) time. Step 4 of algorithm Edge Color now has only10



O(log1=2 log��) phases and takes no more than O(log log��) time. Step 5 and Step 7 still take 
on-stant time. Thus ea
h re
ursion level of algorithm Edge Color takes O(log log��) time. Also ea
hlevel of re
ursion now redu
es the list size by a fa
tor of dlog1=4 log��e in the proof of Theorem 4.Therefore the total number of re
ursion levels needed to redu
e the list size of the input graph to 
on-stant is d4 log�= log log log��e. This will give time 
omplexity O(log� log log��= log log log��)for algorithm Edge Color. Also ea
h level of re
ursion now in
reases the number of 
olors used by afa
tor of 2dlog1=4 log��e�1. The total number of 
olors used be
omes (2 log1=4 log��)d4 log�= log log log� �e+1� d4�1+4= log log log� � log1=2 log��e.Now we deal with the pre
omputation. We �rst use Theorem 2 to edge 
olor the input graphwith �2 
olors. Then ea
h edge arbitrarily labels one of its endpoints with 1 and the other onewith 2. Then ea
h vertex v 
olors itself with 
olor (a1; a2; : : : ; a�2), where ai = 1 if there is an edgein
ident to v 
olored with i and v re
eives label 1; ai = 2 if there is an edge in
ident to v 
oloredwith i and v re
eives label 2; ai = 0 if there is no edge in
ident to v 
olored with i. The vertex
oloring we obtained is a valid vertex 
oloring. The number of 
olors used is 3�2 . The vertex 
olor
an be 
omputed asP�2i=1 ai3i�1. Note that if ai = 0 then the term ai3i�1 need not to be evaluated.Thus the total number of pro
essors used for vertex 
oloring 
an be redu
ed to O((m+ n)= log�).This method of 
omputing the vertex 
oloring is presented to us by a referee. Although our originalmethod uses O(log�) time it requires O(m + n) pro
essors. We need O(log log�(n)) time for theedge 
oloring and another O(log�) time for the vertex 
oloring from the edge 
oloring. Thus, thetime 
omplexity for the pre
omputation is O(log log�(n) + log�).Theorem 6. A graph 
an be edge 
olored with d4�1+4= log log log�(�) log1=2 log�(�)e 
olors in timeO(log� log log�(�)= log log log�(�)+log log�(n)) using O(m+n) pro
essors on the EREW PRAM.24 Con
lusionsWe presented very fast parallel algorithms for approximate edge 
oloring. It is not known whetherthe number of 
olors 
an be redu
ed further while retaining the O(log log�(n)) time. We 
ould alsoask whether the number of 
olors 
an be redu
ed further while retaining polylog of � time.A
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ular one referee found a mistake in the original version and he/she alsosuggested a better vertex 
oloring method for Theorem 6 whi
h we wrote into this paper.
11



Referen
es[1℄ B. Berger and J. Rompel. Simulating (log
 n)-wise independen
e in NC. J. of the ACM 38(1991), 1026{1046.[2℄ M. F�urer and B. Raghava
hari. Parallel edge 
oloring approximation. Parallel Pro
essingLetters 6 (1996), 321{329.[3℄ A. V. Goldberg, S. A. Plotkin, G. E. Shannon. Parallel symmetry-breaking in sparse graphs,SIAM J. on Dis
rete Math., Vol 1, No. 4, 447-471(Nov., 1988).[4℄ Y. Han. Mat
hing partition a linked list and its optimization. Pro
. 1st Annual ACM Sym-posium on Parallel Algorithms and Ar
hite
tures (SPAA'89), 1989, 246{253.[5℄ Y. Han. An optimal linked list pre�x algorithm on a lo
al memory 
omputer. Pro
. 1989Computer S
ien
e Conferen
e (CSC'89), 278-286(Feb., 1989).[6℄ I. Holyer. The NP-
ompleteness of edge 
oloring. SIAM J. Comput. 10 (1981), 718{720.[7℄ D. A. Grable and A. Pan
onesi. Nearly optimal distributed edge 
oloring in O(log logn)rounds. Pro
. 8th Annual ACM{SIAM Symp. on Dis
rete Algorithms, January, 1997, 278{285.[8℄ J. J�aJ�a. An Introdu
tion to Parallel Algorithms. Addison-Wesley, 1992.[9℄ H. J. Karlo� and D. B. Shmoys. EÆ
ient parallel algorithms for edge 
oloring problems. J.Algorithms 8 (1987), 39{52.[10℄ W. Liang. Fast parallel algorithms for the approximate edge-
oloring problem. Inform. Pro-
ess. Lett. 56 (1995), 333{338.[11℄ W. Liang, X. Shen, and Q. Hu. Parallel algorithms for the edge-
oloring and edge-
oloringupdate problems. J. of Parallel and Distributed Computing 32 (1996), 66{73.[12℄ J. Misra and D. Gries. A 
onstru
tive proof of Vizing's theorem. Inform. Pro
ess. Lett. 41(1992), 131{133.[13℄ R. Motwani, J. Naor and M. Naor. The probabilisti
 method yields deterministi
 parallelalgorithms. J. of Computer and System S
i. 49 (1994), 478{516.[14℄ V. G. Vizing. On an estimate of the 
hromati
 
lass of a p-graph. Diskret. Anal. 3 (1964),25{30. (in Russian). 12


