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Abstract

We present a maximum flow algorithm with time
complexity O((min(n2/3, m1/2)m log m log U) for a
network of n vertices, m arcs and integral arc capac-
ities in the range {1, 2, ..., U}. The same algorithm is
also shown to run in O(min(m1/2(m + nm1/4 log m),
n2/3(m + n2/3m1/2 log m)) log U) time. Thus our al-
gorithm runs in O(min(m1/2, n2/3)m log U) time for
n4/3 log2 m ≤ m ≤ n2 which is faster than the best pre-
vious result of O(min(n2/3,m1/2)m log(n2/m) log U).
For other range of m our algorithm runs as good as
the best previous result
(in O((min(n2/3, m1/2)m log m log U) time). Our al-
gorithm can be further improved if a faster Union-
Split-Find algorithm becomes available.
Keywords: Algorithms, maximum flow, Union-Split-
Find.

1 Introduction

The maximum flow problem is a classical prob-
lem with wide applications. It has been studied by
many researchers. Depending on the arc capacity be-
ing unity, integral or real usually three versions of the
maximum flow problem are studied. In this paper we
study the integral version of the problem. We assume
that a flow network is given as input with n vertices,
m arcs and arc capacities in {1, 2, ..., U}.

Maximum flow problem has a long history with
an early version traces back to 1951[3]. Goldberg
and Rao [4] have a table listing the published re-
sults on the maximum flow problem. The cur-
rent best result when log U = O(log n) is pub-
lished by Goldberg and Rao[4] with time complex-
ity of O(min(n2/3,m1/2)m log(n2/m) log U). Results
published before Goldberg and Rao’s paper have
time complexity essentially at least O(mn) (for dense
graphs the result of Cheriyan et al. [2] is an exception
with time complexity O(n3/ log n)).
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In this paper we show a maximum flow al-
gorithm with time complexity O((min(n2/3,m1/2)
m log m log U). The same algorithm is also shown
to run in O(min(m1/2(m + nm1/4 log m), n2/3(m +
n2/3m1/2 log m)) log U) time. This complexity im-
proves the time complexity of Goldberg and Rao’s
result[4] for n4/3 log2 m ≤ m < n2. In this range of
m our algorithm runs in O(min(m1/2, n2/3)m log U)
time. For other range of m our algorithm runs in
the same time as Goldberg and Rao’s algorithm (in
O(min(n2/3,m1/2)m log m log U) time). The factor
log m comes from the complexity for a graph based
version of the Union-Split-Find algorithm. The time
complexity of our algorithm can be improved further
if a faster algorithm for the Union-Split-Find becomes
available.

Our algorithm is built on the framework of Gold-
berg and Rao[4]. However, instead of using Goldberg
and Tarjan’s blocking flow algorithm[5] in the design
we construct our own blocking flow algorithm. By
applying this blocking flow algorithm we are able to
control the complexity of the whole algorithm for the
maximum flow.

The rest of the paper is organized as follows. In
section 2 preliminaries are given. In section 3 we intro-
duce the Reach problem for graphs and demonstrate
a solution to this Reach problem with an Union-Split-
Find algorithm. This Union-Split-Find algorithm will
be used in later constructions. In section 4 we briefly
review Goldberg and Rao’s framework[4]. In section
5 our algorithm is presented. Section 6 concludes the
whole paper.

2 Preliminaries

We use N to denote the set of nonnegative inte-
gers.

A flow network consists of a directed graph G =
(V, E) of vertex set V and arc set E, a source vertex
s ∈ V , a sink vertex t ∈ V , and an integral capacity
function u : E → {1, 2, ..., U}. u(a) is called the



capacity of arc a.
A flow in a flow network is a function f : E →

{0, 1, 2, ..., U} such that
(1). f(a) ≤ u(a) for each arc a and
(2).

∑
(j,k) f(j, k) −∑

(i,j) f(i, j) = 0 for each vertex
j ∈ V − {s, t}.

(1) is called the capacity constraint and (2) is
called the conservation constraint. The flow of the
network is |f | =

∑
(j,t) f(j, t). f(a) is called the flow

on arc a.
The residual capacity of arc (i, j) is uf (i, j) =

u(i, j) − f(i, j) + f(j, i). (i, j) is a residual arc if
uf (i, j) > 0. Ef denotes the set of all residual arcs
of the network. The residual graph is Gf = (V,Ef ).
A residual flow is the difference between a maximum
flow f∗ and the current flow f . If f∗(a) ≥ f(a) the
residual flow on a is f∗(a)− f(a), otherwise the resid-
ual flow on aR is f(a)− f∗(a).

A blocking flow on a directed flow network is a
flow f where every directed s − t path contains an
arc with zero residual capacity. A maximum flow is a
blocking flow but not vice versa.

A binary length function is l : E → {0, 1}. A
function dl : V → N is a distance function if dl(i) is
the distance from i to t with respect to l.

Given a flow f , a length function l and the dis-
tance function dl, a residual arc (i, j) is admissible if
d(i) = d(j) + l(i, j). The set of all admissible arcs is
denoted by A(f, l, d) and the induced admissible graph
is denoted by GA = (V, A(f, l, d)).

3 The Reach Problem and the Union-
Split-Find Algorithm

Given a acyclic directed graph G = (V, E) (for
graphs having cycles we can contract each of its
strongly connected component into a supervertex and
then working on the contracted graph which is acyclic)
and two sets of vertices A and B, where A ⊆ V ,
B ⊆ V , A ∩B = φ, we intend to perform online oper-
ations for a sequence of inputs:

v1, v2, v3, ..., vp

where each vi ∈ A ∪ B. If vi ∈ A we want to get
an answer vj ∈ B where vj is not yet deleted from B
and V and vj can be reached by a path in G from vi.
If vi ∈ B then we delete vi from B and V . We call
this problem the Reach problem.

Although the Reach problem can be solved by
computing the transitive closure between vertices in A
and the vertices in B, such computation is too costly.
We use an Union-Split-Find algorithm on an ordered
set to solve this problem.

When we are given v ∈ A, we use depth-first
search to find a vertex u ∈ B. Suppose the path on

the depth-first search is v = v1, v2, ..., vj = u, then
we Union all v1, v2, ..., vj into one set R. Within R,
the vertices are ordered. Here we order the vertices as
v1 < v2 < v3 < ... < vj . We make this set pointing to
vj . We also build a tree T . The T has root vj and vi’s
parent is vi+1, 1 ≤ i < j. If next time again v is given
as input, then we do not need to trace the path in tree
T , we simply use a Find operation to find the node the
unioned set R points to. Suppose now we are given
v′ ∈ A as input. If while during depth-first search we
meet at vertex vg, i.e. the depth-first search path is
v′ = v′1, v

′
2, ..., v

′
p = vg, then we augment the tree T

with this path. We view vertices as ordered as vg−1 <
v′1 < v′2 < ... < v′p−1 < vg. We Union v′1, v

′
2, ..., v

′
p−1

into one set R1. We then perform a Split operation on
R to get R2 = {v1, v2, ..., vg−1} and R3 = {vg, ..., vj}.
We then do Union to get R4 = R2∪R1 and then Union
again to get R5 = R4 ∪ R3. Next time if v′ is input
again we execute a Find operation to return u.

When we are given u ∈ B, we simply delete u
and arcs incident to u. This deletion operation may
require us to do set Split operations as in the tree T
several vertices may have u as the parent. Next time
when we are given v and we use a Find operation to
find the root r of the tree T containing v, r may be
not in B. Thus we have to start depth-first search at
r. During depth-first search we may backtrack. If we
backtrack to r and then to r’s children we may need
to do more set Split operations.

Thus it can be seen that for each input vertex, we
have to perform O(m + pt) steps where m is the total
number of edges visited, p is the number of Union-
Split-Find operations and t is the time for one Union-
Split-Find operations. We can use a B-tree of degree 4
to represent each set. Then it is not difficult to see that
each Union and each Find operation takes O(log m)
time. Each Split operation can also be implemented
in O(log m) time by splitting a B-tree into two B-trees
and then adjusting the nodes in the B-trees bottom-
up. Although there are known algorithms[1][6][7][8]
for Union-Split-Find using O(log log n) time, these al-
gorithms do not seem to work in our case. We have:
Theorem 1: For an input of q vertices in the Reach
problem we have to take O((m + q) log m) time.
Proof: If we performed h Find operations for one
input vertex (for each set encountered we need only
one Find operation), then we must have executed h−1
Union operations to union h − 1 sets together. Each
Union operation can be associated with an arc a of
the graph. If a later Split operation is performed on a
(because backtrack has determined to delete the vertex
a is pointing to) a is permanently deleted. Thus we
can perform at most m Union and m Split operations.
Since each Union-Split-Find operation takes O(log m)
time, this Theorem holds. 2



We are in search for faster algorithms for the
Union-Split-Find operations in our case. If an Union-
Split-Find algorithm with time t for each operation is
found then it will be seen that we can derive a maximal
flow algorithm with time O(min(n2/3, m1/2)mt log U).

4 Goldberg and Rao’s Framework

Golgberg and Rao’s framework[4] is explained in
this section.

An upper bound F on the residual flow is main-
tained. Initially F = nU . F is updated every time it
is reduced by a factor of 2. When F < 1 the maximum
flow is obtained since arc capacities and flows are inte-
gral. The computation for F to be reduced by a factor
of 2 is called a phase. Each phase has several update
steps. Within each update step either a flow of value
∆ is found or a blocking flow of value < ∆ is found,
where ∆ depends on F . The binary length function
for the phase is defined to be:

l(a) =
{

0 if uf (a) ≥ 3∆
1 otherwise.

Length of certain arcs are modified in order to
prove that the s to t distance increases after an aug-
mentation of a blocking flow. Arc (i, j) is special if
2∆ ≤ uf (i, j) < 3∆, dl(i) = dl(j), and uf (j, i) ≥ 3∆.
A new length function l̄ is defined to be equal to zero
for special arcs and equal to l for other arcs. Distance
is not changed, i.e. dl = dl̄.

At the beginning of each update step, dl and l̄ is
computed. The admissible graph can have cycles of
zero-length arcs. Strongly connected components of
the graph induced by zero-length arcs are contracted
into a single node. It is shown [4] that any flow of
value ≤ ∆ in the contracted graph corresponds to a
flow of the same value in the original graph and this
conversion can be done in O(m) time.

Let A(f, l, dl) be the admissible graph with flow
f , length function l and distance labeling dl. Sup-
pose after an augmentation of f by a blocking flow in
A(f, l, dl) and let f ′ and l′ be the flow and the length
function immediately after. Then the following theo-
rem is proved in [4].
Theorem 2 (Theorem 4.3 in [4]): Suppose f ′ − f
is a blocking flow in A(f, l, dl). Then dl(s) < dl′(s).

Goldberg and Rao then used the blocking flow
algorithm in [5] which takes O(m log(n2/m)) time in
their maximum
flow algorithm. The factor m log(n2/m) in the time
complexity O(min(n2/3,m1/2)m log(n2/m) log U) rep-
resents the time complexity of this blocking flow algo-

rithm.
The distance dl(s) in their algorithm is bounded

by O(min(n2/3,m1/2)). The distance bound of
n2/3 (m1/2) corresponds to the time complexity of
O(n2/3m log(n2/m) log U)
(O(m1/2m log(n2/) log U)) in their algorithm.

5 Our Algorithm

We design our own blocking flow algorithm. In
order to apply our blocking flow algorithm we have to
modify Goldberg-Rao algorithm[4].

We first give the following lemma:
Lemma 1: If the capacity of each arc is increased
by d or if we introduce O(m) new arcs with each arc
of capacity no more than d, then the maximum flow
value can be increased by at most dm.

Let h = min{k|2k ≥ F/(8m)}. When the upper
bound on residual flow is F we consider only the set
C of arcs of capacity ≥ 2h since arcs of lower capacity
can contribute at most 2hm ≤ F/4 to the total flow.
That is, we delete arcs of capacity < 2h. For each arc
a let x(a) = uf (a)mod 2h. We decrease uf (a) by x(a).
Thus if later we add deleted arcs and increase the arc
capacity of arcs in C to their original value we can
increase the flow by no more than 2hm ≤ F/4. Let
the admissible graph obtained be A1(f, l, dl).

Now the capacity of the arcs in A1(f, l, dl)
are multiples of 2h. They range from 2h to
8m2h. We intend to find a flow of value ∆ =
min(8m1/22h, 8m2h/n2/3) or a blocking flow of value
no more than ∆.

Since A1(f, l, dl) is an acyclic graph (because
strongly connected components of zero-length arcs
have been contracted), we may partition arcs to sets
Ui = {(a, b)|dl(a) = dl(b) = i} and Vi = {(a, b)|dl(a) =
dl(b) + 1 = i}.

When we are searching for an augmenting path
we start from s and use depth-first search. We go
through several arcs in Ui and an arc in Vi. Since the
flow is no more than ∆ we can use our algorithm for
the Reach problem when we go through arcs in Ui.
Here A = {b| there is an arc (a, b) with l(a, b) = 1
and dl(b) = i} and B = {a| there is an arc (a, b) with
l(a, b) = 1 and dl(a) = i}.

Because we can use depth-first search to find an
augmenting path, when we are backtracking the ver-
tex we back from is deleted. If we reach t we can
augmenting the flow by at least 2h. Thus we need to
reach t no more than ∆/2h = min(8m1/2, 8m/n2/3)
times in order to find a ∆ flow. We use our Union-
Split-Find algorithm for the Reach problem. In each
Ui we attribute the first Find operation to the search
operation, the search on an unexplored arc to the



arc itself (this gives at most O(m) time), the subse-
quent Union-Split-Find operations to the arc on which
the Union-Split-Find is executed (this gives at most
O(m log m) time). Attributed to each search oper-
ation is the time to visit arcs in Vi (constant time
for each search and arc) and then the first Find op-
eration in Ui. This gives O(min(m1/2, n2/3) log m)
operations per search because dl(s) is bounded by
O(min(m1/2, n2/3)). Because we have to search
min(8m1/2, 8m/n2/3) times the time attributed to
search operations in O(m log m).

Thus we have showed that a flow of value ∆
or a blocking flow can be found in O(m log m) time.
This accomplishes one update. As shown in [4] after
O(min(m1/2, n2/3)) updates F is reduced to F/4. Now
we increase the capacity of arcs to their original value
and add the deleted arcs back. Because this adds at
most F/4 to the maximum flow we have reduced F to
F/2. This allows our algorithm to proceed as in [4].

Thus we have
Theorem 3: A maximum flow can be found in time
O(min(m1/2, n2/3)m log m log U) time.

Note that the log m factor in the time complexity
comes from the Union-Split-Find operation. Although
there are O(log log n) time algorithms for Union-Split-
Find[1][6][7][8], we found that these algorithms do not
apply to our case. However, this does not preclude
the future discovery of faster algorithms for Union-
Split-Find for our case. Thus although this algorithm
does not perform better than previous best result, it
provides an approach which is of hope of further im-
provement.

We give another analysis showing that our algo-
rithm runs in O(min(m1/2(m+nm1/4 log m), n2/3(m+
n2/3m1/2 log m)) log U) time. Thus it is better than
the best previous result [4] when n4/3 log2 m ≤ m <
n2. For m < n4/3 log2 m because of Theorem 3 our
algorithm runs in the same time as the algorithm in
[4].

We note that we use Union-Split-Find to go
through vertices in Ui. However, when a tree T1 is
to be combined into tree T2 which results in the Union
operation, the root of T2 becomes an ancestor of the
vertices in T1. For any two vertices v1, v2 in Ui this
ancestor-descendant relation (where v1 is the descen-
dant and v2 is the ancestor) can be built only once. If
this relation is destroyed then v2 is deleted and v1 will
never become a descendant of v2 again. If there are ni

vertices in Ui the total number of ancestor-descendant
relations is no more than n2

i . Suppose a search of aug-
menting path goes through vertices in Ui by execut-
ing e Union operations (without backtracking), then
this builds ce2 ancestor-descendant relations for a con-
stant c. Now consider backtracking. The search for
augmenting path with backtracking within Ui forms a

tree. Viewing that the tree branching from the root
to the leaves, only the last branch forms the successful
augmenting path. We call this last branch the main
branch. For the other branches when we backtrack
from a vertex v we delete v because it cannot reach the
sink t. Thus the Union operation we executed when we
are on the search path to reach v (the last Union oper-
ation when we merge into the tree rooted at v) and the
Split operation we backtrack from v can be attributed
to vertex v. This entails at most O(n log m) time. Plus
we have to do several Split operations for the subtrees
rooted at the children of v. However, each such a Split
operation is executed on the main branch of an ear-
lier search path and we attribute the Split operation
with the corresponding Union operation we executed
on that main branch of the earlier search path. Thus
we have shown that the total operations for Union-
Split-Find is O(n log m) plus the Union operations on
the main branches.

We use the following technique to prevent re-
peated executing of the Find operations on an already
built ancestor-descendant relation. For each vertex in
A (see section 3) we add an ancestor link. If v ∈ A
is given as an input vertex and we find u ∈ B as an
ancestor of v, then we set the ancestor link of v to
point to u. If next time v is input again we first use
v’s ancestor link to find u if u has not been deleted.
This takes constant time which corresponds to build-
ing no ancestor-descendant relations. If u has been
deleted, then we will execute h > 1 Find operations
and h−1 Union operations to go through h sets to find
a vertex in B. Thus we expend O(h log m) time which
corresponds to building at least h(h − 1)/2 ancestor-
descendant relations.

Because each augmenting path increases the flow
by at least 2h. We have at most g ≤ ∆/2h main
branches in each Ui. Suppose in Ui for the j-th main
branch we execute eij Union operations, then the to-
tal ancestor-descendant relations we build for all main
branches are c

∑g
j=1 e2

ij for a constant c. Since there
are ni vertices in Ui we have c

∑g
j=1 e2

ij ≤ n2
i . Sum for

dl(s) Ui’s we have:

c

g∑

j=1

e2
ij ≤ n2

i , i = 1, 2, ..., dl(s).

dl(s)∑

i=1

ni = n

Combine the above two formulae, we have:



dl(s)∑

i=1

√√√√c

g∑

j=1

e2
ij ≤ n

We are seeking the maximum value of

M = (log m)
dl(s)∑

i=1

g∑

j=1

eij

.
We enlarge the above formulae and write:

Find the maximum value of

M = (log m)
dl(s)∑

i=1

g∑

j=1

eij

Subject to constraint

dl(s)∑

i=1

√√√√c

g∑

j=1

e2
ij = n

The maximum is attained when all eij ’s are equal.
Thus we have

dl(s)
√

cgeij = n or eij = n/(dl(s)
√

cg)

and therefore M = (log m)dl(s)gn/(dl(s)
√

cg) =
n log m

√
g/c ≤ n log m

√
∆/(c2h)

= O(log mmin(nm1/4, n2/3m1/2))
Plus the O(n log m) time attributed to the ver-

tices and O(m) time needed simply by visiting all arcs
we have time O(m + log mmin(nm1/4, n2/3m1/2)) for
the blocking flow algorithm.

Since the O(m + nm1/4 log m) time for a ∆ flow
or a blocking flow corresponds to dl(s) = O(m1/2),
according to [4] we have a maximum flow algorithm
running in O(m1/2(m + nm1/4 log m) log U) time.

Time O(m + n2/3m1/2 log m) for a ∆ flow or a
blocking flow corresponds to dl(s) = O(n2/3). By
[4] we have a maximum flow algorithm running in
O(n2/3(m + n2/3m1/2 log m) log U) time.

Combined with Theorem 3 we have
Theorem 4: A maximum flow problem can be com-
puted in O(min(m1/2(m + nm1/4 log m), n2/3(m +
n2/3m1/2 log m), m1/2m log m, n2/3m log m) log U)
time.
Corollary: When m ≥ n4/3 log2 m the maximum flow
can be computed in O(min(m1/2, n2/3)m log U) time.

6 Conclusion

Although removing the dependency on U in the
time complexity will be very exciting, currently we
think that O(min(m1/2, n2/3)m log U) is probably the
“right” bound. We are only able to reach it for
m ≥ n4/3 log2 m. It would also be interesting to find a
faster Union-Split-Find algorithm for the Reach prob-
lem.
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