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NC algorithms are also available for this problem. However, they either need 
(n3 logn)operations or only work for the more narrow class of the input graphs and/or digraphs(which have the edge weights bounded, say, by a constant or have a family of small separatorsavailable) [AGM][DNS][DS][GM][L][PK][PR1][PR2][S]. The recent algorithm of [PP1][PP2]uses O(log2:5 n) parallel time and O(n3) operations in the case of a general graph withn vertices. In this paper we improve the latter time bound to the new record value ofO(I(n) logn), still using O(n3) operations. Here I(n) is the time complexity of computingthe minimum of n elements using n processors. I(n) is O(logn) under the EREW (ExclusiveRead Exclusive Write) PRAM model, O(log logn) under the CRCW (Concurrent ReadConcurrent Write) PRAM model [V], and a constant under the randomized CRCW PRAMmodel [R].Moreover, the total number of operations involved in our O(I(n) logn) time algorithmcan be decreased to o(n3) on the EREW PRAM and CRCW PRAM, by applying the resultsin [Fr][T].To build our algorithms, we incorporated the well known techniques of [Fl] and of thereduction of the shortest path computation to matrix multiplication over the semirings, butadded some new nontrivial techniques of studying paths in graphs and digraphs.We present our algorithm in three stages to illustrate our intuition behind the algo-rithms. We �rst give a simple parallel algorithm with time complexity O(n3=p+I(n) log1:5 n)using p processors. This algorithm takes O(n3) operations when we use no more thanO(n3=(I(n) log1:5 n)) processors. We then show how to speed up this algorithm to achievetime O(I(n) logn) using O(n3=(I(n) log2=3n)) processors. By using more sophisticatedideas we show the time complexity O(n3=p+ I(n) logn) for the all pair shortest path prob-lem. Straightforward applications of the results in [Fr][T] yield time complexity O(f(n)=p+I(n) logn), where f(n) = o(n3).2 Computing All Pair Shortest PathsWe use numbers 0; 1; ::: ; n� 1 to represent input vertices, and a matrix A such that itsentry aij represents the weight of the arc from i to j. We will use the semiring (A;min;+),so that An�1 represents the shortest distances between all pairs of vertices of the inputgraph. An arc is an ordered pair of vertices. A path is a �nite sequence of vertices. We mayassume that there is an arc between every pair of vertices, some of them may have weight1. Our algorithms use matrix multiplications to compute shortest paths. The computationcan therefore be viewed as contracting each shortest path to a single arc. For example, foran input matrix A the operation A := AAA contracts the length of every shortest path byat least one half. Thus, if our algorithm contracts every path of length l < n to a singlearc, then it computes all pair shortest paths correctly. For a path p, we use (p) to denotethe cost (the number of steps or the number of iterations of a loop) for contracting p to asingle arc. We also use the following special de�nition.De�nition 1: For a given integer k,1. [i] denotes a vertex u such that ik � u � (i+ 1)k� 1. [i]; 0 � i < n=k, form a partitionof vertices. 2



2. [i; j] denotes a vertex u such that ik � u � (j + 1)k� 1, [i; j] is empty if j < i.3. [i; j][g; h] denotes an arc (u; v) such that ik � u � (j+1)k�1 and gk � v � (h+1)k�1.4. [i; j]� denotes an empty path or a path [i; j][i; j] � � � [i; j] of length < n.2.1 A Simple Parallel AlgorithmThe input matrix A is divided into submatrices. Each submatrix is a k�k matrix. For con-venience, assume that k divides n, and similarly we assume that the values of all logarithms,powers and ratios below are integers where this is needed. There are a total of n2=k2 sub-matrices Aij ; 0 � i; j < n=k. Submatrix Aij contains elements in rows ik to (i+1)k�1 andcolumns jk to (j + 1)k� 1 of A (see Fig. 1). Our next algorithm combines the techniquesof Floyd's algorithm and of path computation by means of matrix multiplication.Algorithm APSP1for t := 0 to n=k � 1 dobegin/*Compute the transitive closure of Att using matrix multiplication. */Att := A�tt;for all i; j; 0 � i; j < n=k; do in parallelAij := minfAij ; AitAttAtjg;endLet (p) denote the number of iterations of the loop indexed by t in algorithm APSP1that is needed to contract p to a single arc, where p is a path of length less than n. Fixingk in the de�nition 1, we have:Lemma 1: ([0; n=k � 1][0; t]�[0; n=k � 1]) � t + 1, 0 � t < n=k.Proof: By induction. Before the iteration t < 0, [0; n=k � 1][0; t]�[0; n=k � 1] = [0; n=k �1][0; n=k � 1], which is a single arc. Now assuming that the lemma is true for t, we showthat it is true for t + 1.We consider three cases for a path p = [0; n=k � 1][0; t+ 1]�[0; n=k � 1].(1) The interior vertices of p do not contain a vertex in [t + 1]. That is, p is of the form[0; n=k � 1][0; t]�[0; n=k � 1]. In this case (p) � t+ 1, by the induction hypothesis.(2) The interior vertices of p contain one vertex in [t + 1]. That is, p is of the form[0; n=k � 1][0; t]�[t + 1][0; t]�[0; n=k � 1]. In this case p = p1p2, where p1 = [0; n=k �1][0; t]�[t + 1], p2 = [t + 1][0; t]�[0; n=k � 1]. By the induction hypothesis, (p1) � t + 1,(p2) � t+1. Therefore, immediately after the t-th iteration (note that t starts at 0), p1 hasbeen contracted to [0; n=k�1][t+1], and p2 has been contracted to [t+1][0; n=k�1]. Thusp = p1p2 has been contracted to [0; n=k � 1][t + 1][0; n=k � 1]. In the (t + 1)-st iteration,instruction Aij := minfAij ; Ai;t+1At+1;t+1At+1;jg, 0 � i; j < n=k, contracts the path to asingle arc [0; n=k � 1][0; n=k � 1]. Therefore, (p) � t + 2.(3) The interior vertices of p contain more than one vertex in [t+1]. That is, p is of the form[0; n=k�1][0; t]�[t+1][0; t+1]�[t+1][0; t]�[0; n=k�1]. In this case p = p1p2p3, where p1 =[0; n=k�1][0; t]�[t+1], p2 = [t+1][0; t+1]�[t+1], and p3 = [t+1][0; t]�[0; n=k�1]. p2 can3



further be decomposed into blocks, where each block is of the form [t+1][0; t]�[t+1]. Thatis, each block starts at a vertex in [t+1], ends with a vertex in [t+1], but goes through onlyvertices in [0; t]. By the induction hypothesis, (p1) � t+1, (p3) � t+1. Let p0 be any blockof p2. We also have that (p0) � t + 1, by the induction hypothesis. Therefore, immediatelyafter the t-th iteration, p1 has been contracted to [0; n=k�1][t+1], p3 has been contracted to[t+1][0; n=k�1], and each block of p2 has been contracted to [t+1][t+1]. Thus p2 has beencontracted to [t+1]�. In the (t+1)-st iteration, instruction At+1;t+1 := A�t+1;t+1 contracts p2to [t+1][t+1]. Therefore, p has been contracted to [0; n=k�1][t+1][t+1][0; n=k�1]. Finally,in the (t+1)-st iteration, instruction Aij := minfAij ; Ai;t+1At+1;t+1At+1;jg, 0 � i; j < n=k,contractes p to a single arc [0; n=k � 1][0; n=k � 1]. Therefore, (p) � t+ 2. 2Theorem 2: Algorithm APSP1 correctly computes all pair shortest paths.Proof: Setting t = n=k � 1 in Lemma 1 proves this theorem. 2Theorem3: The time complexity of algorithm APSP1 is O((n3+nk2 log k)=p+(nI(n) logn)=k).Proof: Each iteration of the loop indexed by t executes a transitive closure operation forAtt, and n2=k2 matrix multiplications and minimizations Aij := minfAij ; AitAttAtjg. Ineach iteration the transitive closure requires O(k3 log k) operations and n2=k2 matrix mul-tiplications and minimizations take O(n2=k2 � k3) = O(n2k) operations. Therefore, thewhole algorithm takes O(n3 + nk2 log k) operations. Each iteration can be done in timeO(I(n) logn) if enough processors are available. Thus the theorem is proved. 2Setting k to n= log0:5n, we obtain a parallel algorithm with time complexity O(n3=p+I(n) log1:5 n).2.2 Speeding Up the AlgorithmSo far we were unable to decrease the time complexity below O(I(n) log1:5 n) with O(n3)operations because we do the transitive closure of Att sequentially for t = 0; 1; ::: ; n=k� 1.The loop indexed by t in algorithm APSP1 represents the serialism of the algorithm. Wenow speed up our algorithm by adopting a new design. In the following algorithm we letk = n= log1=3 n and x = log2=3n.Algorithm APSP2for t := 1 to 5 logn dobeginfor all s, 0 � s < n=k; do in parallelAss := AssAssAss;if t mod x = 0 then A := AAA;endThe intuition behind the design of APSP2 is as follows. We multiply all the diagonalmatrices Ass, 0 � s < n=k, simultaneously in each iteration. By doing so we hope toeliminate the serialism in APSP1. We also replace the instructionfor all i; j; 0 � i; j < n=k; do in parallelAij := minfAij ; AitAttAtjg; 4



in APSP1 with instructionif t mod x = 0 then A := AAA;APSP2 has 5 logn iterations. Each iteration executes a constant number of matrixmultiplications. Therefore, if a su�cient number of processors are available APSP2 canbe executed in O(I(n) logn) time. Also note that the number of operations executed byAPSP2 cannot be bounded by O(n3) because instruction A := AAA is executed more thana constant number of times.Let (p) be the number of iterations of the loop indexed by t in algorithm APSP2 thatis needed to contract p to a single arc. Fixing k in de�nition 1, we have:Lemma 4: If p = [i]� for any 0 � i < n=k, then (p) � log jpj, where jpj is the length of p.Proof: Each iteration reduces the length of such a path by at least one half until the pathhas been contracted to a single arc. 2In the following we will prove inequalities of the form (p1) � (p2) + n, where p1 andp2 are paths and n is a number. In proving such an inequality we always assume thatjp2j � jp1j. In fact, in most situations p2 is a subpath of p1.Lemma 5: ([0; n=k � 1][0; i]�[0; n=k � 1]) � ([0; i]�) + x, 1 � i � n=k.Proof: After [0; i]� has been contracted to a single arc, the instruction A := AAA will beexecuted within the next x iterations to contract the path to a single arc. 2Lemma 6: If ([i][0; i � 1]�[i]) � z(l) + log l, where l is the length of the path (i.e. thereis a term log l in the expression upbounding ([i][0; i � 1]�[i])) and z(l) is a nondecreasingfunction of l, then ([i][0; i]�[i]) � z(l) + log l + log log l+ 3, 1 � i < n=k.Proof: Let p = [i][0; i]�[i]. Let jpj = L. We will partition p into blocks which start froma vertex in [i], end with a vertex in [i], but only go through vertices in [0; i � 1]. Ablock must go through at least one vertex in [0; i � 1]. Thus a block can be denoted by[i][0; i� 1][0; i� 1]�[i]. p has no more than L=2t blocks of length � 2t. We bound N , thenumber of arcs of the form [i][i] in p. We note that when a block is contracted to a singlearc [i][i] (we say this block is removed or eliminated), it contributes 1 to N .Example: Let p = [i][0][2][i][i][i�1][3][4][i][i][i][2][i][3][4][i]. p has 4 blocks. N = 3. Assumethat p is contracted to p1 = [i][0][i][i][i][i][i][2][i][i]. Then p1 has 2 blocks andN = 5. Assumenow that p1 is contracted to p2 = [i][0][i][i][i]. Then p2 has 1 block and N = 2.We note that as a path p is being contracted, the length of p is decreased, the numberof blocks is decreased, N may increase. There are two factors a�ect N . When a block iscontracted to a single arc, the block is removed, but it contributes 1 to N . On the otherhand, the contraction of p also contracts subpaths of the form [i]�, thus decreasing N .Let P = [i][0; i � 1]�[i], jP j = l � L. By the assumption of the lemma we have(P ) � z(l) + log l � z(L) + log l. All blocks of length � 21 in path p are removed afterz(L)+1 iterations. There are at most L blocks removed. Therefore after z(L)+1 iterations,these blocks contribute at most L to N . All blocks of length � 22 in path p are removedafter z(L) + 2 iterations. There are at most L=2 blocks removed. Therefore after z(L) + 25



iterations, these blocks contribute at most L=2 to N. In general, all blocks of length � 2t+1in path p are removed after z(L)+ t+1 iterations. There are at most L=2t blocks removed.Therefore after z(L) + t + 1 iterations, these blocks contribute at most L=2t to N .Now we count how many arcs [i][i] are removed after each iteration. Because instructionfor all s, 0 � s < n=k; do in parallelAss := AssAssAss;is executed in each iteration, the length of a subpath [i]� is cut by at least half after eachiteration. Thus it seems that we can reduce N by half in each iteration simply because ofthis instruction. Such counting is not accurate. Consider a pathp = [i][2][3][i][i][4][5][i][i][2][0][i][i][3][i� 1][i].N is 3 for p. After an iteration (assuming that instruction A := AAA is not executed in thisiteration), N is not changed because a single arc [i][i] cannot be removed by the iteration.However, when an arc [i][i] does not contribute to the decreasing of N , it is because the[i][i] is adjacent to a block. After z(L)+ t iterations, all blocks of length smaller than 2t areremoved. Therefore, after z(L) + t iterations there are at most L=2t blocks left, and thereare at most L=2t arcs [i][i] which do not contribute to the decreasing of N .After z(L) iterations, N � L. After z(L) + 1 iterations, we doN � N=2 = � Because the length of each subpath [i]� is reduced by half � =+L = � Because there are at most L arcs [i][i] not contributing to the decreasing of N: �=+L = � Because there are at most L blocks of length � 21 removed: � =Therefore N � 5L=2.After z(L) + 2 iterations N � N=2 + L=2 + L=2. Therefore N � 9L=4. In general,after z(L) + t iterations N � N=2 + L=2t�1 + L=2t�1, we have N � (4t + 1)L=2t. Afterz(L) + logL + 1 iterations, all blocks are removed, and N � (4(logL + 1) + 1)L=2L <2 logL + 3. At this moment p is contracted to a path of the form [i]� and of length � N .It takes at most log(2 logL + 3) < log logL + 2 more iterations to contract the path to asingle arc. Thus (p) � z(L) + logL+ log logL+ 3. 2Lemma 7: ([0; i]�) � log l+ i(3x+ log log l + 3), 0 � i < n=k, where l is the length of thepath.Proof: By induction. For i = 0 we have ([0; 0]�) � log l by Lemma 4. Now, assuming thatthe lemma holds for i� 1, we show that it holds for i.A path p = [0; i]� may take the following forms:(1). p contains no vertex in [i]. p is of the form [0; i� 1]�. In this case the lemma is trueby the induction hypothesis.(2). p contains exactly one vertex in [i]. p is of the form [0; i � 1]�[i][0; i � 1]�. Assumethat [i] is neither the starting vertex nor the ending vertex of p (we leave to the readerthe case where [i] is the starting or the ending vertex). p = p1p2p3, where p1 = [0; i� 1]�,p2 = [0; i� 1][i][0; i � 1], p3 = [0; i � 1]�. We assume that both p1 and p2 are not empty6



and leave to the reader the case when they are empty. After ([0; i � 1]�) iterations p1is contracted to [0; i � 1][0; i � 1], p3 is contracted to [0; i � 1][0; i � 1]. Therefore p iscontracted to [0; i� 1][0; i� 1][i][0; i� 1][0; i� 1]. It takes at most 2x more iterations forthe instruction A := AAA to be executed twice to contract the whole path to a single arc.Therefore (p) � ([0; i� 1]�) + 2x. Therefore, the lemma is true.(3). p contains more than one vertex in [i]. p is of the form [0; i � 1]�[i][0; i]�[i][0; i� 1]�.p = p1p2p3p4p5, where p1 = [0; i� 1]�, p2 = [0; i � 1][i], p3 = [i][0; i]�[i], p4 = [i][0; i � 1],p5 = [0; i � 1]�. We assume that p1; p2; p3; p4; p5 are not empty and leave to the readerthe case where some of them are empty. After ([0; i � 1]�) iterations p1 is contracted to[0; i�1][0; i�1], p5 is contracted to [0; i�1][0; i�1]. Now ([i][0; i�1]�[i]) � ([0; i�1]�)+x(by Lemma 5) � log l+(i�1)(3x+loglog l+3)+x (by induction hypothesis) = z(l)+ log l.Therefore by Lemma 6, (p3) � log l + (i � 1)(3x + log log l + 3) + x + log log l + 3 = T .Therefore, after T iterations p is contracted to [0; i � 1][0; i � 1][i][i][0; i � 1][0; i � 1].It takes at most 2x more iterations for the instruction A := AAA to be executed twice tocontract the whole path to a single arc. Therefore, (p) � T+2x = log l+i(3x+log log l+3).2Theorem 8: Algorithm APSP2 correctly computes all pair shortest paths in timeO(n3 log1=3n=p+ I(n) logn).Proof: Setting i = n=k � 1 and l = n in Lemma 7 proves that algorithm APSP2 computesall pair shortest paths in log n + (n=k � 1)(3x + log logn + 3) � 5 logn iterations. Ifenough processors are available each iteration can be executed in O(I(n)) time. InstructionAss := AssAssAss is executed O(logn) times for all n=k = log1=3n submatrices, which takesO(k3(n=k) logn) = O(n3 log1=3 n) operations. Instruction A := AAA is executed O(logn=x)times, which takes O(n3 log1=3 n) operations. 2If we use APSP2 for the purpose of computing A�tt in APSP1, we getCorollary: All pair shortest paths can be computed in time O(n3=p+ I(n) log7=6 n) usingp processors.Remark: Algorithms APSP1 and APSP2 sequentially evaluate the transitive closure of thematrices on the diagonal. This property is useful for reducing the complexity of computingthe all pair shortest paths in graphs with a family of precomputed separators[PR1] [PR2].2.3 A Faster AlgorithmWe divide matrix A into levels (see Fig. 2). The 0-th level is A(0)0 = A. For each matrixB = A(j)i at level j we divide it into four submatrices of equal size, B0;0; B0;1; B1;0; B1;1,and de�ne A(j+1)2i = B0;0 and A(j+1)2i+1 = B1;1. Thus there is a total of 2j matrices A(j)i atlevel j, each of size n=2j � n=2j . We involve the matrices up to level L = (log logn)=2,and there are 2L = log1=2n matrices at that level, each of size n=2L � n=2L. Let K be thelargest number, which is both a power of 3 and less than or equal to logn.Algorithm APSP3for t := 1 to 8 logn dobegin 7



for all s, 0 � s < 2L; do in parallel/* Do matrix multiplication for all matrices at level L.*/A(L)s := A(L)s A(L)s A(L)s ;if 0 � i � L� 1 and i is the smallest j such that t mod (K=3j) = 0 then/* Do matrix multiplication for all matrices at level i. */for all s, 0 � s < 2i; do in parallelA(i)s := A(i)s A(i)s A(i)s ;endAPSP3 executes A(L)s := A(L)s A(L)s A(L)s in every iteration. For matrices at other levels,they are being multiplied as follows. For the time interval from 1 to 8 logn, we let T0 =ft j t mod K = 0g. Instruction A(0)s := A(0)s A(0)s A(0)s is executed for all t 2 T0. Note thatbecause of the way K is de�ned, T0 contains only a constant number of elements. LetT1 = ft j t mod (K=3) = 0g�T0. Instruction A(1)s := A(1)s A(1)s A(1)s is executed for all t 2 T1.The reason T0 is being subtracted is that A(1)s is a submatrix of A(0)bs=2c, thus operationA(0)bs=2c := A(0)bs=2cA(0)bs=2cA(0)bs=2c \contains" operation A(1)s := A(1)s A(1)s A(1)s . Thus we may viewthat instruction A(1)s := A(1)s A(1)s A(1)s is executed every K=3 iterations. In general. letTi = ft j t mod (K=3i) = 0g �Pi�1j=0 Tj , i < L. Instruction A(i)s := A(i)s A(i)s A(i)s is executedfor all t 2 Ti. We may view that instruction A(i)s := A(i)s A(i)s A(i)s is executed every K=3iiterations.Let k = n=2L. By de�nition 1, [i] denotes any vertex in fin=2L; in=2L + 1; :::; (i +1)n=2L � 1g. Denote K=3L�i�1 by ti, 0 � i � L � 1. Then instruction A(L�i�1)s :=A(L�i�1)s A(L�i�1)s A(L�i�1)s can be viewed as being executed every ti iterations, and instruc-tion A(L�1)s := A(L�1)s A(L�1)s A(L�1)s can be viewed as being executed every t0 iterations.To analyze paths being contracted by APSP3, we de�ne function cost(x; l) as follows.cost(0; l) = log l;cost(1; l) = log l+ 2t0 + log log l+ 3;If x 6= 0 and x is even, cost(x; l) = cost(x� 1; l) + ti, where i is the largest integer j suchthat x=2j is odd;If x 6= 1 and x is odd, cost(x; l) = cost(x� 1; l) + t0 + 2(log log l+ 3) +Pi�1j=0 tj , where i isthe largest integer j such that (x+ 1)=2j is odd.Let p be a path, let (p) be the number of iterations needed in APSP3 to contract pto a single arc. Let l be the maximum length of the path under consideration. We de�nefunction COST (x; l) as follows.COST (0; l) = ([0]�);COST (1; l) = ([0; 1]�);If x 6= 0 and x is even, COST (x; l) = ([x; x + 2i � 1][0; x � 1]�[x; x + 2i � 1]), where i isthe largest integer j such that x=2j is odd;If x 6= 1 and x is odd, COST (x; l) = ([x � 2i + 1; x][0; x]�[x � 2i + 1; x]), where i is thelargest integer j such that (x+ 1)=2j is odd.The de�nition of COST is for paths of length � l. For example, COST (0; l) is obtained8



by taking the maximum of the number of iterations needed to contract a path over the pathsof the form [0]� and of length � l.We give a simple way to �gure out the formula we are evaluating.For even x, x 6= 0, we de�ne COST (x; l) = ([a; b][0; x � 1]�[a; b]), where a and b canbe found out in Fig. 2. We �rst �nd the largest square in which x is at the top left corner.For x = 2 this square is the square containing 2, 3. For x = 4 this square is the squarecontaining 4,5,6,7. For x = 6 this square is the square containing 6,7. a is the smallestnumber in the square, that is, the number at the top left of the square. b is the largestnumber in the square, that is, the number at the bottom right of the square. For even x,x 6= 0, we also de�ne cost(x; l) = cost(x � 1; l) + ti, where ti can be found out in Fig. 2.We �rst �nd the largest square in which x is at the top left corner. Then ti is the label inthe immediate left neighbor square. Note that for all even x, x 6= 0, the squares containingti's do not overlap. If we sum all ti for all even x, x 6= 0, we are in fact summing all ti'sexcept t0's in Fig. 2.For odd x, x 6= 1, we de�ne COST (x; l) = ([a; b][0; x]�[a; b]), where a and b can befound out in Fig. 2. We �rst �nd the largest square in which x is at the bottom rightcorner. For x = 3 this square is the square containing 0,1,2,3. For x = 5 this square isthe square containing 4,5. For x = 7 this square is the square containing 0 to 7. a is thesmallest number in the square. b is the largest number in the square. For odd x, x 6= 1, wealso de�ne cost(x; l) = cost(x� 1; l) + t0 + 2(log log l+ 3)+P tj , where P tj can be foundout in Fig. 2. We �rst �nd the largest square in which x is at the bottom right corner.The tj 's in P tj are the tj 's in the bottom \row" of the square. Note that for all odd x,x 6= 0, the squares containing P tj 's do not overlap. If we sum all P tj for all odd x, x 6= 0,we are in fact summing all ti's in Fig. 2 except the t0 in the top left square containing 0and 1. Now consider the extra t0. Considering the fact that x0's are not present in theformula for cost(x; l), x is even and x 6= 0, if we sum all ti for all x except x = 0; 1, we arein fact summing all ti in Fig. 2 twice except the t0 in the top left square containing 0 and1. However, t0 is counted twice in the formula for cost(1; l). Therefore, if we sum ti for allx, we are in fact summing all ti in Fig. 2 exactly twice.We use several properties of APSP3 in the analysis of paths.One property we use is symmetry. We note that vertices in [2i] and vertices in [2i+ 1]are symmetrical with respect to APSP3. For example, path p1 = [1][0; 1]�[1] is symmetricalto path p2 = [0][0; 1]�[0]. That is to say, if we replace [1] in p1 with [0] and replace [0]with [1] we obtain p2 as the symmetrical path of p1. Because a matrix multiplicationat level � L � 1 in APSP3 either involves both [0] and [1] or involves neither [0] nor[1], and matrix multiplications at level L involves [0] and [1]. Therefore, the way thatp1 and p2 are contracted is the same as far as APSP3 is used to contract p1 and p2.Therefore, (p1) = (p2). We also have that p1 = [2][1]�[2] is symmetrical to p2 = [2][0]�[2], andp3 = [4; 5][0; 7]�[4; 5] is symmetrical to p4 = [6; 7][0; 7]�[6; 7] (refer to Fig. 2). We also usesymmetry in a somewhat generalized sense. For example, p5 = [6][0; 5]�[7] is symmetricalto p6 = [6][0; 5]�[6] because matrix multiplications for contracting p5 and p6 proceeds inthe same pattern. Also, p7 = [6; 7][0; 3]�[4; 5] is symmetrical to p8 = [6; 7][0; 3]�[6; 7]. Wehave (p1) = (p2) if p1 and p2 are symmetrical.9



The second property we will use is reverse. The reversed path of p1 = [1][0][2][3] isp2 = [3][2][0][1]. That is, the reversed path is obtained by reversing the vertices of theoriginal path. It is not di�cult to see that if p1 is the reversed path of p2 then (p1) = (p2).The third property we will use is proper subset. If the set of paths represented by p1is contained in the set of paths represented by path p2 then we say that p1 is a subset ofp2. If the containment is proper then we say p1 is a proper subset of p2. For example,[0; 1][5; 6]�[0; 1] is a proper subset of [0; 3][5; 6]�[0; 3]. If p1 is a proper subset of p2 then(p1) � (p2).We use four lemmas below to prove COST (x; l) � cost(x; l). We use an implied induc-tion. That is, when we are proving COST (x; l) � cost(x; l) we assume that COST (y; l) �cost(y; l) is true for all 0 � y < x.To help understand the following proofs, we suggest that the reader try several particularvalues for x and refer to Fig. 2 for each case analyzed.Lemma 9: COST (0; l) � cost(0; l).Proof: Each iteration contracts such a path by at least half. Therefore, the Lemma is true.2Lemma 10: COST (1; l) � cost(1; l).Proof: We have the following cases for a path p = [0; 1]�:(a1). p is of the forms [0]� or [1]�, then (p) � log l because instruction A(L)s := A(L)s A(L)s A(L)sis executed in each iteration. .(a2). p is of the form [1][0]�[1]. After [0]� is contracted to a single arc, it takes at mostt0 iterations for the instruction A(L�1)s := A(L�1)s A(L�1)s A(L�1)s to be executed in order tocontract the path to a single arc. Therefore, (p) � ([0]�) + t0 � log l + t0 (by (a1)).(a3). p is of the form [1][0; 1]�[1], then (p) � log l + t0 + log log l + 3 (by (a2) and Lemma6).(a4). p is of the form [0][0; 1]�[0]. This case is a symmetrical case of (a3). By symmetry wehave (p) � log l+ t0 + log log l + 3.(a5). p is of the form [0][0; 1]�[1]. Assume that p has at least two vertices in [0] (we leaveto the reader the case that p has only one vertex in [0]). p can be written as p1p2p3, wherep1 = [0][0; 1]�[0], p2 = [0][1], p3 = [1]�. By (a4), (p1) � log l + t0 + log log l + 3. By (a1),(p3) � log l. Thus after log l + t0 + log log l + 3 iterations, p1 is contracted to a singlearc [0][0], p3 is contracted to a single arc [1][1] (it is possible p3 is empty). Therefore pis contracted to [0][0][1][1]. Within t0 iterations instruction A(L�1)s := A(L�1)s A(L�1)s A(L�1)swill be executed, which contracts p to a single arc. Therefore (p) � log l+2t0+log log l+3.(a6). p is of the form [1][0; 1]�[0]. This case is symmetrical to (a5).Now a path p = [0; 1]� can be in only one of the following two situations.(1). p only contains vertices in [0], or p only contains vertices in [1]. This situation is takencare of in (a1).(2). p contains vertices both in [0] and in [1]. We look at the starting and ending verticesof p. If the starting ending vertex pair < a; b > is < [1]; [1] >, the situation is calculated10



in (a3). If the pair is < [0]; [0] >, it is calculated in (a4). If the pair is < [0]; [1] >, it iscalculated in (a5). Finally, if the pair is < [1]; [0] >, it is calculated in (a6). 2Lemma 11: For even x, x 6= 0, COST (x; l) = ([x; x + 2i � 1][0; x� 1]�[x; x+ 2i � 1]) �cost(x; l), where i is the largest integer j such that x=2j is odd.Proof: For x 6= 0 and x even, and for p = [x; x+2i� 1][0; x� 1]�[x; x+2i� 1] we have thefollowing cases.(b1). x is a power of 2. By the de�nition of i, x� 2i = 0. When [0; x � 1]� is contractedto a single arc, p is contracted to [x; x+ 2i � 1][0; x� 1][0; x� 1][x; x+ 2i� 1]. Vertices in[0; x � 1] and [x; x + 2i � 1] are in A(L�i�1)0 , therefore it takes at most ti more iterationsto multiply the matrices at level L � i � 1, in order to contract the path to a single arc.Therefore COST (x; l) = ([x; x + 2i � 1][0; x � 1]�[x; x + 2i � 1]) � ([0; x � 1]�) + ti =COST (x� 1; l) + ti � cost(x� 1; l) + ti = cost(x; l).(b2). x is not a power of 2. There are three subcases.(b2.1). p does not have any vertex in [x � 2i; x � 1]. Thus p is of the form [x; x + 2i �1][0; x� 2i� 1]�[x; x+2i� 1]. We have (p) = ([x; x+2i� 1][0; x� 2i� 1]�[x; x+2i� 1]) �([x�2i; x+2i�1][0; x�2i�1]�[x�2i; x+2i�1]) (by proper subset) = COST (x�2i; l) �cost(x� 2i; l) � cost(x; l).(b2.2). p contains one vertex in [x � 2i; x � 1]. p is of the form [x; x + 2i � 1][0; x �2i � 1]�[x � 2i; x � 1][0; x � 2i � 1]�[x; x + 2i � 1]. p = p1p2, where p1 = [x; x + 2i �1][0; x � 2i � 1]�[x � 2i; x � 1], p2 = [x � 2i; x � 1][0; x � 2i � 1]�[x; x + 2i � 1]. (p1) =([x; x+2i�1][0; x�2i�1]�[x�2i; x�1]) � ([x�2i; x+2i�1][0; x�2i�1]�[x�2i; x+2i�1]) (byproper subset) = COST (x� 2i; l) � cost(x � 2i; l) � cost(x � 1; l). After (p1) iterationsp1 is contracted to a single arc. Because p2 is the reverse of p1, p2 is also contractedto a single arc after (p1) iterations. Therefore, after (p1) iterations p is contracted top3 = [x; x+2i�1][x�2i; x�1][x; x+2i�1]. Vertices in p3 are all in a submatrix A(L�i�1)s .Therefore, it takes at most ti more iterations with an execution of matrix multiplication atlevel L� i� 1 to contract p to a single arc. Thus, (p) � cost(x� 1; l) + ti = cost(x; l).(b2.3). p contains more than one vertex in [x�2i; x�1]. p is of the form [x; x+2i�1][0; x�2i� 1]�[x� 2i; x� 1][0; x� 1]�[x� 2i; x� 1][0; x� 2i� 1]�[x; x+2i� 1]. p = p1p2p3, wherep1 = [x; x+2i � 1][0; x� 2i � 1]�[x� 2i; x� 1], p2 = [x� 2i; x� 1][0; x� 1]�[x� 2i; x� 1],p3 = [x� 2i; x� 1][0; x� 2i � 1]�[x; x+ 2i � 1]. We have (p1) = ([x; x+ 2i� 1][0; x� 2i �1]�[x� 2i; x� 1]) � ([x� 2i; x+2i� 1][0; x� 2i� 1]�[x� 2i; x+2i� 1]) (by proper subset)= COST (x� 2i; l) � cost(x� 2i; l) � cost(x� 1; l). We also have (p3) = (p1) (by reverse),and (p2) = COST (x� 1; l) � cost(x � 1; l). Therefore, after cost(x � 1; l) iterations p iscontracted to p4 = [x; x + 2i � 1][x � 2i; x � 1][x � 2i; x � 1][x; x + 2i � 1]. Vertices inp4 are all in a submatrix A(L�i�1)s . Therefore, it takes at most ti more iterations with anexecution of matrix multiplication at level L � i � 1 to contract p to a single arc. Thus,(p) � cost(x� 1; l) + ti = cost(x; l). 2Lemma 12: For odd x, x 6= 1, COST (x; l) = ([x�2i+1; x][0; x]�[x�2i+1; x]) � cost(x; l),where i is the largest integer j such that (x+ 1)=2j is odd.Proof: Let i be the largest integer j such that (x+ 1)=2j is odd, Let y = x � 1. Let i0 bethe largest integer j such that y=2j is odd. We have the following cases:11



(c1). ([x][0; y � 1]�[x]) � ([y; y + 2i0 � 1][0; y � 1]�[y; y + 2i0 � 1]) = COST (x � 1; l) �cost(x�1; l). ([x][0; y�1]�[y]) � ([y; y+2i0�1][0; y�1]�[y; y+2i0�1]) = COST (x�1; l) �cost(x�1; l). ([y][0; y�1]�[x]) � ([y; y+2i0�1][0; y�1]�[y; y+2i0�1]) = COST (x�1; l) �cost(x�1; l). ([y][0; y�1]�[y]) � ([y; y+2i0�1][0; y�1]�[y; y+2i0�1]) = COST (x�1; l) �cost(x� 1; l). All by proper subset.(c2). ([y][0; y]�[y]) � cost(x� 1; l) + log log l + 3 (by Lemma 6 and (c1), because cost(x �1; l) = z(l) + log l).(c3). [x][0; y]�[x] can have three subcases.(c3.1). [x][0; y]�[x] does not contain any vertex in [y]. Thus it is of the form [x][0; y�1]�[x].This reduces to (c1).(c3.2). [x][0; y]�[x] contains one vertex in [y]. It is of the form p = [x][0; y�1]�[y][0; y�1]�[x].p = p1p2, where p1 = [x][0; y � 1]�[y] and p2 = [y][0; y � 1]�[x]. We have (p1) = (p2) (byreverse). After (p1) iterations p is contracted to [x][y][x]. Because [x] and [y] are in asubmatrix A(L�1)s , it takes t0 more iterations to contract p to a single arc. Therefore([x][0; y]�[x]) � ([x][0; y � 1]�[y]) + t0. This reduces to case (c1).(c3.3). [x][0; y]�[x] contains more than one vertex in [y]. It is of the form p = [x][0; y �1]�[y][0; y]�[y][0; y � 1]�[x]. p = p1p2p3, where p1 = [x][0; y � 1]�[y], p2 = [y][0; y]�[y],p3 = [y][0; y � 1]�[x]. We have (p1) = (p3) (by reverse). After maxf(p1); (p2)g iterations pis contracted to [x][y][y][x]. Because [x] and [y] are in a submatrix A(L�1)s , it takes at mostt0 more iterations to contract p to a single arc. Thus (p) � maxf(p1); (p2)g+ t0. Now (p1)is evaluated in case (c1) and (p2) is evaluated in case (c2).Summarizing three subcases for (c3) and using (c1) and (c2), we obtain that ([x][0; y]�[x]) �cost(x� 1; l) + t0 + log log l + 3.(c4). ([x][0; x]�[x]) � cost(x� 1; l)+ t0+log log l+3+ log log l+3 (by Lemma 6 and (c3)).(c5). We use i steps to evaluate ([x�2i+1; x][0; x]�[x�2i+1; x]). We de�ne cost(x; l; 0) =cost(x� 1; l) + t0 + 2(log log l+ 3) and cost(x; l; j) = cost(x; l; j � 1) + tj�1, 1 � j � i. Instep 1 � j � i we evaluate ([x� 2j + 1; x][0; x]�[x� 2j + 1; x]). We show that ([x� 2j +1; x][0; x]�[x� 2j +1; x]) � cost(x; l; j). We denote ([x� 2j +1; x][0; x]�[x� 2j +1; x]) byCOST (x; l; j). Therefore we need establish COST (x; l; j) � cost(x; l; j), 1 � j � i. Wehave the following steps:(c5.1). ([x � 2j�1 + 1; x][0; x]�[x � 2j�1 + 1; x]) = ([x � 2j + 1; x � 2j�1][0; x]�[x � 2j +1; x� 2j�1]), by symmetry.(c5.2). Evaluate ([x� 2j + 1; x� 2j�1][0; x]�[x� 2j�1 + 1; x]). For such a path p we havethe following cases:(c5.2.1). p contains only one vertex in [x�2j+1; x�2j�1] and one vertex in [x�2j�1+1; x].Then p is of the form [x � 2j + 1; x � 2j�1][0; x � 2j ]�[x � 2j�1 + 1; x]. We have (p) =([x� 2j+1; x� 2j�1][0; x� 2j ]�[x� 2j�1+1; x]) � ([x� 2j+1; x][0; x� 2j]�[x� 2j+1; x])(by proper subset) = COST (x� 2j + 1; l) � cost(x � 2j + 1; l) � cost(x; l; j).(c5.2.2). p contains more than one vertex in [x � 2j + 1; x � 2j�1] but only one vertex in[x�2j�1+1; x]. Let p = p1p2, where p1 contains all vertices [x�2j+1; x�2j�1 ] in p and endsat the last vertex [x�2j+1; x�2j�1] in p. p1 and p2 can be written as p1 = [x�2j+1; x�12



2j�1][0; x�2j�1]�[x�2j+1; x�2j�1], p2 = [x�2j+1; x�2j�1][0; x�2j ]�[x�2j�1+1; x].(p1) = ([x � 2j + 1; x � 2j�1][0; x � 2j�1]�[x � 2j + 1; x � 2j�1]) � ([x � 2j + 1; x �2j�1][0; x]�[x�2j+1; x�2j�1]) (by proper subset) = ([x�2j�1+1; x][0; x]�[x�2j�1+1; x])(by symmetry, see case (c5.1)) = COST (x; l; j � 1) � cost(x; l; j � 1). (p2) = ([x� 2j +1; x � 2j�1][0; x � 2j ]�[x � 2j�1 + 1; x]) � ([x � 2j + 1; x][0; x � 2j ]�[x � 2j + 1; x]) (byproper subset) = COST (x� 2j + 1; l) � cost(x� 2j + 1; l) � cost(x; l; j � 1). Therefore,after cost(x; l; j�1) iterations p1 is contracted to [x�2j+1; x�2j�1][x�2j+1; x�2j�1],p2 is contracted to [x � 2j + 1; x � 2j�1][x � 2j�1 + 1; x]. Therefore p is contracted to[x � 2j + 1; x � 2j�1][x � 2j + 1; x � 2j�1][x � 2j�1 + 1; x]. It takes at most tj�1 moreiterations for the instruction A(L�j)s := A(L�j)s A(L�j)s A(L�j)s to be executed in order tocontract p to a single arc. Therefore, (p) � cost(x; l; j � 1) + tj�1 = cost(x; l; j).(c5.2.3). p contains more than one vertex in [x � 2j�1 + 1; x] but only one vertex in[x � 2j + 1; x � 2j�1]. This case is symmetrical to case (c5.2.2). By symmetry we have(p) � cost(x; l; j).(c5.2.4). p contains more than one vertex in [x� 2j+1; x� 2j�1] and more than one vertexin [x� 2j�1 + 1; x]. Let p = p1p2p3, where p1 contains all vertices [x� 2j + 1; x� 2j�1] inp and ends at the last vertex [x � 2j + 1; x � 2j�1] in p. p1, p2 and p3 can be written asp1 = [x�2j+1; x�2j�1][0; x]�[x�2j+1; x�2j�1], p2 = [x�2j+1; x�2j�1][0; x�2j ]�[x�2j�1+1; x], p3 = [x�2j�1+1; x][0; x]�[x�2j�1+1; x]. (p1) = ([x�2j+1; x�2j�1][0; x]�[x�2j +1; x� 2j�1]) = ([x� 2j�1+1; x][0; x]�[x� 2j�1+1; x]) (by symmetry, see case (c5.1))= COST (x; l; j� 1) � cost(x; l; j� 1). (p2) = ([x� 2j+1; x� 2j�1][0; x� 2j ]�[x� 2j�1+1; x]) � ([x�2j+1; x][0; x�2j]�[x�2j+1; x]) (by proper subset) = COST (x�2j+1; l) �cost(x � 2j + 1; l) � cost(x; l; j � 1). (p3) = ([x � 2j�1 + 1; x][0; x]�[x � 2j�1 + 1; x]) =COST (x; l; j � 1) � cost(x; l; j � 1). Therefore, after cost(x; l; j � 1) iterations p1 iscontracted to [x� 2j +1; x� 2j�1][x� 2j +1; x� 2j�1], p2 is contracted to [x� 2j +1; x�2j�1][x�2j�1+1; x], p3 is contracted to [x�2j�1+1; x][x�2j�1+1; x]. Thus p is contractedto [x� 2j + 1; x � 2j�1][x� 2j + 1; x � 2j�1][x� 2j�1 + 1; x][x� 2j�1 + 1; x]. It takes atmost tj�1 more iterations for the instruction A(L�j)s := A(L�j)s A(L�j)s A(L�j)s to be executedin order to contract p to a single arc. Therefore, (p) � cost(x; l; j�1)+ tj�1 = cost(x; l; j).Summarizing (c5.2.1), (c5.2.2), (c5.2.3) and (c5.2.4) we have (p) = ([x � 2j + 1; x �2j�1][0; x]�[x� 2j�1 + 1; x]) � cost(x; l; j).(c5.3). Evaluating ([x�2j�1+1; x][0; x]�[x�2j+1; x�2j�1]). This is the reversed path ofthe path analyzed in case (c5.2). Therefore ([x� 2j�1+ 1; x][0; x]�[x� 2j +1; x� 2j�1]) �cost(x; l; j).(c5.4). Now evaluating ([x� 2j + 1; x][0; x]�[x� 2j + 1; x]) = COST (x; l; j). The startingending vertex pair < a; b > of path p = [x � 2j + 1; x][0; x]�[x � 2j + 1; x] is either< [x�2j+1; x�2j�1]; [x�2j+1; x�2j�1] > or< [x�2j�1+1; x]; [x�2j�1+1; x] > or< [x�2j+1; x�2j�1]; [x�2j�1+1; x] > or< [x�2j�1+1; x]; [x�2j+1; x�2j�1] >. Therefore p isone of the four paths p1, p2, p3, p4, where p1 = [x�2j+1; x�2j�1][0; x]�[x�2j+1; x�2j�1],p2 = [x�2j�1+1; x][0; x]�[x�2j�1+1; x], p3 = [x�2j+1; x�2j�1][0; x]�[x�2j�1+1; x],and p4 = [x� 2j�1+1; x][0; x]�[x� 2j +1; x� 2j�1]. We have (p2) = COST (x; l; j� 1) �cost(x; l; j � 1) � cost(x; l; j), (p1) = (p2) (by symmetry), (p3) � cost(x; l; j) (by (c5.2)),(p4) � cost(x; l; j) (by (c5.3)). Therefore we have (p) � cost(x; l; j).13



Summarizing (c1) to (c5) we have COST (x; l) = ([x � 2i + 1; x][0; x]�[x � 2i + 1; x])� cost(x; l; i) = cost(x; l; 0) +Pi�1j=0 tj = cost(x� 1; l) + t0 + 2(log logn + 3) +Pi�1j=0 tj =cost(x; l). 2Theorem 13: COST (x; l) � cost(x; l), 0 � x < 2L.Proof: By Lemmas 9 to 12. 2Theorem 14: The total number of iterations needed to compute all pair shortest paths inAPSP3 is no more than 8 logn.Proof: By Theorem 13, cost(2L � 1; n) upper bounds the number of iterations neededto contract any path of length less than n to a single arc. We have cost(2L � 1; n) �logn+2L(log logn+3)+PLj=1 tj�12L�j+1 = logn+2L(log log n+3)+PLj=1K2L�j+1=3L�j �2 logn+6 logn = 8 logn. As we have explained before, when we sum all ti's for all x we are infact summing all ti's in Fig. 2 twice. We thus get the termPLj=1 tj�12L�j+1. 2(log logn+3)is included once for each odd x except x = 1 where the term is only log logn + 3. Thus weget the term 2L(log logn+ 3). The term logn comes from cost(1; n). 2Theorem 15: Algorithm APSP3 computes all pair shortest paths in time O(n3=p +I(n) logn).Proof: Each iteration can be executed in I(n) time if enough processors are available. Thuswe only need to show that the total number of operations executed is O(n3). Matrices atlevel i, 0 � i < L, are multiplied with themselves 8 logn=tL�i�1 � 8 logn3i=K � 24 � 3itimes. There are 2i such matrices and each matrix multiplication takes O((n=2i)3) opera-tions. Thus the total number of operations for these matrix multiplications is O(PL�1i=0 3i �2i � (n=2i)3) = O(n3). There are 2L submatrices at level L. Each of them is multipliedto itself 8 logn times. The total number of operations for these matrix multiplications isO(2L(n=2L)3 � log n) = O(n3). 2If we multiply two matrices by using the results in [Fr][T], we can reduce the number ofoperations to o(n3).Corollary: Algorithm APSP3 computes all pair shortest paths in timeO(f(n)=p+I(n) logn)on the EREW and CRCW PRAM, where f(n) = o(n3). 2This corollary does not apply to the randomized CRCW PRAM. Because we multiplytwo matrices in constant time using n3 processors on the randomized PRAM, Fredman andTakaoka's technique cannot be applied in constant time to result in savings.References[AGM] N. Alon, Z. Galil, O. Margalit. On the exponent of all pairs shortest path problem.Proc. 32nd Ann. IEEE Symp. FOCS, 569-575, 1991.[DNS] E. Dekel, D. Nassimi and S. Sahni. Parallel matrix and graph algorithms. SIAM J.Comput. 10, 657-675, 1981.[DS] E. Dekel and S. Sahni. Binary trees and parallel scheduling algorithms. IEEE Trans.Comput. 32, 307-315, 1983. 14
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