
PARALLEL INTEGER SORTING IS MORE EFFICIENT THANPARALLEL COMPARISON SORTING ON EXCLUSIVE WRITEPRAMS�YIJIE HANy AND XIAOJUN SHENzAbstra
t. We present a signi�
ant improvement for parallel integer sorting. On the EREWPRAM our algorithm sorts n integers in the range f0; 1; :::;m�1g in time O(log n) with O(nr log nk )operations using word length k log(m+n), where 1 � k � log n. In this paper we present the followingfour variants of our algorithm.(1). The �rst variant sorts integers in f0; 1; :::;m�1g in time O(log n) and in linear spa
e with O(n)operations using word length logm log n.(2). The se
ond variant sorts integers in f0; 1; :::; n � 1g in time O(log n) and in linear spa
e withO(nplog n) operations using word length log n.(3). The third variant sorts integers in f0; 1; :::;m� 1g in time O(log3=2 n) and in linear spa
e withO(nplog n) operations using word length log(m+ n).(4). The fourth variant sorts integers in f0; 1; :::;m � 1g in time O(log n) and spa
e O(nm�) withO(nplog n) operations using word length log(m+ n).Our algorithms 
an then be generalized to the situation where the word length is k log(m + n),1 � k � log n.Key words. Algorithms, analysis of algorithms, bu
ket sorting, 
onservative algorithms, designof algorithms, integer sorting, parallel algorithms.AMS subje
t 
lassi�
ations. 68P10, 68Q22, 68Q251. Introdu
tion. Sorting is a 
lassi
al problem whi
h has been studied by manyresear
hers. For elements in an ordered set 
omparison sorting 
an be used to sort theelements. It is well known that 
omparison sorting has time 
omplexity �(n logn).In the 
ase where a set 
ontains only integers both 
omparison sorting and integersorting 
an be used to sort the elements. Sin
e elements of a set are usually representedby binary numbers in a digital 
omputer, integer sorting 
an, in many 
ases, repla
e
omparison sorting. The only known time lower bound for integer sorting is the triviallinear bound of 
(n). Radix sorting does demonstrate O(n) upper bound for sortingn integers in the range f0; 1; :::; nt � 1g, where t is a 
onstant. Resear
hers workedhard trying to show that for integers in any range integer sorting 
an outperform
omparison sorting[4, 13, 19, 21℄. Fredman and Willard �rst showed [13℄ that nintegers in any range 
an be sorted in O(nplogn) time, thereby demonstrating that inthe sequential 
ase integer sorting is more eÆ
ient than 
omparison sorting. However,prior to this paper no deterministi
 parallel integer sorting algorithm outperformedthe lower bound for parallel 
omparison sorting on any parallel 
omputation models(Detailed explanation is given below). We show, for the �rst time, that parallelinteger sorting is more eÆ
ient than parallel 
omparison sorting on the ex
lusivewrite PRAMs.�Preliminary version of this paper is published in Pro
. 1999 Tenth Annual ACM-SIAM Sympo-sium on Dis
rete Algorithms.yS
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2 Yijie Han and Xiaojun ShenThe parallel 
omputation model we use is the PRAM model[20℄ whi
h is usedwidely by parallel algorithm designers. Usually three PRAM models are used, theEREW (Ex
lusive Read Ex
lusive Write) PRAM, the CREW (Con
urrent Read Ex-
lusiveWrite) PRAM and the CRCW (Con
urrent Read Con
urrentWrite) PRAM[20℄.In a PRAM model a pro
essor 
an a

ess any memory 
ell. On the EREW PRAMsimultaneous a

ess to a memory 
ell by more than one pro
essor is prohibited. Onthe CREW PRAM pro
essors 
an read a memory 
ell simultaneously, but simultane-ous write to the same memory 
ell by several pro
essors is prohibited. On the CRCWPRAM pro
essors 
an simultaneously read or write to a memory 
ell. The CREWPRAM is a more powerful model than the EREW PRAM. The CRCW PRAM is themost powerful model among the three variants.Parallel algorithms 
an be measured either by their time 
omplexity and pro
essor
omplexity or by their time 
omplexity and operation 
omplexity whi
h is the timepro
essor produ
t. A parallel algorithm with small time 
omplexity is regarded as fastwhile a parallel algorithm with small operation 
omplexity is regarded as eÆ
ient.In order to outperform parallel 
omparison sorting on the ex
lusive write PRAMmodels (i.e. CREW PRAM and EREW PRAM) one has to exhibit a parallel algo-rithm whi
h mat
hes the time lower bound for parallel 
omparison sorting algorithmsand outperform the operation lower bound for parallel 
omparison sorting algorithms.Note that we 
annot outperform the time lower bound (only to mat
h it) be
ause onthe CREW and EREW PRAMs the time lower bounds for parallel 
omparison sortingand for parallel integer sorting are the same, namely 
(log n)[11℄. The operation lowerbound for parallel 
omparison sorting is 
(n logn) due to the time lower bound forsequential 
omparison sorting. We explain below that known parallel integer sortingalgorithms failed to outperform the lower bound for parallel 
omparison sorting.1. Parallel algorithms are known [2, 4, 12, 19, 25℄ to have operation 
omplexityof o(n logn) when they are running slower than the �(log n) time lower bound forparallel 
omparison sorting. But they failed to have o(n logn) operations whena
heiving the time lower bound. For example, the CREW algorithm given in [2℄(the best prior to this paper) has operation 
omplexity O(nplogn) when runningat time O(log n log logn). But the time lower bound for 
omparison sorting on theCREW PRAM is 
(logn)[11℄. It is not 
lear how to make the algorithm in [2℄ torun in O(log n) time. Also the CRCW algorithm in [4, 19℄ has operation 
omplex-ity O(n log logn) when running at time O(log n). But the time lower bound for
omparison sorting on the CRCW PRAM using polynomial number of pro
essors is
(logn= log logn)[6℄.2. Parallel algorithms are known [2, 9, 29℄ that have operation 
omplexity o(n logn)running at time lower bound for parallel 
omparison sorting when sorting on smallintegers. They fail to outperform parallel 
omparison sorting when sorting on largeintegers. For example, the previous best results in [2, 12℄ showed that n integersin the range f0; 1; :::; 2O(plog n)g 
an be sorted on the EREW PRAM in O(log n)time and linear operations. However, no previous deterministi
 algorithms showedthat n integers larger than 2O(plogn) 
an be sorted in O(log n) time with o(n logn)operations on ex
lusive write PRAMs.3. Parallel algorithms are known [4, 16℄ to outperform parallel 
omparison sorting byusing a nonstandard word length (word length is the number of bits in ea
h word).But they fail to outperform on a standard PRAM where word length is bounded byO(log(m + n)). For example in [4℄ it is shown that sorting n integers in the rangef0; 1; :::;m � 1g 
an be done in O(log n) time with O(n) operations on the EREW



Parallel integer sorting. 3PRAM with a word length of O((logn)2+� logm). The use of extra bits in word lengthin parallel integer sorting is generally regarded as ex
ess. Note that even in this 
ase(use nonstandard word length) our results are better than all previous results.In this paper we show for the �rst time that on the ex
lusive write PRAMsparallel integer sorting is more eÆ
ient than parallel 
omparison sorting. For sortingn integers in the range f0; 1; :::;m � 1g our algorithm runs in O(log n) time withoperation 
omplexity O(nr lognk ) when using word length k log(m + n), where 1 �k � logn. When k = 1 our algorithm uses standard word length log(m + n) andruns in O(log n) time (whi
h is also the lower bound for integer sorting on the CREWand EREW PRAM and whi
h mat
hes the time lower bound for parallel 
omparisonsorting on the CREW and EREW PRAM) with O(nplogn) operations (while parallel
omparison sorting has a lower bound 
(n logn) for the operation 
omplexity due tothe sequential time 
omplexity lower bound). This algorithm outperforms parallel
omparison sorting on the CREW and EREW PRAMs.There are many previous results on parallel integer sorting [2, 4, 9, 12, 15, 16, 19,22, 24, 25, 26, 28, 29℄. We give a brief 
omparison of our results with the previousresults.An important parameter in integer sorting is the word length w whi
h is the num-ber of bits in a word. Mu
h e�ort has been spent toward �nding good integer sortingalgorithms whi
h are 
onservative in the sense that they do not use extra bits. A
-
ording to Kirkpatri
k and Reis
h[21℄ an integer sorting algorithm sorting n integersin the range f0; 1; :::;m�1g is said to be 
onservative if the word length is bounded byO(log(m+n)). Signi�
ant progress has been made re
ently in this regard. Anderssonet al. [4℄ and Han and Shen[19℄ showed 
onservative integer sorting algorithms thatsort n integers in the range f0; 1; 2; :::;m � 1g in O(log n) time with O(n log logn)operations on the CRCW PRAM. This also implies a 
onservative sequential algo-rithm with O(n log logn) time. Although mu
h progress has been made on parallelinteger sorting on the CRCW PRAM[4, 9, 15, 19℄ whi
h allows simultaneous read andwrite to shared memory 
ells, signi�
ant diÆ
ulties exist when parallel integer sortingalgorithms are to be designed on PRAMs whi
h do not allow simultaneous write.Consider the problem of sorting n integers in the range f0; 1; :::; n� 1g whi
h isthe most important and standard 
ase. Previous best 
onservative parallel algorithmsrunning in O(log n) time on CREW and EREW PRAMs use O(n logn) operations.Rajasekaran and Sen[25℄, Albers and Hagerup[2℄ and Dessmark and Lingas[12℄ wereable to redu
e the number of operations to o(n logn) on the CREW PRAM andEREW PRAM but the running time must be over O(log n). Currently the best re-sult due to Albers and Hagerup[2℄ sorts in O(log n log logn) time with O(nplogn)operations on the CREW PRAM. On the EREW PRAM the algorithms in [2, 25℄have O(log n log logn) time 
omplexity with O(n logn= log logn) operations. Very re-
ently Dessmark and Lingas presented an improved EREW algorithm[12℄ whi
h needsO(log3=2 n) time with O(nplogn) operations. Thus in regard to the best previousresults one 
annot sort better than the 
omparison sorting algorithm[1, 10℄ (whi
huses O(n logn) operations) if he is to sort as fast as the 
omparison sorting algorithm(using O(log n) time) on the CREW and EREW PRAMs.In this paper we signi�
antly improve on this situation (i.e. sorting n integersin the range f0; 1; :::; n � 1g). Our EREW PRAM algorithm sorts in O(log n) timewith O(nplogn) operations. Thus our algorithm uses the same number of opera-tions (O(nplogn)) as the algorithm by Albers and Hagerup[2℄ and by Dessmark and



4 Yijie Han and Xiaojun ShenLingas[12℄ while our algorithm runs faster (in O(log n) time) than their algorithm (inO(log n log logn) time on the CREW PRAM and in O(log3=2 n) time on the EREWPRAM). Thus our EREW algorithm is faster by a fa
tor of log logn than the previ-ous best CREW algorithm and is faster by a fa
tor of log1=2 n than the previous bestEREW algorithm.Now 
onsider the problem of sorting n intergers in the range f0; 1; 2; :::;m� 1g.All previous EREW and CREW 
onservative algorithms[2, 12, 22, 25, 29℄ requireO(n logn) operations when m is large, even when the time 
omplexity is allowed topolylogarithmi
 of n. A
tually the number of operations of best previous results islarger than O(n logn), however, we 
ould assume that these algorithms swit
h to
omparison sorting when m is at 
ertain threshold value. Our result is the �rst whi
hsorts arbitrarily large integers with o(n logn) operations. Our EREW integer sortingalgorithm sorts in O(log n) time with O(nplogn) operations. This is for arbitrarilylarge values of m.We also present an algorithm (Theorem 4.1) whi
h sorts integers in f0; 1; :::;m�1gwith O(log3=2 n) time and O(nplogn) operations and it runs in linear spa
e. Previ-ously, Dessmark and Lingas[12℄ a
hieved this performan
e only for sorting integers inthe range f0; 1; :::; nkg for a 
onstant k.We now turn to non
onservative integer sorting. Consider the problem of sortingn integers in the range f0; 1; 2; :::;m�1g on a 
omputer with word length w. Hagerupand Shen[16℄ showed that if w = 
(n logn logm) the sorting 
an be done in linearspa
e and in O(n) sequential time or in O(log n) time on a EREW PRAM with O(n)operations. Later Albers and Hagerup[2℄ and Andersson et al. [4℄ improved on theword length. Albers and Hagerup[2℄ showed that with w = O(log n log logn logm)the sorting 
an be done in linear spa
e and in O(log2 n) time with O(n) operationson the EREW PRAM. The result of Andersson et al.[4℄ show that the sorting 
an bedone in linear spa
e and in O(log n) time with O(n) operations on the EREW PRAMwith a word length of O((log n)2+� logm). Dessmark and Lingas[12℄ showed that thesorting 
an be done on the EREW PRAM in linear spa
e and in O(log n log logn)time and O(n) operations with a word length of O(logm logn). In this paper we im-prove on all these previous results. We show that the sorting 
an be done in O(nm�)spa
e and in O(log n) time with O(nr lognk ) operations on the EREW PRAM witha word length of O(k logm), where k is a parameter satisfying 1 � k � logn. Whenk = logn our algorithm shows that the sorting 
an be done in linear spa
e and inO(log n) time with O(n) operations. It is this version of the algorithm that outper-forms all previous algorithms. We note that the main fo
us of this paper is to present
onservative EREW algorithms for integer sorting. The non
onservative algorithmwe designed is to be used as a subroutine in our 
onservative algorithms, althoughour non
onservative algorithm improves on best previous results.Algorithms presented in this paper are deterministi
 algorithms. These algorithmsare stable in the sense that input integers of the same value retain their original relativeorder in the output.2. Non
onservative Sorting. We present an EREW algorithm using wordlength O(log n logm) to sort n integers in the range f0; 1; :::;m� 1g in O(log n) timewith O(n) operations. The input numbers are assumed in an array. This EREWalgorithm is based on the AKS sorting network[1℄, Leighton's 
olumn sort[23℄, Albersand Hagerup's test bit te
hnique[2℄ and the Benes permutation network[7, 8℄.AKS sorting network [1℄ has O(log n) stages. Ea
h stage has no more than n=2



Parallel integer sorting. 5
omparators. Ea
h 
omparator has two inputs and two outputs. Ea
h 
omparator
an 
ompare two input numbers and route the smaller number to the left output andthe larger number to the right output. When the n input numbers are input to theAKS sorting network and pass through O(log n) stages of the sorting network theyare sorted at the output of the AKS sorting network.We will use the prin
iple of Leighton's 
olumn sort [23℄. This prin
iple states thatif we put a set S of n numbers into logn 
olumns with ea
h 
olumn 
ontaining n= lognnumbers, then the numbers in S will be sorted by a 
onstant number of the followingpasses: Sort every 
olumn and then perform a �xed permutation among the numbersin all 
olumns. Therefore the prin
iple of Leighton's 
olumn sort 
onverts the sortingon n numbers to the sorting on n= logn numbers (there are logn 
olumns of them andea
h of them has to be sorted) and �xed permutations among the n numbers. A �xedpermutation is a permutation known before program exe
ution. It does not dependon the value of the input numbers. In Leighton's 
olumn sort these permutations areshu�e, unshu�e and shift. Note also that if the prin
iple of 
olumn sort is re
ursivelyapplied we 
an enlarge the number of 
olumns to n�, where 0 < � < 1 is a 
onstant,and the number of passes of sorting on 
olumns and permutation is still a 
onstant.Albers and Hagerup's test bit te
hnique [2℄ 
an be used for pa
ked numbers.When there are k numbers pa
ked into a word, we 
an use this te
hnique to dopairwise 
omparison of the numbers in two words and extra
t the larger numbers intoone word and smaller numbers into another word. An example will make this 
lear.A test bit of 0 or 1 is added between the numbers pa
ked into a word. Suppose wepa
k three numbers a1, a2, a3 (ea
h 
ontaining t bits) into a word as w1 = 1a11a21a3and pa
k another three numbers b1, b2, b3 (ea
h 
ontaining t bits) into a word asw2 = 0b10b20b3. That is we add a test bit of 0 or 1 between the numbers. By doingw3 = w1�w2 and then applying a mask we 
an extra
t out the test bits of w3. Thesetest bits tells us whi
h number is larger. By using these test bits we 
an subsequentlyextra
t out the larger numbers from w1 and w2 and put them into one word. Similarlywe 
an also extra
t out the smaller numbers from w1 and w2 and put them into oneword. Note that this operation takes 
onstant time no matter how many numbers arepa
ked into one word.The Benes permutation network [7, 8℄ is a network with O(log n) stages. Ea
hstage has n=2 swit
hes. Ea
h swit
h has two inputs and two outputs. When theswit
h is unset the left input goes to the left output and right input goes to the rightoutput. When the swit
h is set the left input goes to the right output and the rightinput goes to the left output. By setting up the swit
hes in the Benes permutationnetwork any permutation of the input 
an be realized. We will use butter
y networks(explained below) whi
h also has O(log n) stages and ea
h stage has n=2 swit
hes.Butter
y network 
an emulate the Benes network and realize any permutation.Lemma 2.1. If the word length is O(log n logm) we 
an pa
k n integers inf0; 1; :::;m� 1g into n= logn words in O(log logn) time and O(n) operations on theEREW PRAM.Proof. First pa
k two integers into one word and we have n=2 words left. Thenpa
k the integers in every two words into one word. Repeat this for log logn timeswe have logn integers pa
ked into one word. The time is O(log logn). The operationis n+ n=2 + n=4 + n=8 + ::: = O(n).With logn integers pa
ked into one word we 
an view the n integers in n= lognwords as forming logn 
olumns. The i-th 
olumn 
ontains the i-th integers in alln= logn words.



6 Yijie Han and Xiaojun ShenLemma 2.2. The n= logn integers in ea
h of the logn 
olumns 
an be sorted inO(log n) time and O(n) operations on the EREW PRAM.Proof. We build an AKS sorting network on these n= logn words. On the AKSsorting network we 
ompare two words at ea
h internal node of the network usingthe test bit te
hnique. Thus ea
h node of the AKS sorting network 
an be used to
ompare the logn integers in the word in parallel. At the output of the AKS sortingnetwork we have sorted logn 
olumns with the i-th 
olumn 
ontaining i-th integersin all n= logn words. The time is O(log n) sin
e there are O(log n) stages in the AKSsorting network. The operation is (n= logn) � O(log n) = O(n) be
ause we have onlyn= logn words and ea
h of them goes through O(log n) stages.Lemma 2.3. A �xed permutation among n integers pa
ked into n= logn words
an be done in O(log logn) time and O(n) operations on the EREW PRAM.Proof. Simply disassemble the integers in the words so that ea
h word 
ontainsone integer. Then apply the permutation. Then reassemble the integers into words.\logn" in the paper stands a
tually for the smallest power of 2 no less than logn.This is a
hieved without in
reasing the spa
e to superlinear as follows. Take k to bethe smallest integer whi
h is a power of 2 and whi
h is no less than logn. Pa
k kintegers into one word. We obtain l = dn=ke words. We take a number l0 whi
h is apower of 2 and whi
h is the smallest number no less than l. We assume that we havel0 words. Note that here we do not require that k = log(l0k). The total number ofintegers is l0k � 3n.For our purpose (be
ause we need to sort integers in a linked list) we also needthe following s
heme to a

omplish the permutation mentioned above. The permu-tation 
an also be done by routing the integers through a network N whi
h is thebutter
y network in 
onjun
tion with a reverse butter
y network(see Fig. 2.1.). Forpermutations N 
an be used to emulate the Benes permutation network[7℄[8℄. Ea
hstage of the butter
y network emulates the pro
essor 
onne
tion along a dimensionon the hyper
ube (i.e. at dimension j numbers at position a and a#j are input intoone swit
h and output to positions a and a#j where a#j is obtained by 
omplement-ing j-th bit of a). When a and a#j are in di�erent words then we swit
h integersbetween the words (in this 
ase every pair goes into a swit
h is 
oming from di�erentword). When a and a#j are in the same word (be
ause we pa
k integers into word)we swit
h integers within words (in this 
ase every pair goes into a swit
h is 
omingfrom the same word) (here we need k to be a power of 2). Therefore ea
h stage ofthe butter
y network 
an be done in 
onstant time. Be
ause butter
y network hasO(log n) stages, the permutation 
an be done in O(log n) time. Note that sin
e thepermutations we performed here are �xed permutations the setting of the swit
hes inthe butter
y network 
an be pre
omputed.Theorem 2.4. n integers in the range f0; 1; :::;m�1g 
an be sorted on the EREWPRAM with word length O(log n logm) in O(log n) time using O(n) operations andO(n) spa
e.Proof. By Leighton's 
olumn sort we need just apply Lemmas 2.1, 2.2 and 2.3 a
onstant number of times.The prin
iple of Theorem 2.4 
an be applied to the 
ase where we 
an pa
k morethan logn integers into one word. However, in order to apply a re
ursive versionof Leighton's 
olumn sort[23℄ the number of 
olumns 
annot be greater than n� fora 
onstant 0 � � < 1. Therefore we 
annot pa
k more than n� integers into oneword and then apply the prin
iple of Theorem 2.4. Note also that we may use more
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olumns than the number of integers pa
ked in one word. For example we may uselog2 n 
olumns in the 
olumn sort even when the number of integers pa
ked in a wordis only logn. We will use this fa
t in the appendix.The following 
orollary 
an now be easily shown.Corollary 2.5. n integers in the range f0; 1; :::;m � 1g 
an be sorted on theEREW PRAM with word length O(k logm), 1 � k � logn, in O(log n) time usingO(n lognk ) operations and O(n) spa
e.This 
orollary is easily obtained by pa
king k integers into one word and then byapplying Lemmas 2.1, 2.2 and 2.3 and Theorem 2.4.Note also that the sorting 
an be made stable by appending address bits toea
h integer. If m � n we use an observation whi
h says that n input integersa0; a1; a2; :::; an�1 
an be divided into n=m sets with i-th set 
ontaining aim; aim+1; :::; a(i+1)m�1and we need only to sort ea
h set. The results of the sorting on ea
h set 
an be
ombined to yield the sorted sequen
e of input integers. And this 
ombining takesO(log n) time and linear operations. This observation is made by Rajasekaran andSen[25℄. Algorithms presented in [2℄ also make use of this observation. Thus theaddress bits used is always being minflogn; logmg. To add the address bits we 
an



8 Yijie Han and Xiaojun Shensort in two passes with ea
h pass sorting on logm=2 bits. Therefore the address bits
an be added be
ause the number of address bits now is minflogn; logm=2g.3. Sorting Integers in f0; 1; :::; n� 1g. We 
onsider the problem of sorting nintegers in the range f0; 1; :::; n�1g on the EREW PRAM with word length O(log n).For our purpose we assume that plogn is a power of 2. The way this is done is totake the smallest integer whi
h is power of 2 and whi
h is no less than plogn. Thereis no danger of using superlinear spa
e be
ause this quantity does not determine thespa
e usage.If input integers with the same value are linked in a linked list in the order theyappear in the input, then an additional O(log n) time and O(n) operations suÆ
e forthe sorting. This is be
ause we 
an use linked list 
ontra
tion[5℄ to group integers ofthe same value together. Be
ause we are sorting integers from f0; 1; 2; :::; n� 1g we
an use bu
ket sorting. The �rst integer in ea
h linked list drops itself into bu
ket.Be
ause there are only n bu
kets integers dropped into the bu
kets 
an be 
olle
tedin O(log n) time and O(n) operations. Here the 
omputation is as follows:1. The �rst integer (representative integer) in ea
h linked list drops itself into bu
ket.This is done for all representative integers in parallel in one step. Be
ause di�erentrepresentative integers have di�erent values the dropping operation has no 
on
i
tsamong integers.2. Do a parallel pre�x 
omputation to pa
k integers in the bu
kets into 
onse
utivelo
ations. This will have all integers dropped into bu
kets sorted.Our goal, therefore, is to link integers of the same value into a linked list. Initiallywe put all input integers into one linked list. As the 
omputation pro
eeds, ea
h linkedlist is split into several linked lists. When the 
omputation ends, all integers with thesame value will be linked into a linked list and integers with di�erent values are indi�erent linked lists.The basi
 idea of the sorting algorithm is linked list splitting. Let a0; a1; :::; an�1be the input integers. The algorithm has plogn stages. In ea
h stage we examineplogn bits (we say that we reveal plogn bits). Initially no bits are revealed. In the�rst stage we reveal the most signi�
ant plogn bits. In the se
ond stage we revealthe next plogn bits, and so on. We maintain the property that all integers are linkedin a linked list if their revealed bits are the same(of the same value). If the revealedbits for two integers are di�erent then the two integers are in di�erent linked lists.Initially all integers are linked into one linked list with ai+1 following ai in the linkedlist. After the �rst stage, the input linked list is split into at most 2plog n linked listsbe
ause plogn bits are revealed. After the se
ond stage ea
h linked list further splitsitself into at most 2plogn linked lists. And so on.Now we dis
uss how ea
h linked list is split in ea
h stage. A linked list is short ifit 
ontains less than 24plogn elements, is long if it 
ontains at least 24plogn elements.We �rst group every 
onse
utive S elements(integers) in the linked list into one group.For a short linked list S is the number of total elements in the linked list. For a longlinked list S varies from group to group but is at least 24plogn and no more than25plogn. We 
an 
onsider grouping as 
ontra
ting the S elements into one node and/oras ranking the S elements along the linked list within the group. This grouping 
anbe done by linked list 
ontra
tion algorithms [5, 17, 18℄. We then sort integers in ea
hgroup in parallel. Be
ause revealed bits for the previous stages for integers in thelinked list are identi
al and be
ause we reveal additional plogn bits in this stage, weare in fa
t sorting no more than 25plogn plogn-bit integers in ea
h group. By our
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onservative sorting algorithm presented in the previous se
tion, the sorting 
anbe done in O(plogn) time and O(S) operations for the group (or O(n) operationsfor all linked lists). Note that if a short linked list 
ontains too few integers (sayt integers) we 
annot pa
k plogn integers into one word and then apply 
olumnsort (see the paragraph immediately below Theorem 2.4). In this situation we pa
k asmaller number of integers (log t integers) into a word to fa
ilitate 
olumn sorting. Forexample if a short linked list 
ontains only plogn integers we then pa
k log(plogn)integers into a word and then apply 
olumn sort.If the linked list is short there is only one group in the linked list. The sortingwill then enable us to split the linked list into t � 2plog n linked lists su
h that ea
hlinked list split 
ontains all integers whose revealed bits are the same, where t is thenumber of bit patterns for the revealed bits. Here we note that for short linked listt 
ould be less than 2plog n (for example if the revealed bits for all integers are thesame t will be equal to 1).If the linked list is long we will always split the linked list into exa
tly 2plognlinked lists no matter how many di�erent bit patterns are revealed by the revealedbits. After sorting in ea
h group, integers in ea
h group are split into 2plog n linkedlists. If a bit pattern among the 2plogn bit patterns does not exist in the revealed bitswe 
reate a linked list 
ontaining only one dummy element representing this pattern.Note that no more than 2plogn dummy elements will be 
reated for ea
h group. For
onse
utive (neighboring) groups on a long linked list we then join the split linked listsin the groups su
h that linked lists with the same revealed bits are joined together.With the help of those dummy elements we now have split a long linked list intoexa
tly 2plogn linked lists.With the existen
e of dummy elements in the linked list, the splitting pro
essshould be modi�ed a little bit. For a short linked list, after the grouping all dummyelements will be eliminated. For a long linked list, the dummy elements will alsobe eliminated after grouping, but new dummy elements 
ould be 
reated be
ause weneed to split ea
h long linked list to 2plogn linked lists.Sin
e ea
h group on a long linked list has at least 24plogn elements and sin
e ea
hsu
h a group 
reates at most 2plog n dummy elements, the total number of dummyelements 
reated in a stage is at most n=23plogn. Dummy elements generated in astage are eliminated in the next stage and new dummy elements are generated forthe next stage. For a total of plogn stages the total number of dummy elementsgenerated is no more than 
nplogn=23plogn for a 
onstant 
. Here 
onstant 
 maybe greater than 1 be
ause as dummy elements are generated we have n0 > n elementsnow. In this situation the number of dummy elements generated in the next stagewill be n0=23plogn0 .Let us estimate the 
omplexity. Sin
e ea
h stage takes O(plogn) time and O(n)operations, for a total ofplogn stages the time 
omplexity of the algorithm is O(log n)with O(nplogn) operations.Although we have left several implementation details we hope our presentation inthis se
tion 
an 
onvin
e most readers that our algorithm works. We therefore givethe following theorem. The implementation details are very mu
h ad ho
 and severalknown te
hniques are adapted to make our implementation �t. The implementationdetails are des
ribed in Appendix A.Theorem 3.1. n integers in the range f0; 1; 2; :::; n�1g 
an be sorted in O(log n)



10 Yijie Han and Xiaojun Shentime and O(n) spa
e with O(nplogn) operations on the EREW PRAM with wordlength O(log n).4. Sorting Integers in f0; 1; :::;m � 1g. Consider the problem of sorting in-tegers in the range f0; 1; ::::;m � 1g. All known 
onservative CREW and EREWparallel algorithms[2℄[12℄[25℄, even allowing polylogarithmi
 running time, will even-tually use O(n logn) operations when m is suÆ
iently large. In this se
tion we presenttwo 
onservative EREW algorithms whi
h use only O(nplogn) operations no matterhow large m is. Our �rst algorithm runs in O(log3=2 n) time and O(n) spa
e withO(nplogn) operations. This algorithm also serves the purpose of introdu
ing ideasto be used in our se
ond algorithm. The basi
 ideas used in both algorithms are thesame. However, the se
ond algorithm is more 
ompli
ated than the �rst algorithm.Our se
ond algorihthm is the only algorithm in this paper whi
h uses more than lin-ear spa
e. This algorithm sorts in O(log n) time and O(nm�), 0 < � < 1, spa
e withO(nplogn) operations. We note that the linked list splitting idea presented in theprevious se
tion does not apply here and therefore new ideas are needed.First let us outline our approa
h. We use bit [i℄ to denote bits i logm=plognthrough (i+1) logm=plogn�1 (bits are 
ounted from the least signi�
ant bit startingat 0). [i : j℄ is used to denote bits [i℄; [i + 1℄; :::; [j℄ (or empty if j < i). We use a[i℄to denote bits i logm=plogn through (i + 1) logm=plogn � 1 of a. a[i:j℄ is used todenote bits a[i℄; a[i+1℄; :::; a[j℄ (or empty if j < i). To sort n integers with ea
h integer
ontaining logm bits we 
ould use plogn passes. The i-th pass, 0 � i < plogn, sortsbit [plogn� i� 1℄. Note that we are sorting from high order bits to low order bits.At the beginning of i-th pass the input integers are divided into a 
olle
tion C of setssu
h that integers in one set have the same value in bits [plogn � i : plogn � 1℄.In the i-th pass we 
an sort integers in ea
h s 2 C independently and in parallel.We 
all the sorting problem formed by integers in an s 2 C an independent (sorting)problem (or an I-problem for short). The sorting in the i-th pass further subdividesea
h s 2 C into several sets with ea
h set forms an I-problem for the next pass. Notethat if a set s1 resulted from the subdivision (sorting in the i-th pass) of s 2 C is asingleton, then the integer a 2 s1 needs not to be passed to the next pass be
ause ahas been distinguished from other integers and the �nal rank of a 
an be determined.When we say an I-problem p we refer to the integers passed from the previous pass tothe 
urrent pass whi
h form p. When integers in p are sorted in the 
urrent pass someof them will be passed to the next pass and these integers are no longer in p. After
urrent pass �nishes, p refers to those integers in the singletons whi
h remained andnot passed to the next pass. Be
ause in a pass we sort logm=plogn bits only whileea
h word has logm bits, ea
h pass 
an be 
omputed with O(nplogn) operations(by Corollary to Theorem 2.4). This will give us a total of O(n logn) operations forthe algorithm. To redu
e the number of operations, we pipeline all passes. Integerswill be passed from the i-th pass to the (i+ 1)-th pass as soon as enough number ofintegers with the same bits [plogn� i� 1 : plogn� 1℄ are a

umulated instead of atthe end of the i-th pass. The details will be explained in the following subse
tion.4.1. Sort in O(log3=2 n) Time and O(nplogn) Operations. We give an out-line whi
h explains the essen
e of our ideas. Suppose we are sorting n integers. Ifwe pass these n integers through the AKS sorting network [1℄ we will get O(log n)time and O(n logn) operations. This is O(log n) operations per integer. The reasonea
h integer in
urs O(log n) operations is that it must 
ompare a
ross n integers. Ifwe sort nt, 0 < t < 1, integers, then ea
h integer 
ompares a
ross nt integers, and
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h integer in
urs only O(t logn) operations. If we take the most signi�-
ant logm=plogn bits out of logm bits from ea
h integer to form a small integer, we
an pa
k plogn small integers into one word and therefore we have only n=plognwords to handle. Sorting these words through the AKS sorting network takes onlyO(nplogn) operations. However, this sorting may not a

omplish the sorting for theinput integers. The problems o

urs when two integers have the same [plogn � 1℄bits, i.e. small integers obtained from them are equal. We treat this problem in thisway. We use several levels for sorting. We do not sort all small integers at on
e. Atthe level 0 we divide them into groups with ea
h group 
ontaining 2plogn integers.In the �rst stage we sort integers in ea
h group. This entails 
onstant operations forea
h small integer be
ause ea
h small integer has only plogn bits. In ea
h next stagewe merge 2plogn groups into one group. If the sorting/merging reveals that severalsmall integers are equal we then remove all these small integers and pla
e a dummyto repla
e them. This dummy has the same value as the small integers removed.Removed integers will parti
ipate in sorting at the level 1 where their [plogn � 2℄bits are sorted. Sin
e removed small integers no longer parti
ipate in sorting in level0 ea
h of them in
urred a few operations. The operations in
urred by ea
h integer atlevels greater than 0 depends on when it is passed from level 0. If it is passed downat early stages it in
urs few operations at level 0 but it will in
ur more operations athigher numbered levels. If it is passed down at later stages it in
urs more operationsat level 0 but it will in
ur less operations at higher numbered levels. This is be
ause ifthe integer is passed down at later stages there are only a few integers with the samebit value at bits [plogn � 1℄ as itself, and therefore the I-problem formed at highernumbered levels is of smaller size, and therefore it in
urs less operations at highernumbered levels.In our algorithm the 
omputation is organized into plogn levels. Ea
h levelrepresents a pass explained in the paragraph before this subse
tion. There are plognstages in ea
h level and stage i1 at level l1 is exe
uted 
on
urrently with stage i2 at levell2 > l1, where i1 � i2 = l2 � l1. Ea
h stage takes O(log n) time and O(n) operations.Be
ause there are a total of 2plogn� 1 stages our algorithm takes O(log3=2 n) timeand O(nplogn) operations. The 
omputation at level i, 0 � i < plogn, is to workon bits [plogn � i � 1℄. We use array I [0 : n � 1℄ to represent the n input integerand use I [i : j℄ to denote I [i℄; I [i+1℄; :::; I [j℄. Although the 
omputation at ea
h levelis similar, to des
ribe the 
omputation at an arbitrary level will be too 
ompli
ated.Instead we �rst give pseudo 
odes outlining the overall stru
ture of the algorithm andthen des
ribe the 
omputation at levels 0 and 1 and then generalize it to arbitrarylevels.Sort1(A)fa. for i = 0 to n� 1 do in parallelb. f A[0℄[i℄ = A[i℄; /* Put integers at level 0 */
. for k = 0 to 2plogn� 2 do /*stage k */d. fe. if k < plogn then for l = 0 to k do in parallel B(A; k; l); /* level l */f. else for l = k �plogn+ 1 to plogn� 1 do in parallel B(A; k; l);g. gg



12 Yijie Han and Xiaojun ShenB(A; k; l)f 1. for j = 0 to n=2(k�l+1)plogn and i = i(j) = j2(k�l+1)plogn to (j +1)2(k�l+1)plog n � 1 do in parallel2. /* se
tion j, here i(j) indi
ates that this i is 
oming from se
tion j. */3. f4. if Meet[j℄[(A[l℄[i(j)℄)[plogn�l;plogn�1℄℄[(A[l℄[i(j)℄)[plogn�l�1℄℄ then5. /* Integers in the same I-problem (indi
ated by [(A[l℄[i(j)℄)[plogn�l;plogn�1℄)at level l in se
tion j meet if they have the same (A[l℄[i(j)℄)[plogn�l�1℄ value.Meet is true if at lease two integers meet.*/6. f7. if l < plogn� 1 then8. f9. move A[l℄[i(j)℄ to A[l + 1℄[i(j)℄; /* move to next level*/10. make one integer among the meet be
ome a dummy with valueA[l℄[i(j)℄, then delete A[l℄[i(j)℄;11. g12. g13. gg The above pro
edure outlines the overall pro
ess of sorting. The Meet operationin pro
edureB is a
tually done by sorting and merging. The above pro
edures give thepre
ise relationship among stage(k), se
tions(j), levels(l), I-problem(bits [plogn �l;plogn� 1℄), and the value being sorted on(bits [plogn� l � 1℄).The 
omputation at di�erent levels is illustrated in Fig. 4.1 and the Meet opera-tion at di�erent levels is illustrated in Fig. 4.2.The 
omputation at level 0 is to sort the n input integers by their most signi�
antlogm=plogn bits. Ea
h stage at level 0 is to merge 2plogn sorted sequen
es (thisis indi
ated by the Meet operation in line 4 of pro
edure B). That is, the sortingat level 0 is guided by a 
omplete 2plogn-ary tree. Ea
h level of the tree representsthe 2plogn-way merge in a stage. After stage s and before stage s + 1 there aren=2(s+1)plog n sorted sequen
es (whi
h are the se
tions in the pro
edure B). Supposeinteger a[plogn�1℄ is in the sorted sequen
e S. a will remain in level 0 of the algorithmas long as there are less than 2plogn integers b[plogn�1℄ in S su
h that a[plogn�1℄ =
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Time

Level  0

Level  1

Level  2

Level  3

Fig. 4.1. Computation at di�erent levels is pipelined.b[plogn�1℄ (whi
h is what we mean by Meet in pro
edure B) (note that all theseintegers are now 
onse
utive in memory). On
e this 
ondition is not satis�ed a willbe moved to level 1. Thus one fun
tion of level 0 is to group integers a[plog n�1℄ andon
e there are enough integers of the same value grouped together they are sent tolevel 1. When enough integers of the same value a[plogn�1℄ are grouped together ina sorted sequen
e S and are sent to level 1 we 
reate a dummy with value a[plogn�1℄and pla
e this dummy in S in level 0 to repla
e the integers sent to level 1. If in asubsequent merge some integers of the same value a[plogn�1℄ are grouped togetherwith the dummy (again Meet in pro
edure B), all these integers (no matter howmany) are sent to level 1 and we need only one dummy to represent these integers atlevel 0. Of 
ourse when dummies with same value a[plogn�1℄ are grouped together bythe merge only one dummy needs to remain while others 
an be dis
arded. After thesorting(i.e. all plogn stages) in level 0 �nishes, integers remain in level 0 are thosethat do not have 2plogn or more input integers with the same a[plogn�1℄ value. Forintegers with the same a[plogn�1℄ value in level 0 (there are less than 2plogn of them)we sort them by their whole integer value (not just the most logm=plogn bits) by
omparison sorting [1℄[10℄. Be
ause ea
h su
h 
omparison sorting is on no more than2plogn elements, the number of operations will be bounded by O(nplogn). After this
omparison sorting all integers and dummies at level 0 are sorted. Level 0 has dividedintegers passed to level 1 into I-problems. Integers a with the same a[plog n�1℄ valuewhi
h are passed to level 1 are in one su
h I-problem. Now we need to sort integersin ea
h I-problem independently and in parallel.Now 
onsider the 
omputation at level 1. We 
onsider only one I-problem. Theproblem is to sort integer a's by a[plogn�2℄ value, where the value a[plog n�1℄ for alla's are identi
al. The sorting at level 1 also has plogn stages and is also guided bya 
on
eptual 2plog n-ary tree. However, many of the leaves may be empty be
auseno integer is passed from level 0. Stage s at level 0 and stage s � 1 at level 1 (andstage s � i at level i) are exe
uted 
on
urrently. Immediately after stage 0 at level0 all integers a with the same a[plogn�1℄ values in I [i2plogn : (i+ 1)2plog n � 1℄ aregrouped together, where 0 � i < n=2plogn. If there are integers a in I [i2plogn :
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level 0

level 0

level 0

level 1

level 1

level 1

level 2

level 2

level 2

stage 0

stage 1

stage 2

stage 3

stage 4Fig. 4.2. The merging (Meet) pro
ess at di�erent stages.(i+1)2plogn� 1℄ whi
h have the same a[plogn�1℄ value and are passed down to level1 in stage 0 of level 0, these integers are merged (sorted) by the 2plog n-way mergeon the a[plogn�2℄ value in stage 0 at level 1. In stage 1 at level 0 all integers a withthe same a[plogn�1℄ values in I [i22plog n : (i + 1)22plog n � 1℄ are grouped together,where 0 � i < n=22plogn. Consider integers a with the same a[plog n�1℄ value inI [i22plog n : (i+ 1)22plog n � 1℄. These integers are grouped into a 
olle
tion C of atmost 2plog n groups (whi
h are se
tions in pro
edure B) in stage 0 of level 0 (group j
oming from I [j2plogn : (j +1)2plog n� 1℄, i2plogn � j � (i+1)2plogn� 1). These2plogn groups are further grouped into one group G in stage 1 of level 0. If somegroups in C are passed down to level 1 at stage 0 of level 0, These passed down groupsare sorted in stage 0 at level 1 (whi
h exe
ute in parallel with stage 1 of level 0). Notethe relation between se
tions and levels in pro
edure B. If there is at least one grouppassed down to level 1, there will be a dummy at level 0 and therefore all integers inG will be passed down at stage 1 of level 0. By using the dummies at level 0 we will beable to build a linked list to link integers passed down at stage 0 with integers passeddown at stage 1. And by exe
uting linked list ranking[5℄ we 
an then move all integersin G into 
onse
utive memory lo
ations. Here list ranking takes O(jGj) operationsand O(log n) time. Note that linked list linking and ranking here also maintain the



Parallel integer sorting. 15stable property for sorting. Our intention is to do a 2plogn-way merge (one way forintegers in a group in C) at stage 1 of level 1. However, integers in G whi
h are passeddown at stage 1 of level 0 (denote this set by G0) are not sorted by a[plogn�2℄ andtherefore they 
annot parti
ipate in the 2plogn-way merge dire
tly. What we do isto �rst sort integers in G0 by bit [plogn � 2℄ and then perform the merge. Be
auseG0 
ontains less than 22plogn integers and be
ause sorting is performed on integersea
h having logm=plogn bits the sorting 
an be done in O(plogn) time and linearoperations by Theorem 2.4.Thus at level 1 we are forming sorted sequen
es (se
tions in pro
edure B) (sortedby bits [plogn � 2 : plogn � 1℄) and repeatedly merge the sorted sequen
es (formlarger se
tions). Suppose integer a[plogn�2:plogn�1℄ is in the sorted sequen
e S. awill remain in level 1 as long as there are less than 2plogn integers b[plogn�2:plogn�1℄in S su
h that a[plogn�2:plogn�1℄ = b[plogn�2:plogn�1℄ (note that all these integersare now 
onse
utive in memory). On
e this 
ondition is not satis�ed a will be movedto level 2 and we will 
reate a dummy with value a[plogn�2:plogn�1℄ at level 1 torepla
e the integers moved to level 2. As we did in level 0, for integers a stayed inlevel 1 and never passed to level 2, there are less than 2plogn integers with the samea[plogn�2:plogn�1℄ values and therefore we 
an sort them by their whole integer valueusing parallel 
omparison sorting after the (plogn� 1)-th stage at level 1.The relation of level 2 to level 1 is the same as that of level 1 to level 0. Ingeneral, integers passed to level i are divided to belong to I-problems with ea
hproblem 
ontaining integer a's with the same a[plogn�i:plog n�1℄ value. In ea
h su
hproblem at level i integers are either sorted at level i (by repeated 2plog n-way merge)or passed down to level i+1. Integers passed to level i+ 1 are divided at level i intoI-problems su
h that integer a's with the same a[plogn�i�1:plogn�1℄ value are in oneI-problem.There are a total of 2plogn � 1 stages exe
uted in our algorithm. After thesestages and after we use parallel 
omparison sorting to sort integer a's with the samea[plogn�i�1:plog n�1℄ value at level i, integers at all levels are sorted. We 
an thenbuild a linked list. For integers and dummies in ea
h I-problem we simply let ea
helement point to the next element. We then \insert" integers sorted in ea
h I-problemp at level i into the position of the 
orresponding dummy at level i � 1 by using apointer from the dummy to point to the �rst integer in p and using another pointerfrom the last integer in p to point to the su

essor of the dummy. We therefore builda linked list for all the integers and these integers are in sorted order in the linkedlist. After a linked list ranking[5℄ we have all the integers sorted.At the end of ea
h stage of our algorithm we use linked list ranking[5℄ and standardparallel pre�x 
omputation[20℄ to move integers and dummies belonging to ea
h I-problem in 
onse
utive memory lo
ations so that next stage 
an pro
eed. For example,integers in an I-problem p at level i need to be pa
ked to 
onse
utive memory lo
ationsbe
ause some integers in p are passed to level i+1. When some integers and dummiesin p are grouped into one group by the merging at level i be
ause they have the samea[plogn�i�1:plog n�1℄ value, we build linked list to link the integers at level i with theintegers already at level i+1(they are represented by the dummies at level i). We uselinked list ranking and pre�x 
omputation to move these integers in one group into
onse
utive memory lo
ations. Be
ause linked list ranking and pre�x 
omputation
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an be done in O(log n) time and O(n) operations they are within the time and thenumber of operations allo
ated to ea
h stage. Note here that we generate one dummyfor at least 2plogn integers in ea
h stage. Thus for all stages the total number ofdummies generated is bounded by 2nplogn=2plogn.Now we dis
uss the x � 2plogn-way merge performed on a 
olle
tion C of x sortedsequen
es in ea
h stage at ea
h level. The integers to be merged are in 
onse
utivememory lo
ations and pro
essors 
an be easily allo
ated to them. The integers weare 
onsidering here have only logm=plogn bits while ea
h word has logm bits. Wehave to a

omplish the merge in O(log n) time and linear number of operations. Ifthe total number of integers to be merged together is N < 22plogn we simply sortthem by using Theorem 2.4. Otherwise N � 22plogn and we sample every 2plogn-thinteger from ea
h of the x � 2plogn sorted sequen
e (to be merged). If a sequen
ehas no more than 2plog n integers we sample its �rst and last integers. The totalnumber of sampled integers is no more than 2N=2plogn. We sort all sampled integersinto one sequen
e S using parallel 
omparison sorting[1℄[10℄. We make x 
opies of S.We then merge one 
opy of S with one sequen
e in C. Suppose s1; s2, s1 � s2, aretwo 
onse
utive integers in S. Then there are no more than 2plogn integers in ea
hsequen
e in C whi
h are � s2 and � s1 (for equal integers their order is determined�rst by the sequen
e they are in and then by the position they are in the sequen
e).These integers form a merging subproblem. Be
ause S is merged with ea
h sequen
ein C, the original merging problem is now transformed into jSj+1 (jSj is the numberof integers in S) merging subproblems ea
h of them is to merge x subsequen
es withea
h subsequen
e 
ontaining at most 2plogn integers (they 
ome from a sequen
ein C). For ea
h merging subproblem we use Theorem 2.4 to sort all integers in thesubproblem.It 
an now be 
he
ked that the 2plogn-way merge in ea
h stage at ea
h leveltakes O(log n) time and linear operations. At the end of ea
h stage we use linked listranking and parallel pre�x 
omputation to move integers belonging to ea
h I-probleminto 
onse
utive memory lo
ations. These 
omputation takes O(log n) time and O(n)operations. Therefore ea
h stage takes O(log n) time and O(n) operations.Theorem 4.1. n integers in the range f0; 1; :::;m�1g 
an be sorted in O(log3=2 n)time and O(n) spa
e with O(nplogn) operations and O(log(m + n)) word length onthe EREW PRAM.4.2. Sort in O(log n) Time and O(nplogn) Opertaions. Our se
ond algo-rithm will run in O(log n) time with O(nplogn) operations. This algorithm is more
ompli
ated. To a
hieve O(log n) time we have to allo
ate only O(plogn) time toea
h stage. An immediate problem is the following. Consider an I-problem p at level1. Integers are passed to p at di�erent stages. Suppose several stages have passedand ea
h sorted sequen
e in p is pretty long. Now in the 
urrent stage a set S ofintegers are passed down from level 0 to p. Although the number of integers in S arefew, to merge integers in S with the sorted sequen
es in p takes long time be
ausea sorted sequen
e in p 
ontains too many integers. The problem here is that not allintegers in p are passed down in one stage, some passed down earlier while otherspassed down later. If, for example, all integers in p are passed from level 0 at stage 0(of level 0), then we 
an merge the integers in p. To avoid the problem that integersare passed down at di�erent stages, we modify our �rst algorithm (given in Theorem



Parallel integer sorting. 174.1) as follows.We append logn bits to ea
h input integer to indi
ate the position of ea
h integerin the input. Note that we 
an assume logm > 2 logn. To put logn bits into ainteger we 
ould sort in two passes with ea
h pass sorting logm=2 bits. Then inea
h pass we 
an put logn bits into ea
h integer. The pro
ess of our sorting is notstable. Adding the logn address bits stablizes the sorting. At ea
h level our algorithmsorts logm=plogn bits. In the pro
ess of our algorithm exe
ution, an integer a ina sorted sequen
e at level i will stay in level i as long as the number of integersb in the sorted sequen
e with b[plogn�i�1:plogn�1℄ = a[plog n�i�1:plogn�1℄ is lessthan 24plogn. On
e this 
ondition is not satis�ed, a will be passed to level i + 1.We keep a dummy at level i to repla
e the integers passed down to level i + 1. Ifthere are integers 
 with 
[plogn�i�1:plog n�1℄ = a[plogn�i�1:plogn�1℄ left at level i,they keep grouping as integers at level i are merged. If dummies and integers of thesame [plogn� i�1 : plogn�1℄ bit values are grouped together we view dummies assmaller than integers and therefore we group dummies with dummies and integers withintegers if they have the same value in bits [plogn� i�1 : plogn�1℄. Note that herewe do not pass integers to level i+1 when integers are grouped with dummies. Insteadwe keep grouping more integers together. On
e the new group 
ontains 24plogn ormore integers with the same 
[plogn�i�1:plogn�1℄ value all integers in the group willbe passed to level i + 1. Integers remain at a level to the end of the last stage willhave less than 24plogn integers with the same revealed bit values. We 
an then sortthem by their whole integer value by 
omparison sorting.We de�ne a grouped subproblem of sorting (G-problem for short). The n inputintegers are initially in a G-problem p. As 
omputation pro
eeds, some integers in pwill be passed to level 1 and will no longer in p. Some dummies will be 
reated andadded to p. All integers at level i+1 whi
h are passed from a G-problem at level i atstage t of level i form a G-problem.Consider a G-problem at level i. Integers in di�erent G-problems are sortedindependently even if they have the same value in bits [plogn� i� 1 : plogn � 1℄.Integers in a G-problem may have di�erent value in bits [plogn � i � 1 : plogn �1℄. Thus a G-problem is further divided into I-problems su
h that ea
h I-problem
ontains all the integers in the G-problem whi
h have the same bits [plogn� i� 1 :plogn � 1℄. Note that the de�nition of an I-problem is slightly di�erent than wede�ned before be
ause now we require integers in an I-problem to be those withinthe same G-problem. All I-problems in a G-problem 
an be solved independently.For the G-problem p at level 0 we exe
ute (1=2) log logn � 1 stages. In the i-thstage we sort every 22i+2plogn integers by their bit [plogn � 1℄. That is, in thei-th stage every array I [j22i+2plogn; (j + 1)22i+2plogn � 1℄, 0 � j < n=22i+2plogn,is sorted. Integers may be passed to level 1 at di�erent stages and form di�erentG-problems at level 1. Be
ause there are (1=2) log logn � 1 stages at level 0, only(1=2) log logn� 1 G-problems are 
reated at level 1. Consider integers passed to level1 at the i-th stage whi
h form a G-problem q at level 1. Integers in q with di�erentbit [plogn � 1℄ are in di�erent I-problems. Consider an I-problem r in q. Be
auseintegers are passed at the i-th stage there are at most S = n=2(2(i+1)�4)plogn integersin r for i � 1 and there are at most S = n integers in r for i = 0. We 
an store theintegers in r in an array A of size S as follows. For stage 0 integers in r whi
h arepassed from I [j24plogn; (j + 1)24plog n � 1℄, 0 � j < n=24plog n, at level 0 are stored



18 Yijie Han and Xiaojun Shenin A[j24plogn; (j + 1)24plogn � 1℄, 0 � j < n=24plog n. For stage i > 0, integers inr whi
h are passed from I [j22i+2plogn; (j + 1)22i+2plogn � 1℄, 0 � j < n=22i+2plogn,at level 0 are stored in A[j 22i+2plogn2(2(i+1)�4)plogn ; (j + 1) 22i+2plog n2(2(i+1)�4)plogn � 1℄, 0 � j <n=22i+2plog n. Note that although all integers in p 
an be stored in A there may bemany blank 
ells in A with no integers stored in them. Also integers passed fromI [j22i+2plogn; (j + 1)22i+2plogn � 1℄ are now in 
onse
utive positions in A and thereare at least 24plogn of them. Integers in ea
h I-problem in q 
an be stored in anarray of size S. We say that the G-problem q has size S.For ea
h I-problem r in a G-problem of size R we store integers in r in an array Aof size R and exe
ute s stages, where s is the minimum integer satisfying 22s+1plogn �R. In the i-th stage, 0 � i < s, we sort integers in A[j22i+2plogn; (j+1)22i+2plogn�1℄,0 � j < R=22i+2plogn. As we said before integers are grouped by the sorting and ifthe number of integers of the same revealed bits is at least 24plog n they are sent tothe next level (they form an I-problem in a new G-problem in the next level). Weshall use the algorithm of Theorem 2.4 to do the sorting (detailed to be explainedbelow) and therefore the time expended in the i-th stage is 
2iplogn for a 
onstant
. Our sorting algorithm 
an be summarized in the following 
oding:Sort2(A; l; g) /*Sort on a set of integers at level l in the g-th G-problem*/f for (i = 1; i � s; i++) /* s = minftj22t+2plogn � jAjg*/f Divide integers in A to jAj=22i+2plogn groups and sort every group in parallelon [plogn� l � 1;plogn� 1℄ bits;if sets S of integers with the same value on bits [plogn� l� 1;plogn� 1℄ aredete
ted do in parallelf if jSj � 24plogn f remove S from A, repla
e it with a dummy and 
allSort2(S; l + 1; g � log logn+ i� 1); gggg Note that in Sort2 when several sets S's with the same value in bits [plogn �l � 1;plogn� 1℄ are dete
ted in di�erent groups of A and all these sets have size noless than 24plogn, these sets will be moved into one I-problem of a G-problem. Thefa
t that they are moved into the same I-problem is e�e
ted by pla
ing them in thesame array.We say that a G-problem (I-problem) p is solved if integers in ea
h I problem atall levels generated from p is sorted. The time 
omplexity for solving a G-problem p
an now be expressed as follows. Assume that the size of p is S, p is at level l and thetime 
omplexity of solving p is f(S; l) and let t = minfij22i+2plogn � Sg. We have:f(S; l) = maxfmaxti=1 
2iplogn+ f(S=2(2(i+1)�4)plogn; l+ 1);
plogn+ f(S; l + 1)g



Parallel integer sorting. 19f(S;plogn) = 0Thus the time 
omplexity for solving the G-problem at level 0 is f(n; 0) =O(log n).Now let us 
onsider the operation 
omplexity for solving a G-problem. Supposethe integers in an I-problem p is stored in arrayA. Suppose at the 
urrent stage (stagei) p has S integers and dummies (note that many integers may have already passed tothe next level at earlier stages). S may be mu
h smaller than the size of A. However,integers are not s
attered around in A. Instead they are stored as segments with ea
hsegment 
ontaining at least 24plogn integers stored in 
onse
utive memory lo
ationsif the segment does not 
ontain a dummy. Thus in the 
urrent stage (stage i) we 
anpa
k the integers in A[j22i+2plogn; (j+1)22i+2plogn�1℄, j = 0; 1; 2; :::, to 
onse
utivememory lo
ations using O(2iplogn) time and O(S + d2iplogn) operations, where dis the number of dummies. Sin
e the number of dummies is a fra
tion of the totalnumber of integers, the total number of operations is linear. After we pa
ked integerswe use Corollary to Theorem 12.4 to sort them. The sorting takes O(2iplogn) timeand O(S2i) operations. This is to say that if an integer a stayed in p until stage i itin
urs O(2i) operations. However, sin
e a is passed to the I-problem q at the nextlevel at stage i, the size of q is the size of p divided by 2(2(i+1)�4)plogn if i > 0 and isat most the same as that of p if i = 0. Assume that the size of p is S, p is at level l,and the number of operations in
urred by an integer a in p is g(S; l). Then:g(S; l) = maxfmaxti=1 
2i + g(S=2(2(i+1)�4)plogn; l+ 1);
+ g(S; l + 1)gg(S;plogn) = 0Thus the number of operations in
urred by ea
h integer in the G-problem at level0 is g(n; 0) = O(plogn). Thus the operation 
omplexity for solving the G-problemat level 0 is O(nplogn).Below we will dis
uss how to have all the input integer sorted after we solve theG-problem at level 0.HowmanyG-problems will be 
reated in the exe
ution of our algorithm? Considera G-problem p at level l with size S. p exe
utes log logSplogn � 1 stages whi
h generateslog logSplogn � 1 G-problems at the next level. The i-th G-problem, i > 0, generatedhas size S=2(2i+1�4)plog n. Let the number of G-problems at all levels whi
h aregenerated from p be h(S; l). We have:h(S; l) = h(S; l + 1) + 1 + log((logS)=(plogn))�2Xi=1 (h(S=2(2i+1�4)plogn; l + 1) + 1);h(S;plogn� 1) = 1h(n; 0) is the total number of G-problems generated in our algorithm. It is notdiÆ
ult to see that h(n; 0) > 2plogn. To evaluate the above formula we enlarge itand obtain the following formula:h(S; l) � 4 (logS)=(plogn)Xi=0 h(S=2iplogn; l + 1);h(S;plogn� 1) = 1whi
h 
an be rewritten as



20 Yijie Han and Xiaojun ShenC(j; l) � 4 jXk=0C(k; l + 1)C(j;plogn� 1) = 1.where C(j; l) = h(2jplogn; l).The total number of groups generated by our algorithm is h(n; 0), whi
h is:h(n; 0) = C(plogn; 0)= 4plognXk1=0 C(k1; 1)= 4plog nplognXk1=0 k1Xk2=0 k2Xk3=0 � � � kplogn�1Xkplogn=0 1� 2Æplogn, where Æ < 3:5.Therefore there are no more than 2Æplogn G-problems generated.We atta
h a tag to ea
h integer and dummy to indi
ate whi
h G-problem it is in.Although the tag 
an be implemented by an O(plogn)-bit integer be
ause there areonly 2Æplog n G-problems, to fa
ilitate the 
omputation of the tag when an integeris passed from a G-problem at level i to another G-problem at level i+ 1 we use anO(plogn log log logn)-bit integer for a tag. If an integer a is in the G-problem p atlevel i and its tag is t, and it is passed at stage s of level i to another G-problem p1at level i+ 1 we form the new tag for a by appending O(log log logn) bits indi
atings to t. Dummies 
reated to represent integer passed to the next level inherit the newtag of the integers after they are passed. Thus all integers in a G-problem have thesame tag. Dummies in a G-problem may have di�erent tags be
ause they representintegers passed to next level at di�erent stages.Now 
onsider an I-problem p in a G-problem at level i. As the sorting in ppro
eeds, integers of same value in bits [plogn�i�1 : plogn�1℄ are grouped in ea
hsorted sequen
e in p. If the number of integers of the same value a[plogn�i�1:plogn�1℄is no less than 24plogn these integers will be passed down to a G-problem at the nextlevel. A dummy will be 
reated in p to represent these integers. The dummy has thetag whi
h is the same as the new tag those integers obtained after they passed to thenext level. Integers with value a[plog n�i�1:plogn�1℄ left in p will keep grouping asthe sorting pro
eeds. When a new group 
ontains at least 24plogn integers they willbe passed to another G-problem and another dummy will be 
reated for them. Allintegers in the G-problem whi
h are passed down at a stage form a new G-problem.When integers and dummies of the same value in bits [plogn � i � 1 : plogn � 1℄are grouped together in p we assume that dummies are smaller than integers andthis allows integers to be grouped with integers to form new groups with more than24plogn integers. When dummies with the same bit values and same tag are groupedtogether (they represent integers passed to the same I-problem in a G-problem) allof them but one 
an be removed. But dummies with di�erent bit values or di�erenttags 
annot 
an
el ea
h other.Suppose now that integers and dummies in ea
h I-problems are sorted and o

u-pying 
onse
utive memory lo
ations. We need to put all integers in a G-problemtogether to form a sorted sequen
e. If we a

omplished this we will have only2Æplogn sorted sequen
es left be
ause there are only 2Æplogn G-problems. We �rst
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e the number of bits used for a tag to O(plogn) (remember we were usingO(plogn log log logn) bits). This is a

omplished easily by sorting all input integersin the input array by their tags. Here we are sorting on O(plogn log log logn) bits andit 
an be done by Theorem 3.1. Thereafter we redu
e the value for a tag to be withinf0; 1; :::; 2Æplog n� 1g by eliminating unused values. Thus the number of bits used fora tag be
omes Æplogn. Then we sort integer and dummies in an I-problem p at leveli by their tag value. Note that integers in p have the same tag value while dummiesmay have di�erent tags. Note also that integers and dummies in p were sorted bybits [plogn� i� 1 : plogn� 1℄. By sorting on their tags we arrange dummies withthe same tag value into 
onse
utive memory lo
ation while dummies with the sametag value are still in sorted order by their value of bits [plogn� i� 1 : plogn� 1℄.We then add a pointer for the �rst and last integers and ea
h dummy in p to pointto the dummy at level i� 1 whi
h represents the integers in p when they are passedfrom level i � 1 to level i. We now view that all integers and dummies being storedin a big array A (of 
ourse many 
ells A are blanks). We allo
ate 2Æplogn arraysA0; A1; :::; A2Æplogn�1 ea
h of them has the same size as A. Array Ai is used to storeintegers in i-th G-problem (integers tagged with i). For ea
h integer a in A, if a isin A[k℄ and tagged with i, we now move a to Ai[k℄ in 
onstant time. If a is the �rstor last integer in an I-problem (therefore a has a pointer pointing to A[j℄ whi
h is adummy at the lower numbered level), a move this pointer to Ai and pointing to Ai[j℄.For ea
h dummy d in A[k℄ we make 2Æplogn 
opies of it and put one 
opy in the k-th
ell of ea
h Ai, 0 � i < 2Æplogn. If the pointer of d (whi
h points to a dummy atthe previous level) points to A[j℄ we 
opy the pointer to ea
h Ai and make it pointto Ai[j℄, 0 � i < 24plogn. Note that be
ause ea
h dummy is 
reated at a level forat least 24plogn integers, we 
an allo
ate 2Æplogn pro
essors for ea
h dummy. Upto now we have separated integers in di�erent G-problems into di�erent arrays. Theintegers and dummies in ea
h array Ai together with their pointers form a tree. Byusing pointer jumping along the Euler tour of the tree[27℄ we obtain a sorted list ofintegers in ea
h G-problem. Consider the pointers allo
ated to ea
h I-problem. Ifan I-problem does not 
ontain a dummy (i.e. no integers in the I-problem is passedto next level) then the I-problem has at least 24plogn integers. We need to use twopointers, one at the beginning of the integers and one at the end of the integers forlinking this I-problem with other I-problems in the same G-problem. If the I-problemhas a dummy we 
an always allo
ate three pointers per dummy. Then one pointer isused for the dummy and the other two pointers 
an be used for the integers in theI-problem. Suppose there are D dummies then the number of pointers used for allI-problems is O(D + n=24plogn) and the time used is O(log n).Now we have a 
olle
tion C of � 2Æplogn sorted sequen
es of integers. We needmerge all sequen
es in C into one sorted sequen
e. We �rst sample every 2Æplogn-thinteger from ea
h sequen
e s 2 C. If a sequen
e has no more than 2Æplogn integers wesample its �rst and last integer. We obtain a 
olle
tion C 0 of jCj sampled sequen
es.There are no more than 2n=2Æplog n sampled integers. We merge every pair of sam-pled sequen
es by �rst making 2Æplogn 
opies of ea
h sampled sequen
e and mergethe 
orresponding pair. If integer a is in sampled sequen
e s whi
h is merged withevery other sampled sequen
e, then a knows its rank in every sampled sequen
e. Bysumming these ranks a knows its rank in all sampled integers. Therefore we have



22 Yijie Han and Xiaojun Shensorted sampled integers into one sequen
e q. We then make 2Æplogn 
opies of q andmerge q with ea
h sequen
e in C. This merge divides the original merge problem (ofmerging sequen
e in C) into jqj+ 1 submerge problems with ea
h submerge problemto merger jCj subsequen
es of no more than 2Æplog n integers (one subsequen
e 
om-ing from one sequen
e in C). Sin
e the total number of integers in ea
h submergeproblem is no more than jCj2Æplog n � 27plogn we 
an use 
omparison sorting[1℄[10℄to sort integers in ea
h submerge problem.Let us estimate the spa
e 
omplexity. Ea
h I-problem formed at stage 0 or 1at ea
h level requires O(n) spa
e. The spa
e needed for I-problems formed in laterstages is geometri
ally de
reasing. Thus O(mnplogn) spa
e is used for solving allG-problems. We then allo
ated 2Æplog n arrays of Ai's. Thus the total spa
e usedis O(mnplogn2Æplogn). However, spa
e 
an be redu
ed to O(nm�) by using radixsorting.Theorem 4.2. n integers in the range f0; 1; :::;m � 1g (m � n) 
an be sortedin O(log n) time and O(nm�) spa
e with O(nplogn) operations and O(log(m + n))word length on the EREW PRAM.To sort n integers in the range f0; 1; 2; :::;m�1g with word length k logm bits wemodify our algorithm to sortO(logm=plogn=k) bits in ea
h level and in the i-th stagewe sort every 22i+2pk logn integers. This will give O(log n) time and O(nplogn=k)operations.Theorem 4.3. n integers in the range f0; 1; :::;m� 1g 
an be sorted in O(log n)time with O(nplogn=k) operations and O(k log(m + n)) word length on the EREWPRAM.5. Con
lusions. We presented EREW integer sorting algorithms whi
h outper-form parallel 
omparison sorting. There are several open questions. An immediateone is to further improve operation 
omplexity. Another open problem is to redu
ethe spa
e 
omplexity of the algorithm in Theorem 4.2 to linear. Appli
ations of ouralgorithm to other problems will also be interesting where the advantage of parallelinteger sorting over parallel 
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an be made use of.REFERENCES[1℄ M. Ajtia, J. Koml�os, E. Szemer�edi, Sorting in 
 log n parallel steps, Combinatori
a, 3, pp.1-19(1983).[2℄ S. Albers and T. Hagerup, Improved parallel integer sorting without 
on
urrent writing,Information and Computation, 136, 25-51(1997).[3℄ A. Andersson, Fast deterministi
 sorting and sear
hing in linear spa
e, Pro
. 1996 IEEESymp. on Foundations of Computer S
ien
e, 135-141(1996).[4℄ A. Andersson, T. Hagerup, S. Nilsson, R. Raman, Sorting in linear time? Pro
. 1995Symposium on Theory of Computing, 427-436(1995).[5℄ R. Anderson and G. Miller, Deterministi
 parallel list ranking, Algorithmi
a 6: 859-868(1991).[6℄ P. Beame, J. Hastad, Optimal bounds for de
ision problems on the CRCW PRAM, Pro
.19th Annual ACM Symposium on Theory of Computing, 83-93(1987).[7℄ V.E. Benes, On rearrangeable three-stage 
onne
ting networks, Bell Syst. Te
h. J. , Vol. 41,1481-1492(1962).[8℄ V.E. Benes,Mathemati
al Theory of Conne
ting Networks and Telephone TraÆ
, New York:A
ademi
, 1965.[9℄ P.C.P. Bhatt, K. Diks, T. Hagerup, V.C. Prasad, T. Radzik, S. Saxena, Improved determin-isti
 parallel integer sorting, Information and Computation 94, 29-47(1991).[10℄ R. Cole, Parallel merge sort, SIAM J. Comput., 17(1988), pp. 770-785.



Parallel integer sorting. 23[11℄ S. Cook, C. Dwork, R. Reis
huk, Upper and lower time bounds for parallel random a

essma
hines without simultaneous writes, SIAM J. Comput., Vol. 15, No. 1, 87-97(Feb.1986).[12℄ A. Dessmark, A. Lingas, Improved Bounds for Integer Sorting in the EREW PRAM Model,J. Parallel and Distributed Computing, 48 64-70(1998).[13℄ M.L. Fredman, D.E. Willard, Surpassing the information theoreti
 bound with fusion trees,J. Comput. System S
i. 47, 424-436(1994).[14℄ A.V. Goldberg, S.A. Plotkin, G.E. Shannon, Parallel symmetry-breaking in sparse graphs,SIAM J. on Dis
rete Math., Vol 1, No. 4, 447-471(Nov., 1988).[15℄ T. Hagerup, Towards optimal parallel bu
ket sorting, Inform. and Comput. 75, pp. 39-51(1987).[16℄ T. Hagerup and H. Shen, Improved non
onservative sequential and parallel integer sorting,Infom. Pro
ess. Lett. 36, pp. 57-63(1990).[17℄ Y. Han,Mat
hing partition a linked list and its optimization, Pro
. 1989 ACM Symposium onParallel Algorithms and Ar
hite
tures (SPAA'89), Santa Fe, New Mexi
o, 246-253(June1989).[18℄ Y. Han, An optimal linked list pre�x algorithm on a lo
al memory 
omputer, Pro
. 1989Computer S
ien
e Conferen
e (CSC'89), 278-286(Feb., 1989).[19℄ Y. Han, X. Shen, Conservative algorithms for parallel and sequential integer sorting, Pro
.1995 International Computing and Combinatori
s Conferen
e, Le
ture Notes in Com-puter S
ien
e 959, 324-333(August, 1995).[20℄ J. J�aJ�a, An Introdu
tion to Parallel Algorithms. Addison-Wesley, 1992.[21℄ D. Kirkpatri
k and S. Reis
h, Upper bounds for sorting integers on random a

ess ma
hines,Theoreti
al Computer S
ien
e 28, pp. 263-276(1984).[22℄ C. P. Kruskal, L. Rudolph, M. Snir, A 
omplexity theory of eÆ
ient parallel algorithms,Theoret. Comput. S
i., 71, 95-132.[23℄ T. Leighton, Tight bounds on the 
omplexity of parallel sorting, IEEE Trans. Comput. C-34,344-354(1985).[24℄ S. Rajasekaran and J. Reif, Optimal and sublogarithmi
 time randomized parallel sortingalgorithms, SIAM J. Comput. 18, pp. 594-607.[25℄ S. Rajasekaran and S. Sen, On parallel integer sorting, A
ta Informati
a 29, 1-15(1992).[26℄ R. Raman, The power of 
ollision: randomized parallel algorithms for 
haining and inte-ger sorting, Pro
. 10th Conf. on Foundations of Software Te
hnology and Theoreti
alComputer S
ien
e, Springer Le
ture Notes in Computer S
ien
e, Vol. 472, pp. 161-175.[27℄ R. E. Tarjan, U. Vishkin, Finding bi
onne
ted 
omponents and 
omputing tree fun
tionsin logarithmi
 parallel time, Pro
. 1984 Symp. Foundations of Computer S
ien
e, 12-20(1984).[28℄ R. Vaidyanathan, C.R.P. Hartmann, P.K. Varshney, Towards optimal parallel radix sorting,Pro
. 7th International Parallel Pro
essing Symposium, pp. 193-197(1993).[29℄ R.A. Wagner and Y. Han, Parallel algorithms for bu
ket sorting and the data dependentpre�x problem, Pro
. 1986 International Conf. on Parallel Pro
essing, pp. 924-930.[30℄ J. C. Wyllie, The 
omplexity of parallel 
omputation, TR 79-387, Department of ComputerS
ien
e, Cornell University, Itha
a, NY, 1979.



24 Yijie Han and Xiaojun ShenAppendix A: Implementation of the Algorithm in Se
tion 3. The sub-tlety of our algorithm is in how to do grouping, where to pla
e dummy elements andhow to maintain the spa
e 
omplexity within O(n). Grouping should be done withlinked list 
ontra
tion. However, we 
an not apply any existing linked list 
ontra
tionalgorithms dire
tly to obtain O(plogn) time and O(n) operations for a stage be
ausewe need an algorithm to do partial linked list 
ontra
tion. The dummy elementsgenerated need to be pla
ed within O(n) spa
e so that pro
essors 
an be allo
ated tothem. For the spa
e 
omplexity 
onsideration, after grouping we need sort integerswithin ea
h group and this may seem requiring that we pla
e the integers in a groupin 
onse
utive memory lo
ations. If we allo
ate O(n) memory for pla
ing all integerssu
h that all integers in a group o

upy 
onse
utive memory lo
ations, then it wouldneed O(log n) time while we 
an expend only O(plogn) time in ea
h stage. Whatwe 
ould do instead is to allo
ate a two dimension array with 25plog n rows and n
olumns. We pla
e the linked lists in the �rst row. For ea
h group, we 
ould put theintegers in the group in the j-th 
olumn of the array if the �rst integer in the groupis in 
olumn j. This s
heme fa
ilitates sorting. The only short
oming of the s
hemeis that it uses more than O(n) spa
e. We give s
hemes from whi
h all the problemsmentioned above 
an be resolved.For implementation purpose we reveal plogn bits in ea
h stage ex
ept the laststage whi
h reveals 10plogn bits. A linked list is very short if it 
ontains no morethan 22plogn integers, is short if it 
ontains less than 26plogn integers, is long if it
ontains at least 26plogn integers. A group on a short linked list 
ontains all integersin the list. A group on a long linked list 
ontains at least 26plogn but less than27plogn integers.A.1. Blo
ked Linked List. We modify our linked list 
onstru
tion. Insteadof linking elements(integers) from memory lo
ation to memory lo
ation, we requirethat every 22plogn elements in a linked list o

upy 
onse
utive memory lo
ationsand the �rst element among these 22plogn elements is at a memory 
ell j wherej mod 22plogn = 0. We 
all su
h 22plogn elements a blo
k. Thus if we walk downthe linked list, we visit 22plog n 
onse
utive memory lo
ations, then follow the pointerto another memory lo
ation, then visit another 22plogn 
onse
utive memory lo
a-tions, and so on. We 
all su
h a linked list a blo
ked linked list. For all the linkedlists split we maintain this property (ex
ept the linked lists split at the end of laststage). This property fa
ilitates linked list 
ontra
tion. The 
ondition on memory
ell j mod 22plogn = 0 ensures that pro
essors 
an be allo
ated to the elements inthe linked lists. Be
ause we use n=plogn pro
essors, one pro
essor is allo
ated forplogn elements or integers.A.2. Linked List Contra
tion. Now 
onsider grouping. Be
ause linked listsare blo
ked, the linked list 
ontra
tion for the bottom 22plogn elements are automat-i
ally done. That is, for a linked list l1 of length S, we 
an view it as being already
ontra
ted to a linked list l2 of length S=22plogn. For the further 
ontra
tion of l2,we 
an allo
ate one pro
essor for ea
h node in l2.Therefore we are now fa
ing the following linked list 
ontra
tion problem: Con-tra
t a linked list in O(plogn) time and O(nplogn) operations (note that here we
an assign one pro
essor to ea
h node in the linked list) su
h that every S elementson the linked list is 
ontra
ted to a single node, where 2
plogn � S � 2(
+1)plogn
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 is a 
onstant.This is a very spe
ial linked list 
ontra
tion problem and no known linked list
ontra
tion algorithm 
an solve it dire
tly. We use the following s
heme to solve thisproblem.We will apply pointer jumping [30℄ to 
ontra
t linked list. For a linked list ofn nodes pointer jumping takes O(log n) time and O(n logn) operations to 
ontra
tthe whole list. Sin
e we are going to 
ontra
t every S elements on the linked list weshould break the linked list into pie
es su
h that ea
h pie
e has S nodes of the linkedlist and then we apply pointer jumping on ea
h pie
e. Then the pointer jumpingwill take O(logS) = O(plogn) time and O(n logS) = O(nplogn) operations. Thiss
heme is a perfe
t one ex
ept that we do not have a s
heme to break the linked listinto pie
es of S nodes ea
h.The 
urrently best parallel algorithm [17, 18, 14℄ for break linked list into pie
es(symmetry breaking algorithm) 
an break the linked list into pie
es in O(log d) timeand linear operations su
h that ea
h pie
e has at least two nodes and at most log(d) nnodes, where d is a 
onstant. Here we are guaranteed that the linked list will bebroken up into pie
es. But we are not guaranteed that ea
h pie
e 
ontains between2
plog n and 2(
+1)plogn nodes.Should ea
h broken pie
e 
ontains about the same number of nodes, say T nodes,then we 
ould apply pointer jumping on ea
h pie
e for O(log T ) time to 
ontra
t ea
hpie
e into a single node. The original linked list L1 of n nodes is thus being 
ontra
tedinto a linked list L2 of n=T nodes. Now we 
ould apply symmetry breaking on L2 andthen pointer jumping on the pie
es of the linked list after symmetry breaking. Andwe 
ould repeat this symmetry breaking and pointer jumping pro
ess for logS= logTtimes and would have �nished linked list 
ontra
tion in O(logS) time and O(n logS)operations.The problem now is that ea
h broken pie
e of the linked list 
an 
ontain as few astwo nodes and as more as log(
) n nodes. Thus the shortest pie
e takes 
onstant timeto 
ontra
t and the longest pie
e takes O(log(
+1) n) time to 
ontra
t when pointerjumping is applied. If we let pro
essors working on short pie
e wait after they �nishpointer jumping for the pro
essors working on long pie
e then the progress of thealgorithm will not be fast enough for us to get the O(plogn) time for linked list
ontra
tion.Thus the strategy we use is that when the pro
essors working on a short pie
eP �nish pointer jumping they 
he
k whether the neighboring pie
es (the previouspie
e and the next pie
e) have �nished 
ontra
tion (pointer jumping). If both of itsneighboring pie
es have not �nished 
ontra
tion P will wait. If one of P 's neighborN has already �nished 
ontra
tion then the node P 
ontra
ts into and the node N
ontra
ts into are linked on a linked list and then symmetry breaking and pointerjumping 
an applied to this linked list.Sin
e no two 
onse
utive nodes 
an be in wait state at the same time, every threenodes are 
ontra
ted into at most two nodes in a step. Thus the whole 
ontra
tionpro
ess takes O(plogn) time and O(nplogn) operations.A.3. Cope with Dummy Elements. We �rst show how do we handle shortlinked lists. The number of bits we revealed for ea
h integer is � logn � 10plognbefore the the last stage. Thus we 
an have at most n=210plogn short linked listsbefore the last stage. Ea
h short linked list 
an be indexed by an integer range from0 to n=210plogn. We 
an allo
ate an array A of size n to store only short linked lists.



26 Yijie Han and Xiaojun ShenA[i27plogn::(i � 1)27plogn � 1℄ is reserved for the short linked list indexed i. On
ewe have a short linked list we sort it with parallel 
omparison sorting on the wholeinteger (not just the revealed bits). This entails O(plogn) time for ea
h short list andO(plogn) operations for ea
h integer and therefore it will not destroy the 
omplexityanalysis for the whole algorithm. Thereafter we only 
onsider long linked lists.Initially we put all n input integers into a linked list and therefore we start witha long linked list. To fa
ilitate the later pro
essing we add n dummy elements tothe initial linked list. We put input integers and dummies alternatively in the initiallinked list as a0; d; a1; d; a2; d; :::; d; an�2; d; an�1, where d is a dummy. Therefore forevery t 
onse
utive integers on the linked list we have t dummies. These dummies willlater be used for keeping the blo
king property of the linked list and for representingmissing patterns in a group.Initially we have one dummy for every two 
onse
utive elements on the linkedlist. We use 1=2 to represent this ratio. After several stages this ratio will be
omesmaller. We assume that at the 
urrent stage the ratio is 1=b, i.e. there is a dummyin every b elements on the linked list.After sorting integers in a group, integers with the same revealed bits (bit pattern)are 
onse
utive on the linked list. However, the number of integers with the samerevealed bits may not be a multiple of 22plogn. To maintain the blo
king property ofthe linked list, we make use of dummy elements so that the number of integers anddummies within ea
h group with the same revealed bit pattern be
ome a multiple of22plogn. For a group G of S integers in a long linked list, we split it into 2plogn linkedlists. Let a linked list L split from G have T integers. We put dT=(2b)e+2 �22plog n�(T + dT=(2b)e)%22plog n dummies into L, where % is the modulo operation. Thusthe total number of integers and dummies in L is a multiple of 22plogn. Summingover all split linked lists the total dummies we used is < S=(2b)+ 3 � 23plogn. Thus ifS=b � S=(2b) + 3 � 23plogn, i.e. S=(2b) � 3 � 23plogn, then we have enough dummies.The ratio of the dummies to the elements in the split linked list is now 1=(2b). Thusthrough one stage the ratio is redu
ed by at most half. Sin
e there are plogn stagesthe smallest ratio we have is 1=2plogn. Be
ause S � 26plog n we 
an hold S=(2b) �3 � 23plogn.A.4. Sorting Ea
h Group in Linear Spa
e. We now show how to sortea
h group in linear spa
e. For a short linked list we reveal all remaining bits ofthe integers on the list and then sort these integers using 
omparison sorting[1℄[10℄.Sin
e there are at most n=210plog n very short linked lists (at the beginning of thelast stage), the total number of operations involved in sorting short linked lists isO((n=210plog n) � 27plogn � plogn) � O(nplogn=23plog n).The sorting of integers in a group on a long linked list is done dire
tly on integerson the linked list. For the purpose of sorting we may assume that the number ofintegers in a group is a power of 2. Otherwise we simply add some dummy elementsto make it a power of 2 and store these dummy elements along elements of the linkedlist so that ea
h memory lo
ation on the linked list stores at most two elements(this 
an be realized by an array of two rows). Note that we use sorting network toa

omplish the sorting. In order to sort integers on a linked list, an integer on thelinked list has to know the address of the integers to whi
h it will 
ompare with atea
h level of the sorting network. Be
ause AKS sorting network has O(plogn) levels
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ause we are sorting at most 27plogn integers in the group) and be
ause in oursorting algorithm we pa
k O(plogn) integers into one word ea
h word on the linkedlist has to know O(plogn) addresses (one address for ea
h level). Let ai be the wordat memory address d(ai) (memory address is an O(log n) bit integer). If ai needsto 
ompare with aj at the �rst level of the sorting network, we need route addressd(ai) to d(aj) and address d(aj) to d(ai). What we need here is a permutation of thememory addresses and the permutation is a �xed one (known in advan
e). Thus we
an route the memory address through the permutation network given in Se
tion 2.Note that butter
y network has su
h a \regular" stru
ture that ea
h node (word) onthe linked list 
an �nd the address of the nodes it need to swit
h with at all levels ofthe network through pointer jumping[30℄. The regularity we are talking here is thatea
h node needs to know the nodes whi
h is 2i, i = 0; 1; 2; :::, positions away from itand this 
an be done by pointer jumping. AKS sorting network, on the other hand,do not have this property. Pointer jumping allow nodes on a linked list to meet withnodes whi
h are 2i positions (distan
e) away along the linked list, i = 0; 1; 2; :::. LetS be the number of integers in the group. Then there are S=plogn words. Ea
h wordhas an address to be permuted and the permutation takes O(plogn) time. Thus onepermutation uses O(S) operations for the group (O(n) operations for all linked lists).However we need do O(plogn) permutations for O(plogn) addresses be
ause AKSsorting network has that many levels. And we have to do all these permutations inO(S) operations for the group (O(n) operations for all linked lists). In order to solvethis problem we use a modi�ed version of our non
onservative sorting algorithm. Inea
h node of the sorting network we 
ompareplogn words with another plogn wordsin parallel instead of 
omparing just two words. That is, we use plogn�plogn = logn
olumns in the 
olumn sort. By the blo
king property of the linked list these plognwords o

upy 
onse
utive memory addresses. Thus for ea
h plogn words we needpermute only the address of the �rst word. When the permutation is done, theaddresses of the other words 
an be �gured out. Therefore the number of operationsfor ea
h permutation is redu
ed to O(S=plogn) (O(n=plogn) for all linked lists).For all O(plogn) permutations the total number of operations is O(S) (O(n) for alllinked lists). In order to keep O(plogn) time for all these O(plogn) permutations,we do them in parallel. For the plogn words, we let the i-th word to parti
ipate inthe i-th permutation.The permutations performed among integers after ea
h sort on 
olumns 
an bedone by routing the integers through the permutation networks given in Se
tion 2.Again sin
e the butter
y network has su
h a regular 
onne
tion stru
ture a word 
an�nd the word it will swit
h with through pointer jumping. We therefore showed thatsorting 
an be done for integers on the linked list.After sorting we need move integers to the sorted position. The problem hereis that when we are sorting we are moving plogn bits for ea
h integer through theAKS sorting network. In order for ea
h integer to know the address after sorting theaddress whi
h is a logn bit integer should be known to the integer. Note that su
han address has logn bits and we 
annot move it through the sorting network (forotherwise it will in
ur O(nplogn) operations in one stage). We 
annot move integersthrough sorting network either be
ause ea
h integer has about logn bits (it has lessbits in later stages, though) instead of the plogn revealed bits.Sin
e ea
h blo
k has 22plogn integers we modify the sorting within ea
h groupto �rst sort integers in ea
h blo
k andthen to sort the whole group. Sorting integers in ea
h blo
k 
an be done by



28 Yijie Han and Xiaojun ShenTheorem 2.4 and the relative address of the sorted position of an integer a has only2plogn bits. Therefore the relative address 
an be transferred ba
k to a through AKSsorting network (as we did in the above paragraph)and then a 
an use this address to index into the sorted position. After ea
hblo
k is sorted the integers with the same revealed bits in a blo
k are in 
onse
utivememory lo
ations. Be
ause ea
h blo
k has 22plog n integers and there are only 2plognrevealed bit patters, for ea
h bit pattern p we 
ould use a representative integer apand let ap �nd sorted lo
ations (after the sort for the group) for all integers in theblo
k with bit pattern p. Sin
e the total number of representatives is a fra
tion of thetotal number of integers, the representatives 
an �nd the sorted positions by routingthem through the sorting network.Before the beginning of the last stage (whi
h reveals 4plogn bits) we use linkedlist ranking[5℄ to move all integers in a linked list into 
onse
utive memory lo
ations.Therefore in the last stage the integers to be sorted are based on arrays instead oflinked list.


