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t. This paper resolves a long-standing open problem on whether the
on
urrent write 
apability of parallel random a

ess ma
hine (PRAM) is essentialfor solving fundamental graph problems like 
onne
ted 
omponents and minimumspanning trees in O(log n) time. Spe
i�
ally, we present a new algorithm to solvethese problems in O(log n) time using a linear number of pro
essors on the ex
lusive-read ex
lusive-write PRAM. The logarithmi
 time bound is a
tually optimal sin
eit is well known that even 
omputing the �OR� of n bits requires 
(log n) time onthe ex
lusive-write PRAM. The e�
ien
y a
hieved by the new algorithm is basedon a new s
hedule whi
h 
an exploit a high degree of parallelism.1 Introdu
tionGiven a weighted undire
ted graphG with n verti
es andm edges, the minimum spanningtree (MST) problem is to �nd a spanning tree (or spanning forest) of G with thesmallest possible sum of edge weights. This problem has a ri
h history. SequentialMST algorithms running in O(m logn) time were known a few de
ades ago (see Tarjan[1983℄ for a survey). Subsequently, a number of more e�
ient MST algorithms havebeen published. In parti
ular, Fredman and Tarjan [1987℄ gave an algorithm running inO(m�(m;n)) time, where �(m;n) = minfi j log(i) n � m=ng. This time 
omplexity wasimproved to O(m log�(m;n)) by Gabow et al. [1986℄. Chazelle [1997℄ presented an evenfaster MST algorithm with time 
omplexity O(m�(m;n) log�(m;n)), where �(m;n) isthe inverse A
kerman fun
tion. Re
ently, Chazelle [1999℄ improved his algorithm to runin O(m�(m;n)) time, and later Pettie [1999℄ independently devised a similar algorithmwith the same time 
omplexity. More re
ently, Pettie and Rama
handran [2000℄ obtainedan algorithm running in optimal time. A simple randomized algorithm running in linearexpe
ted time has also been found [Karger et al. 1995℄.In the parallel 
ontext, the MST problem is 
losely related to the 
onne
ted
omponent (CC) problem, whi
h is to �nd the 
onne
ted 
omponents of an undire
tedgraph. The CC problem a
tually admits a faster algorithm in the sequential 
ontext,yet the two problems 
an be solved by similar te
hniques on various models of parallelrandom a

ess ma
hines (see the surveys by JáJá [1992℄ and Karp and Rama
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[1990℄). With respe
t to the model with 
on
urrent write 
apability (i.e., pro
essors
an write into the same shared memory lo
ation simultaneously), both problems 
an besolved in O(logn) time using n +m pro
essors [Awerbu
h and Shiloa
h 1987; Cole andVishkin 1986℄. Using randomization, Gazit's algorithm [1986℄ 
an solve the CC problemin O(logn) expe
ted time using (n +m)= logn pro
essors. The work of this algorithm(de�ned as the time-pro
essor produ
t) is O(n+m) and thus optimal. Later, Cole et al.[1996℄ obtained the same result for the MST problem.For the ex
lusive write models (in
luding both 
on
urrent-read ex
lusive-write andex
lusive-read ex
lusive-write PRAMs), O(log2 n) time algorithms for the CC and MSTproblems were developed two de
ades ago [Chin et al. 1982; Hirs
hberg 1979℄. For awhile, it was believed that ex
lusive write models 
ould not over
ome the O(log2 n) timebound. The �rst breakthrough was due to Johnson and Metaxas [1991, 1992℄; theydevised O(log1:5 n) time algorithms for the CC problem and the MST problem. Theseresults were improved by Chong and Lam [1993℄ and Chong [1996℄ to O(logn loglogn)time. If randomization is allowed, the time or the work 
an be further improved. Inparti
ular, Karger et al. [1992℄ showed that the CC problem 
an be solved in O(logn)expe
ted time, and later Halperin and Zwi
k [1996℄ improved the work to linear. For theMST problem, Karger [1995℄ obtained a randomized algorithm using O(logn) expe
tedtime (and super-linear work), and Poon and Rama
handran [1997℄ gave a randomizedalgorithm using linear expe
ted work and O(logn � log logn � 2log� n) expe
ted time.Another approa
h stems from the fa
t that deterministi
 spa
e bounds for the st-
onne
tivity problem immediately imply identi
al time bounds for EREW algorithmsfor the CC problem. Nisan et al. [1992℄ have shown that st-
onne
tivity problem 
anbe solved deterministi
ally using O(log1:5 n) spa
e, and Armoni et al. [1997℄ furtherimproved the bound to O(log4=3 n). These results imply EREW algorithm for solvingthe CC problem in O(log1:5 n) time and O(log4=3 n) time, respe
tively.Prior to our work, it had been open whether the CC and MST problems 
ould besolved deterministi
ally in O(logn) time on the ex
lusive write models. Noti
e that�(logn) is optimal sin
e these graphs problems are at least as hard as 
omputing theOR of n bits. Cook et al. [1986℄ have proven that the latter requires 
(logn) time onthe CREW or EREW PRAM no matter how many pro
essors are used.Existing MST algorithms (and CC algorithms) are di�
ult to improve be
ause ofthe lo
king among the pro
essors. As the pro
essors work on di�erent parts of the graphhaving di�erent densities, the progress of the pro
essors is not uniform, yet the pro
essorshave to 
oordinate 
losely in order to take advantage of the results 
omputed by ea
hother. As a result, many pro
essors often wait rather than doing useful 
omputation.This paper presents a new parallel paradigm for solving the MST problem, whi
h requiresminimal 
oordination among the pro
essors so as to fully utilize the parallelism. Based onnew insight into the stru
ture of minimum spanning trees, we show that this paradigm
an be implemented on the EREW, solving the MST problem in O(logn) time usingn+m pro
essors. The algorithm is deterministi
 in nature and does not require spe
ialoperations on edge weights (other than 
omparison).Finding 
onne
ted 
omponents or minimum spanning trees is often a key step inthe parallel algorithms for other graph problems (see e.g., Miller and Rama
handran2



[1986℄; Maon et al. [1986℄; Tarjan and Vishkin [1985℄; Vishkin [1985℄). With our newMST algorithm, some of these parallel algorithms 
an be immediately improved to run inoptimal (i.e., O(logn)) time without using 
on
urrent write (e.g., bi
onne
tivity [Tarjanand Vishkin 1985℄ and ear de
omposition [Miller and Rama
handran 1986℄).From a theoreti
al point of view, our result illustrates that the 
on
urrent write
apability is not essential for solving a number fundamental graph problems e�
iently.Noti
e that EREW algorithms are a
tually more pra
ti
al in the sense that they 
an beadapted to other more realisti
 parallel models like the Queuing Shared Memory (QSM)[Gibbon et al. 1997℄ and the Bulk Syn
hronous Parallel (BSP) model [Valiant 1990℄.The latter is a distributed memory model of parallel 
omputation. Gibbon et al. [1997℄showed that an EREW PRAM algorithm 
an be simulated on the QSM model with aslow down by a fa
tor of g, where g is the bandwidth parameter of the QSM model. Su
ha simulation is, however, not known for the CRCW PRAM. Thus, our result impliesthat the MST problem 
an be solved e�
iently on the QSM model in O(g logn) timeusing a linear number of pro
essors. Furthermore, Gibbon et al. derived a randomizedwork-preserving simulation of a QSM algorithm with a logarithmi
 slow down on theBSP model.The rest of the paper is organized as follows. Se
tion 2 reviews several basi
 
on
eptsand introdu
es a notion 
alled 
on
urrent threads for �nding minimum spanning trees inparallel. Se
tion 3 des
ribes the s
hedule used by the threads, illustrating a limited formof pipelining (whi
h has a �avor similar to the pipelined merge-sort algorithm by Cole[1988℄). Se
tion 4 lays down the detailed requirement for ea
h thread. Se
tion 5 showsthe details of the algorithm. To simplify the dis
ussion, we �rst fo
us on the CREWPRAM, showing how to solve the MST problem in O(logn) time using (n + m) lognpro
essors. In Se
tion 6 we adapt algorithm to run on the EREW PRAM and redu
ethe pro
essor bound to linear.Remark: Very re
ently, Pettie and Rama
handran [1999℄ made use of the result in thispaper to further improve existing randomized MST algorithms. Pre
isely, their algorithmis the �rst one to run, with high probability, in O(logn) time and linear work on theEREW PRAM.2 Basi
s of parallel MST algorithms: past and presentIn this se
tion we review a 
lassi
al approa
h to �nding an MST. Based on this approa
h,we 
an easily 
ontrast our new MST algorithm with existing ones.We assume that the input graph G is given in the form of adja
en
y lists. Considerany edge e = (u; v) in G. Note that e appears in the adja
en
y lists of u and v. We 
allea
h 
opy of e the mate of the other. When we need to distinguish them, we use thenotations hu; vi and hv; ui to signify that the edge originates from u and v respe
tively.The weight of e, whi
h 
an be any real number, is denoted by w(e) or w(u; v). Withoutloss of generality, we assume that the edge weights are all distin
t. Thus, G has a uniqueminimum spanning tree, whi
h is denoted by T �G throughout this paper. We also assumethat G is 
onne
ted (otherwise, our algorithm �nds the minimum spanning forest of G).Let B be a subset of edges in G whi
h 
ontains no 
y
le. B indu
es a set of treesF = fT1; T2; � � � ; Tlg in a natural sense�Two verti
es in G are in the same tree if they3



are 
onne
ted by edges of B. If B 
ontains no edge in
ident on a vertex v, then v itselfforms a tree.De�nition: Consider any edge e = (u; v) in G and any tree T 2 F . If both u andv belong to T , e is 
alled an internal edge of T ; if only one of u and v belongs to T , eis 
alled an external edge. Note that an edge of T is also an internal edge of T , but the
onverse may not be true.De�nition: B is said to be a �-forest if ea
h tree T 2 F has at least � verti
es.For example, if B is the empty set then B is a 1-forest of G; a spanning tree su
has T �G is an n-forest. Consider a set B of edges 
hosen from T �G. Assume that B is a�-forest. We 
an augment B to give a 2�-forest using a greedy approa
h: Let F 0 be anarbitrary subset of F su
h that F 0 in
ludes all trees T 2 F with fewer than 2� verti
es (F 0may 
ontain trees with 2� or more verti
es). For every tree in F 0, we pi
k its minimumexternal edge. Denote B0 as this set of edges.Lemma 2.1. [JáJá 1992, Lemma 5.4℄ B0 
onsists of edges in T �G only.Lemma 2.2. B [B0 is a 2�-forest.Proof. Every tree in F �F 0 already 
ontains at least 2� verti
es. Consider a tree T in F 0.Let hu; vi be the minimum external edge of T , where v belongs to another tree T 0 2 F .With respe
t to B [B0, all the verti
es in T and T 0 are 
onne
ted together. Among thetrees indu
ed by B [ B0, there is one in
luding T and T 0, and it 
ontains at least 2�verti
es. Therefore, B [ B0 is a 2�-forest of G.Based on Lemmas 2.1 and 2.2, we 
an �nd T �G in blogn
 stages as follows:Notation: Let B[p; q℄ denote [qk=pBk if p � q, and the empty set otherwise.pro
edure Iterative-MST(G)1. for i = 1 to blogn
 do /* Stage i */(a) Let F be the set of trees indu
ed by B[1; i � 1℄ on G. Let F 0 be anarbitrary subset of F su
h that F 0 in
ludes all trees T 2 F with fewerthan 2i verti
es.(b) Bi  fe j e is the minimum external edge of T 2 F 0}2. return B[1; blogn
℄.At Stage i, di�erent strategies for 
hoosing the set F 0 in Step 1(a) may lead todi�erent Bi's. Nevertheless, B[1; i℄ is always a subset of T �G and indu
es a 2i-forest.In parti
ular, B[1; blogn
℄ indu
es a 2blog n
-forest, in whi
h ea
h tree, by de�nition,
ontains at least 2blog n
 > n=2 verti
es. In other words, B[1; blogn
℄ indu
es exa
tly onetree, whi
h is equal to T �G. Using standard parallel algorithmi
 te
hniques, ea
h stage
an be implemented in O(logn) time on the EREW PRAM using a linear number ofpro
essors (see e.g., JáJá [1992℄). Therefore, T �G 
an be found in O(log2 n) time. In fa
t,most parallel algorithms for �nding MST (in
luding those CRCW PRAM algorithms) are4



based on a similar approa
h (see e.g., [Awerbu
h and Shiloa
h [1987℄; Chin et al. [1982℄;Cole and Vishkin [1986℄; Chong and Lam [1993℄; Chong [1996℄; Johnson and Metaxas[1991, 1992℄; Karger et al. [1992℄). These parallel algorithms are �sequential� in the sensethat the 
omputation of Bi starts only after Bi�1 is available (see Figure 1(a)).An innovative idea exploited by our MST algorithm is to use 
on
urrent threadsto 
ompute the Bi's. Threads are groups of pro
essors working on di�erent tasks,the 
omputation of the threads being independent of ea
h other. In our algorithm,there are blogn
 
on
urrent threads, ea
h �nding a parti
ular Bi. These threads are
hara
terized by the fa
t that the thread for 
omputing Bi starts long before the threadfor 
omputing Bi�1 is 
ompleted, and a
tually outputs Bi in O(1) time after Bi�1 isfound (see Figure 1(b)). As a result, T �G 
an be found in O(logn) time.
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Figure 1: (a) The iterative approa
h. (b) The 
on
urrent-thread approa
h.Our algorithm takes advantage of an interesting property of the setsB1; B2; � � � ; Bblog n
. This property a
tually holds with respe
t to most of the deterministi
algorithms for �nding an MST, though it has not mentioned expli
itly in the literature.Lemma 2.3. Let T be one of the trees indu
ed by B[1; k℄, for any 0 � k � blogn
. LeteT be the minimum external edge of T . For any subtree (i.e., 
onne
ted subgraph) S ofT , the minimum external edge of S is either eT or an edge of T .Proof. See Appendix.3 Overview and S
heduleOur algorithm 
onsists of blogn
 threads running 
on
urrently. For 1 � i � blogn
,Thread i aims to �nd a set Bi whi
h is one of the possible sets 
omputed at Stage i of thepro
edure Iterative-MST. To be pre
ise, let F be the set of trees indu
ed by B[1; i � 1℄5



and let F 0 be an arbitrary subset of F in
luding all trees with fewer than 2i verti
es; Bi
ontains the minimum external edges of the trees in F 0. Thread i re
eives the output ofThreads 1 to i�1 (i.e., B1; � � � ; Bi�1) in
rementally, but never looks at their 
omputation.After Bi�1 is found, Thread i 
omputes Bi in a further of O(1) time.3.1 ExamplesBefore showing the detailed s
hedule of Thread i, we give two examples illustrating howThread i 
an speed up the 
omputation of Bi. In Examples 1 and 2, Thread i 
omputesBi in time 
i and 12
i respe
tively after Thread (i � 1) reports Bi�1, where 
 is some�xed 
onstant. To simplify our dis
ussion, these examples assume that the adja
en
ylists of a set of verti
es 
an be �merged� into a single list in O(1) time. At the end ofthis se
tion, we will explain why this is infeasible in our implementation and highlightour novel observations and te
hniques to evade the problem.Thread i starts with a set Q0 of adja
en
y lists, where ea
h list 
ontains the 2i � 1smallest edges in
ident on a vertex in G. The edges kept in Q0 are already su�
ientfor 
omputing Bi. The reason is as follows: Consider any tree T indu
ed by B[1; i� 1℄.Assume the minimum external edge eT of T is in
ident on a vertex v of T . If T 
ontainsfewer than 2i verti
es, at most 2i � 2 edges in
ident on v are internal edges of T . Thus,the 2i � 1 smallest edges in
ident on v must in
lude eT .Example 1: This is a straightforward implementation of Lemma 2.2. Thread i startsonly when B1; � � � ; Bi�1 are all available. Let F be the set of trees indu
ed by B[1; i� 1℄.Suppose we 
an merge the adja
en
y lists of the verti
es in ea
h tree, forming a single
ombined adja
en
y list. Noti
e hat if a tree in F has fewer than 2i verti
es, its 
ombinedadja
en
y list will 
ontain at most (2i � 1)2 edges. For ea
h 
ombined list with at most(2i� 1)2 edges, we 
an determine the minimum external edge in time 
i, where 
 is somesuitable 
onstant. The 
olle
tion of su
h minimum external edges is reported as Bi. Weobserve that a 
ombined adja
en
y list with more than (2i � 1)2 edges represents a tree
ontaining at least 2i verti
es. By the de�nition of Bi, it is not ne
essary to report theminimum external edge of su
h a tree.Example 2: This example is slightly more 
omplex, illustrating how Thread i worksin an �in
remental� manner. Thread i starts o� as soon as Bi=2 has been 
omputed.At this point, only B1; � � � ; Bi=2 are available and Thread i is not ready to 
omputeBi. Nevertheless, it performs some prepro
essing (
alled Phase I below) so that whenBi=2+1; � � � ; Bi�1 be
ome available, the 
omputation of Bi 
an be speeded up to run intime 12
i only (Phase II).Phase I: Let F 0 be the set of trees indu
ed by B[1; i=2℄. Again, suppose we 
anmerge the adja
en
y lists in Q0 for every tree in F 0, forming another set Q0 of adja
en
ylists. By the de�nition of B[1; i=2℄, ea
h tree in F 0 
ontains at least 2i=2 verti
es. Forea
h tree in F 0 with fewer than 2i verti
es, its 
ombined adja
en
y list 
ontains at most(2i�1)2 edges. We extra
t from the list the 2i=2�1 smallest edges su
h that ea
h of them
onne
ts to a distin
t tree in F 0. These edges are su�
ient for �nding Bi (the argumentis an extension of the argument in Example 1). The 
omputation takes time 
i only.Phase II: When Bi=2+1; � � � ; Bi�1 are available, we 
ompute Bi based on Q0 as follows:Edges in B[i=2+ 1; i� 1℄ further 
onne
t the trees in F 0, forming a set F of bigger trees.6



31 2 i2 + 1 i2 + i4 i2 + i4 + i8Phase log i� � �Phase 1 Phase 2 Thread iSuperstepi� � � � � � � � � � � �Figure 2: The s
hedule of Thread i, where i is a power of 2.Suppose we 
an merge the lists in Q0 for every tree in F . Noti
e that if a tree in F
ontains fewer than 2i verti
es, it is 
omposed of at most 2i=2 � 1 trees in F 0 and its
ombined adja
en
y list 
ontains no more than (2i=2�1)2 edges. In this 
ase, we 
an �ndthe minimum external edge in at most a further of 12
i time. Bi is the set of minimumexternal edges just found. In 
on
lusion, after Bi�1 is 
omputed, Bi is found in time 12
i.Remark: The set Bi found by Examples 1 and 2 may be di�erent. Yet in either 
ase,Bi [ B[1; i� 1℄ is a subset of T �G and a 2i-forest.3.2 The s
heduleOur MST algorithm is based on a generalization of the above ideas. The 
omputation ofThread i is divided into blog i
 phases. When Thread i� 1 has 
omputed Bi�1, Thread iis about to enter its last phase, whi
h takes O(1) to report Bi. See Figure 1(b).Globally speaking, our MST algorithm runs in blogn
 supersteps, where ea
hsuperstep lasts O(1) time. In parti
ular, Thread i delivers Bi at the end of the ithsuperstep. Let us �rst 
onsider i a power of two. Phase 1 of Thread i starts at the(i=2 + 1)th superstep, i.e., when B1; � � � ; Bi=2 are available. The 
omputation takes nomore than i=4 supersteps, ending at the (i=2 + i=4)th superstep. Phase 2 starts at the(i=2 + i=4 + 1)th superstep (i.e., when Bi=2+1; � � � ; Bi=2+i=4 are available) and uses i=8supersteps. Ea
h subsequent phase uses half as many supersteps as the pre
eding phase.The last phase (Phase log i) starts and ends within the ith superstep. See Figure 2.For general i, Thread i runs in blog i
 phases. To mark the starting time of ea
hphase, we de�ne the sequen
e aj = i� ji=2jk ; for j � 0:(That is, a0 = 0, a1 = di=2e, : : :, ablog i
 = i � 1.) Phase j of Thread i, where 1 � j �blog i
, starts at the (aj+1)th superstep and uses aj+1�aj = bi=2j
�bi=2j+1
 = l12 bi=2j
msupersteps. Phase j has to handle the edge sets Baj�1+1; � � � ; Baj , whi
h are made availableby other threads during the exe
ution of Phase (j � 1).3.3 MergingIn the above examples, we assume that for every tree in F , we 
an merge the adja
en
ylists of its verti
es (or subtrees in Phase II of Example 2) into a single list e�
ientlyand the time does not depend on the total length. This 
an be done via the te
hniqueintrodu
ed by Tarjan and Vishkin [1985℄. Let us look at an example. Suppose a tree T
ontains an edge e between two verti
es u and v. Assume that the adja
en
y lists of uand v 
ontain e and its mate respe
tively. The two lists 
an be 
ombined by having eand its mate ex
hange their su

essors (see Figure 3). If every edge of T and its mate7



ex
hange their su

essors in their adja
en
y lists, we will get a 
ombined adja
en
y listfor T in O(1) time. However, the merging fails if any edge of T or its mate is not in
ludedin the 
orresponding adja
en
y lists.In our algorithm, we do not keep tra
k of all the edges for ea
h vertex (or subtree)be
ause of e�
ien
y. For example, ea
h adja
en
y list in Q0 involves only 2i � 1 edgesin
ident on a vertex. With respe
t to a tree T , some of its edges and their mates may notbe present in the 
orresponding adja
en
y lists. Therefore, when applying the O(1)-timemerging te
hnique, we may not be able to megre the adja
en
y lists into one single listfor representing T . Failing to form a single 
ombined adja
en
y list also 
ompli
ates theextra
tion of essential edges (in parti
ular, the minimum external edges) for 
omputingthe set Bi. In parti
ular, we 
annot easily determine all the verti
es belonging to Tand identify the redundant edges, i.e., internal and extra multiple external edges, in theadja
en
y list of T .A
tually our MST algorithm does not insist on merging the adja
en
y lists into asingle list. A key idea here is that our algorithm 
an maintain all essential edges tobe in
luded in just one parti
ular 
ombined adja
en
y list. Based on some stru
turalproperties of minimum spanning trees, we 
an �lter out redundant adja
en
y lists toobtain a unique adja
en
y list for T (see Lemmas 5.1 and 5.5 in Se
tion 5).In the adja
en
y list representing T , internal edges 
an all be removed using ate
hnique based on �threshold� [Chong 1996℄. The most intriguing part 
on
erns theextra multiple external edges. We �nd that it is not ne
essary to remove all of them.Spe
i�
ally, we show that those extra multiple external edges that 
annot be removed�easily� must have a bigger weight and their presen
e does not a�e
t the 
orre
tness ofthe 
omputation.In the next se
tion, we will elaborate on the above ideas and formulate therequirements for ea
h phase so as to a
hieve the s
hedule.4 Requirements for a phaseIn this se
tion we spe
ify formally what Thread i is expe
ted to a
hieve in ea
h phase.Initially (in Phase 0), Thread i 
onstru
ts a set Q0 of adja
en
y lists. For ea
h vertexv in G, Q0 
ontains a 
ir
ular linked list L in
luding the 2i � 1 smallest edges in
identon v. In addition, L is assigned a threshold, denoted by h(L). If L 
ontains all edges ofv, h(L) = +1; otherwise, h(L) = w(eo), where eo is the smallest edge trun
ated fromL. In ea
h of the blog i
 phases, the adja
en
y lists are further merged based on thenewly arrived edge sets, and trun
ated a

ording to the length requirement. For ea
h
ombined adja
en
y list, a new threshold is 
omputed. Intuitively, the threshold re
ords
Lv eeLu LuLv eeFigure 3: Merging a pair of adja
en
y lists Lu and Lv with respe
t to a 
ommon edge e.8



the smallest edge that has been trun
ated so far.Consider Phase j, where 1 � j � blog i
. It inherits a set Qj�1 of adja
en
y listsfrom Phase j � 1 and re
eives the edge sets B[aj�1 + 1; aj℄ (re
all that aj = i� bi=2j
).Let Fj denote the set of trees indu
ed by B[1; aj℄. Phase j aims at produ
ing a set Qj ofadja
en
y lists 
apturing the external edges of the trees in Fj that are essential for the
omputation of Bi. Basi
ally, we try to merge the adja
en
y lists in Qj�1 with respe
tto B[aj�1 + 1; aj℄. As mentioned before, this merging pro
ess may produ
e more thanone 
ombined adja
en
y list for ea
h tree T 2 Fj. Nevertheless, we strive to ensure thatonly one 
ombined list is retained to represent T . the rest are �ltered out. In view of thetime 
onstraint imposed by the s
hedule of Thread i, we also need a tight bound on thelength of ea
h remaining adja
en
y list.Let L be a list in Qj.R1 (representation): L uniquely 
orresponds to a tree T 2 Fj, storing only theexternal edges of T . In this 
ase, T is said to be represented by L in Qj.Some trees in Fj may not be represented by any lists in Qj; however, all treeswith fewer than 2i verti
es are represented.R2 (length): L 
ontains at most 2bi=2j
 � 1 edges.We will de�ne what edges of a tree T 2 Fj are essential and must be in
luded in L.Consider an external edge e of T that 
onne
ts to another tree T 0 2 Fj. We say that e isprimary if, among all edges 
onne
ting T and T 0, e has the smallest weight. Otherwise,e is said to be se
ondary. Note that if the minimum spanning tree of G 
ontains an edgewhi
h is an external edge of both T and T 0, it must be a primary one. Ideally, onlyprimary external edges should be retained in ea
h list of Qj. Yet this is infeasible sin
eThread i starts o� with trun
ated adja
en
y lists and we 
annot identify and removeall the se
ondary external edges in ea
h phase. (Removing all internal edges, thoughnon-trivial, is feasible.)An important observation is that it is not ne
essary to remove all se
ondary externaledges. Based on a stru
tural 
lassi�
ation of light and heavy edges (de�ned below), we�nd that all light se
ondary external edges 
an be removed easily. Afterwards, ea
h list
ontains all the light primary external edges and possibly some heavy se
ondary externaledges. The set of light primary external edges may not 
over all primary external edgesand its size 
an be mu
h smaller than 2bi=2j
 � 1. Yet we will show that the set of lightprimary external edges su�
es for 
omputing Bi, and the presen
e of heavy se
ondaryexternal edges does not a�e
t the 
orre
tness.Below we give the de�nition of light and heavy edges, whi
h are based on the notionof base.De�nition: Let T be a tree in Fj.� Let 
 be any real number. A tree T 0 2 Fj is said to be 
-a

essible to T if T = T 0,or there is another tree T 00 2 Fj su
h that T 00 is 
-a

essible to T and 
onne
ted toT 0 by an edge with weight smaller than 
.� Let e be an external (or internal) edge of T . De�ne base(Fj; T; e) to be the set9



fT 0 j T 0 2 Fj and T 0 is w(e)-a

essible to Tg. The size of base(Fj; T; e), denotedby kbase(Fj; T; e)k, is the total number of verti
es in the trees involved.� Let e be an external (or internal) edge of T . We say that e is light ifkbase(Fj; T; e)k < 2i; otherwise, e is heavy.It follows from the above de�nition that a light edge of a tree T has a smaller weightthan a heavy edge of T . Also, a heavy edge of T will remain a heavy edge in subsequentphases. More spe
i�
ally, in any Phase k where k > j, if T is a subtree of some tree X 2Fk, then for any external (or internal) edge e of T , kbase(Fj; T; e)k � kbase(Fk; X; e)k.Therefore, if e is heavy with respe
t to T then it is also heavy with respe
t to X.The following lemma gives an upper bound on the number of light primary externaledges of ea
h tree in Fj, whi
h 
omplies with the length requirement of the lists in Qj.Lemma 4.1. Any tree T 2 Fj has at most 2bi=2j
 � 1 light primary external edges.Proof. Let x be the number of light primary external edges of T . Among the light primaryexternal edges of T , let e be the one with the biggest weight. The set base(Fj; T; e)in
ludes T and at least x� 1 trees adja
ent to T . As B[1; aj℄ is a 2aj -forest, every tree inFj 
ontains at least 2aj verti
es. We have kbase(Fj; T; e)k � 2aj +(x�1) �2aj � x �2aj . Byde�nition of a light edge, kbase(Fj; T; e)k < 2i. Thus, x �2aj < 2i and x < 2i�aj = 2bi=2j
.The following requirement spe
i�es the essential edges to be kept in ea
h list of Qjand 
hara
terizes those se
ondary external edges, if any, in ea
h list.R3 (base) Let T be the tree in Fj represented by a list L 2 Qj. All light primaryexternal edges of T are in
luded in L, and se
ondary external edges of T , ifin
luded in L, must be heavy.Retaining only the light primary external edges in ea
h list of Qj is already su�
ientfor the 
omputation of Bi. In parti
ular, let us 
onsider the s
enario at the end ofPhase blog i
. For any tree Ts 2 Fblog i
 with fewer than 2i verti
es, the minimum externaledge eTs of Ts must be reported in Bi. Note that base(Fblog i
; Ts; eTs) 
ontains Ts only.Thus, kbase(Fblog i
; Ts; eTs)k < 2i, and eTs is a light primary external edge of Ts. In allprevious phases k, Fk 
ontains a subtree of Ts, denoted by W , of whi
h eTs is an externaledge. Note that eTs is also a light primary external edge of W (as a heavy edge remainsa heavy edge subsequently).On the other hand, at the end of Phase blog i
, if a tree Tx 2 Fblog i
 
ontains 2i or moreverti
es, all its external edges are heavy and R3 
annot enfor
e the minimum externaledge eTx of Tx being kept in the list for Tx. Fortunately, it is not ne
essary for Thread ito report the minimum external edge for su
h a tree. The following requirements for thethreshold help us dete
t whether the minimum external edge of Tx has been removed. Ifso, we will not report anything for Tx. Essentially, we require that if eTx or any primaryexternal edge e of Tx has been removed from the list Lx that represents Tx, the thresholdkept in Lx is no bigger than w(eTx) (respe
tively, w(e)). Then the smallest edge in Lx iseTx if and only if its weight is fewer than the threshold.10



Let T be a tree in Fj represented by a list L 2 Qj. The threshold of L satis�esthe following properties.R4 (lower bound for the threshold) If h(L) 6=1, then h(L) is equal to the weightof a heavy internal or external edge of T .R5 (upper bound for the threshold) Let e be an external edge of T not in
ludedin L. If e is primary, then h(L) � w(e).(Our algorithm a
tually satis�es a stronger requirement that h(L) � w(e) if� e is primary, or� e is se
ondary and the mate of e is still in
luded in another list L0 in Qj.)In summary, R1 to R5 guarantee that at the end of Phase blog i
, for any treeT 2 Fblog i
, if T has fewer than 2i verti
es, its minimum external edge eT is the onlyedge kept in a unique adja
en
y list representing T ; otherwise, T may or may not berepresented by any list. If T is represented by a list but eT has already been removed,the threshold kept is at most w(eT ). Every external edge 
urrently kept in the list musthave a weight greater than or equal to the threshold. Thus, we 
an simply ignore the listfor T .It is easy to 
he
k that Q0 satis�es the �ve requirements for Phase 0. In the nextse
tion we will give an algorithm that 
an satisfy these requirements after every phase.Consequently, Thread i 
an report Bi based on the edges in the lists in Qblog i
.5 The AlgorithmIn this se
tion we present the algorithmi
 details of Thread i, showing how to merge andextra
t the adja
en
y lists in ea
h phase. The dis
ussion is indu
tive in nature�for anyj � 1, we assume that Phase j � 1 has produ
ed a set of adja
en
y lists satisfying therequirements R1-R5, and then show how Phase j 
omputes a new set of adja
en
y listssatisfying the requirements in O(i=2j) time using a linear number of pro
essors.Phase j inherits the set of adja
en
y listsQj�1 from Phase j�1 and re
eives the edgesB[aj�1+1; aj℄. To ease our dis
ussion, we refer to B[aj�1+1; aj℄ as INPUT. Noti
e thata list in Qj�1 represents one of the trees in Fj�1 (re
all that Fj�1 and Fj denote the setof trees indu
ed by B[1; aj�1℄ and B[1; aj℄ respe
tively). Phase j merges the adja
en
ylists in Qj�1 a

ording to how the trees in Fj�1 are 
onne
ted by the edges in INPUT.Consider an edge e = (u; v) in INPUT. Denote W1 and W2 as the trees in Fj�1
ontaining u and v respe
tively. Ideally, if e and its mate appear in the adja
en
y lists ofW1 and W2 respe
tively, the adja
en
y lists of W1 and W2 
an be merged easily in O(1)time. However, W1 or W2 might already be too large and not have a representation inQj�1. Even if they are represented, the length requirement of the adja
en
y lists maynot allow e to be in
luded. As a result, e may appear in two separate lists in Qj�1, or injust one, or even in none; we 
all e a full, half, and lost edge respe
tively. A

ordingly, wepartition INPUT into three sets, namely Full-INPUT, Half-INPUT, and Lost-INPUT.Phase j starts o� by merging the lists in Qj�1 with respe
t to edges in Full-INPUT.Let T be a tree in Fj. Let W1;W2; � � � ;Wk be the trees in Fj�1 that, together with the11



W1W2 W3
W7 W8W6

W1W2 W3T Z0
Z2 Z1W5W4 W9 Z3Figure 4: Ea
h Wx represents a tree in Fj�1. The dotted and solid lines representhalf and full edges in INPUT respe
tively. T is a tree formed by 
onne
ting thetrees in Fj�1 with the edges in INPUT. Ea
h Zy (
alled a 
luster) is a subtree ofT , formed by 
onne
ting some Wx's with full edges only. The adja
en
y lists of theWx's within ea
h Zy 
an be merged into a single list easily.edges in INPUT, 
onstitute T . Note that some Wi may not be represented by a listin Qj�1. Sin
e the merging is done with respe
t to Full-INPUT, the adja
en
y lists ofW1;W2; � � � ;Wk, if present, may be merged into several lists instead of a single one. LetL1; L2; � � � ; L` denote these merged lists. Ea
h Li represents a bigger subtree Zi of T ,whi
h is 
alled a 
luster below (see Figure 4). A 
luster may 
ontain one or more Wi.We distinguish one 
luster, 
alled the 
ore 
luster, su
h that the minimum external edgeeT of T is an external edge of that 
luster. Note that the minimum external edge of the
ore 
luster may or may not be eT . For a non-
ore 
luster Z, the minimum external edgeeZ of Z must be a tree edge of T (by Lemma 2.3) and thus eZ is in INPUT. Moreover,eZ is not a full edge. Otherwise, the merging should have operated on eZ, whi
h thenbe
omes an internal edge of a bigger 
luster.The merged lists obviously need not satisfy the requirements for Qj. In the followingse
tions, we present the additional pro
essing used to ful�ll the requirements. A summaryof all the pro
essing is given in Se
tion 5.4. The dis
ussion of the pro
essing of the mergedlists is divided a

ording to the sizes of the trees, sket
hed as follows:� For ea
h tree T 2 Fj that 
ontains fewer than 2i verti
es, there is a simple way toensure that exa
tly one merged list is retained in Qj. Edges in that list are �lteredto 
ontain all the light primary external edges of T , and other se
ondary externaledges of T , if in
luded, must be heavy.� For a tree T 0 2 Fj that 
ontains at least 2i verti
es, the above pro
essing may retainmore than one merged lists. Here we put in an extra step to ensure that, ex
eptpossibly one, all merged lists for T 0 are removed.� The threshold of ea
h remaining list is updated after retaining the 2bi=2j
 � 1smallest edges. We show that the requirements for the threshold are satis�ed nomatter whether the tree in 
on
ern 
ontains fewer than 2i verti
es or not.12



5.1 Trees in Fj with fewer than 2i verti
esIn this se
tion we fo
us on ea
h tree T 2 Fj that 
ontains fewer than 2i verti
es. Denoteby L1; � � � ; L` the merged lists representing the 
lusters of T . Observe that ea
h of theselists 
ontains at most (2bi=2j�1
 � 1)2 edges. Below, we derive an e�
ient way to �nd aunique adja
en
y list for representing T , whi
h 
ontains all light primary external edgesof T .First of all, we realize that every light primary external edge of T is also a lightprimary external edge of a tree W in Fj�1 and must be present in the adja
en
y list thatrepresents W in Qj�1 (by R3). Thus, all light primary external edges of T (in
luding theminimum external edge of T ) are present in some merged lists.Unique Representation: Let L

 be the list in fL1; L2; � � � ; L`g su
h that L

 
ontainsthe minimum external edge eT of T . That is, L

 represents the 
ore 
luster Z0 of T . Our
on
ern is how to remove all other lists in fL1; L2; � � � ; L`g so that T will be representeduniquely by L

.To e�
iently distinguish L

 from other lists, we make use of the properties stated inthe following lemma. Let Ln
 be any list in fL1; L2; � � � ; L`g � fL

g. Let Z denote the
luster represented by Ln
.Lemma 5.1. (i) L

 does not 
ontain any edge in Half-INPUT. (ii) Ln
 
ontains atleast one edge in Half-INPUT. In parti
ular, the minimum external edge of Z is inHalf-INPUT.Proof of Lemma 5.1(i). Assume to the 
ontrary that L

 in
ludes an edge e = (a; b)in Half-INPUT; more pre
isely, ha; bi is in L

 and hb; ai is not in
luded in any list inQj�1. Let W and W 0 be the trees in Fj�1 
onne
ted by e, where a 2 W and b 2 W 0. Theedge e is a primary external edge of W , as well as of W 0. Both W and W 0 are subtreesof T , and W is also a subtree of Z0. Below we show that kbase(Fj�1;W 0; e)k � 2i andT 
ontains at least 2i verti
es. The latter 
ontradi
ts the assumption about T . Thus,Lemma 5.1(i) follows.W 0 is a subtree of T and 
ontains less than 2i verti
es. By R1, Qj�1 
ontains a listLW 0 representing W 0. By R3, LW 0 
ontains all light primary external edges of W 0. Theedge hb; ai is not in
luded in LW 0 and must be heavy. Therefore, kbase(Fj�1;W 0; e)k � 2i.Next, we want to show that all trees in base(Fj�1;W 0; e) are subtrees of T . De�ne Taand Tb to be the subtrees of T 
onstru
ted by removing e from T (see Figure 5). Assumethat Ta 
ontains the vertex a and Tb the vertex b. W , as well as Z0, is a subtree of Ta,and W 0 is a subtree of Tb. By Lemma 2.3, the minimum external edge of Tb is eithereT or e. The former 
ase is impossible be
ause eT is in
luded in L

 and must be anexternal edge of Z0. Thus, e is the minimum external edge of Tb. By de�nition of base,base(Fj�1;W 0; e) 
annot in
lude any trees in Fj�1 that are outside Tb. In other words, Tbin
ludes all subtrees in base(Fj�1;W 0; e). Tb must have at least 2i verti
es, and so mustT . A 
ontradi
tion o

urs.Proof of Lemma 5.1(ii). Let eZ be the minimum external edge of Z. As eZ is a treeedge of T , it is in INPUT but is not a full edge. In this 
ase, we 
an further show that eZis a
tually a half edge and in
luded in Ln
, thus 
ompleting the proof. Let W be the tree13



Tb TaZ0 WaW 0bFigure 5: T is partitioned into two subtrees Ta and Tb, whi
h are 
onne
ted by e.in Fj�1 su
h that W is a 
omponent of Z and eZ is an external edge of W . Note that eZis primary external edge of W . Let LW denote the adja
en
y list in Qj�1 representingW . Sin
e eZ is the minimum external edge of Z, base(Fj�1;W; eZ) 
annot in
lude treesin Fj�1 that are outside Z, and thus it has size less than 2i. By R3, all light primaryexternal edges of W in
luding eZ are present in LW . Therefore, eZ is in Half-INPUT, andLn
 must have inherited eZ from LW .Using Lemma 5.1, we 
an easily retain L

 and remove all other merged lists Ln
. Onemight worry that some Ln
 might indeed 
ontain some light primary external edge of Tand removing Ln
 is in
orre
t. This is a
tually impossible in view of the following fa
t.Lemma 5.2. For any external edge e of T that is in
luded in Ln
, kbase(Fj; T; e)k � 2i.Proof. Let eZ be the minimum external edge of Z. For any external edge e of T that isin
luded in Ln
, e is also an external edge of Z and w(e) � w(eZ).Let W and W 0 be the trees in Fj�1 
onne
ted by eZ su
h that W 0 is not a 
omponentof Z. As shown in the previous lemma, eZ is in Half-INPUT. Moreover, eZ is atree edge of T and is present only in the adja
en
y list of W . That is, W 0 is a
omponent of T and the adja
en
y list of W 0 in Qj�1 does not 
ontain eZ. Notethat eZ is a primary external edge of W 0. By R1 and R3, we 
an 
on
lude thateZ is a heavy external edge of W 0 and hen
e kbase(Fj�1;W 0; eZ)k � 2i. Therefore,kbase(Fj; T; e)k � kbase(Fj; T; eZ)k � kbase(Fj�1;W 0; eZ)k � 2i.By Lemma 5.2, Ln
 does not 
ontain any light primary external edge of T . In otherwords, all light primary external edges of T must be in L

, whi
h is the only list retained.Ex
luding All Light Internal and Se
ondary External Edges: L

 
ontains all thelight primary external edges of T and also some other edges. Be
ause of the lengthrequirement (i.e. R2), we retain at most 2bi=2j
 � 1 edges of L

. Note that the lightprimary external edges may not be the smallest edges in L

. Based on the followingtwo lemmas, we 
an remove all other light edges in L

, whi
h in
lude the light internaland se
ondary external edges of T . Then the light primary external edges of T will bethe smallest edges left in the list and retaining the 2bi=2j
 � 1 smallest edges will alwaysin
lude all the light primary external edges.Lemma 5.3. Suppose L

 
ontains a light internal edge hu; vi of T . Then its mate, hv; ui,also appears in L

. 14



Proof. Re
all that L

 is formed by merging the adja
en
y lists of some trees in Fj�1. ByR1, ea
h of these lists does not 
ontain any internal edge of the tree it represents. If L


ontains a light internal edge hu; vi of T , the edge (u; v) must be between two trees Wand W 0 in Fj�1 whi
h are 
omponents of Z0. Assume that u 2 W and v 2 W 0. Thenhu; vi and hv; ui are light external edges of W and W 0 respe
tively. Let LW and LW 0 betheir adja
en
y lists in Qj�1. As hu; vi appears in L

, hu; vi also appears in LW . By R3,all light edges found in LW , in
luding hu; vi, must be primary external edges of W . Bysymmetry, hv; ui is a primary external edge of W 0. By R3 again, hv; ui appears in LW 0 .Sin
e L

 inherits the edges from both LW and LW 0 , we 
on
lude that both hu; vi andhv; ui appear in L

.Lemma 5.4. Suppose L

 
ontains a light se
ondary external edge e of T . Let e0 bethe 
orresponding primary external edge. Then e and e0 both appear in L

, and theirmates also both appear in another merged list L0

, where L0

 represents the 
ore 
lusterof another tree T 0 2 Fj.Proof. Suppose L

 
ontains a light se
ondary external edge e of T . Assume that e
onne
ts T to another tree T 0 2 Fj, and e0 is the primary external edge between T andT 0. As w(e0) < w(e), kbase(Fj; T; e0)k � kbase(Fj; T; e)k < 2i. Thus, eo is also a light
W W 0Z0 Z 00T T 0

e0eFigure 6: e is a light se
ondary external edge of T and e0 is the 
orresponding primaryexternal edge.primary external edge of T and must be in
luded in L

. On the other hand, sin
e eis se
ondary, base(Fj; T; e) is equal to base(Fj; T 0; e), and thus base(Fj; T; e) 
ontains T 0.Sin
e kbase(Fj; T; e)k < 2i, T 0 
ontains less than 2i verti
es. After merging the lists inQj�1, we obtain a merged list L0

 that in
ludes all light primary external edges of T 0.Below we show that L0

 
ontains the mates of e0 and e.� Observe that kbase(Fj; T 0; eo)k � kbase(Fj; T 0; e)k = kbase(Fj; T; e)k < 2i. Thus,both e0 and e are light external edges of T 0. As e0 is also a primary external edgeof T 0, e0 (more pre
isely, its mate) must be in
luded in L0

.� Let W and W 0 be the two trees in Fj�1 
onne
ted by e, where W is a subtreeof T and W 0 of T 0. Be
ause e is a light external edge of T and T 0, it is also alight external edge of W and W 0. Note that L

 inherits e from the adja
en
y listLW 2 Qj�1 that represents W . By R3, LW does not in
lude any light se
ondary15



external edge of W , so e is a primary external edge of W . By symmetry, e is alsoa primary external edge of W 0; thus, by R3, e is in the adja
en
y list LW 0 2 Qj�1that represents W 0. Note that L0

 must in
lude all the edges of LW 0 as well as otherlists in Qj�1 that 
ontain light external edges of T (see Lemma 5.2). L0

 
ontainse, too.By Lemma 5.3, we 
an remove all light internal edges by simply removing edges whosemates are in the same list. Lemma 5.4 implies that if L

 
ontains a light se
ondaryexternal edge, the 
orresponding primary external edge also appears in L

 and theirmates exist in another list L0

. This suggests a simple way to identify and remove allthe light se
ondary external edges as follows. Without loss of generality, we assume thatevery edge in L

 
an determine the identity of L

 (any distin
t label given to L

). Ifan edge e 2 L

 has a mate in another list, say, L0

, e 
an announ
e the identity of L

to its mate and vi
e versa. By sorting the edges in L

 with respe
t to the identitiesre
eived from their mates, multiple light external edges 
onne
ted to the same tree 
ometogether. Then we 
an easily remove all the light se
ondary external edges.Now we know that L

 
ontains all light primary external edges of T and any otheredges it 
ontains must be heavy. Let us summarize the steps required to build a uniqueadja
en
y list for representing T .pro
edure M&C // M&C means Merge and Clean up //1. Edges in INPUT that are full with respe
t to Qj�1 are a
tivated to mergethe lists in Qj�1. Let Q be the set of merged adja
en
y lists.2. For ea
h merged adja
en
y list L 2 Q,(a) if L 
ontains an edge in Half-INPUT, remove L from Q;(b) dete
t and remove internal and se
ondary external edges from La

ording to Lemmas 5.3 and 5.4.5.2 Trees with at least 2i verti
esConsider a tree T 0 2 Fj 
ontaining 2i or more verti
es. Let L1; � � � ; L` be the merged lists,ea
h representing a 
luster of T 0. Some of these lists may 
ontain more than (2bi=2j�1
�1)2edges. Unlike the 
ase in Se
tion 5.1, the minimum external edge eT 0 of T 0 is heavy, andwe 
annot guarantee that there is a merged list 
ontaining eT 0 and representing the 
ore
lusters of T 0. Nevertheless, Thread i 
an ignore su
h a tree T 0, and we may remove allthe merged lists. In Lemma 5.5, we show that those lists in fL1; � � �L`g that representthe non-
ore 
lusters of T 0 
an be removed easily. If there is indeed a merged list L

representing the 
ore 
luster, Thread i may not remove L

. Sin
e T 0 
ontains at least2i verti
es and has no light primary external edge, we have nothing to enfor
e on L

regarding the light primary external edges. The only 
on
ern for L

 is the requirementsfor the threshold, whi
h will be handled in Se
tion 5.3.As T 0 
ontains at least 2i verti
es, any merged list Ln
 that represents a non-
ore
luster of T 0 may not satisfy the properties stated in Lemma 5.1(ii). We need other16



ways to dete
t su
h an Ln
. First, we 
an dete
t the length of Ln
. If Ln
 
ontainsmore than (2bi=2j�1
 � 1)2 edges, we 
an remove Ln
 immediately. Next, if Ln
 
ontainsless than (2bi=2j�1
 � 1)2 edges, we make use of the following lemma to identify it.Denote h(L) as the threshold asso
iated with a list L 2 Qj�1. De�ne tmp-h(Ln
)= minfh(L) j L 2 Qj�1 is merged into Ln
g.Lemma 5.5. Any list Ln
 2 fL1; � � � ; L`g�fL

g that represents a non-
ore 
luster of T 0satis�es at least one of the following 
onditions.1. Ln
 
ontains an edge in Half-INPUT.2. For every edge hu; vi in Ln
, either hv; ui is also in Ln
 or w(u; v) � tmp-h(Ln
).Proof. Assume that Ln
 does not 
ontain any edge in Half-INPUT, and Ln
 
ontains anedge hu; vi but does not 
ontain hv; ui. Below we show that w(u; v) � tmp-h(Ln
). Theedge (u; v) 
an be an internal or external edge of Z.Case 1. (u; v) is an internal edge of Z. Ln
 inherits hu; vi from a list L 2 Qj�1. LetW 2 Fj�1 be the tree represented by L. By R1, hu; vi is an external edge of W . Thus, Zin
ludes another tree W 0 2 Fj�1 with hv; ui as an external edge, and Ln
 also inherits theedges in the list LW 0 2 Qj�1 that represents W 0. Note that hv; ui does not appear in LW 0 .By R5, h(LW 0) � w(u; v). Sin
e tmp-h(Ln
) � h(LW 0), we have tmp-h(Ln
) � w(u; v).Case 2. (u; v) is an external edge of Z. It is obvious that w(u; v) � w(eZ) whereeZ is the minimum external edge of Z. We further show that w(eZ) � tmp-h(L). LetW 2 Fj�1 be the tree in Z and with eZ as an external edge. Let LW 2 Qj�1 be theadja
en
y list representing W . As mentioned before, eZ is in INPUT and is not a fulledge. If eZ is a lost edge, then Ln
 does not 
ontain eZ. If eZ is a half edge, Ln
 again doesnot 
ontain eZ be
ause Ln
 does not 
ontain any edge in Half-INPUT. In 
on
lusion, eZdoes not appear in Ln
 and hen
e 
annot appear in LW . Sin
e eZ is a primary externaledge of W , we know that, by R5, h(LW ) � w(eZ). By de�nition, tmp-h(Ln
) � h(LW ).Therefore, tmp-h(Ln
) � w(eZ) � w(u; v).Using Lemma 5.5, we 
an extend Pro
edure M&C to remove every merged list Ln
 thatrepresents a non-
ore 
luster of any tree T in Fj (see Pro
edure Ext_M&C). Pre
isely, ifT has fewer than 2i verti
es, Ln
 is removed in Step 2(a); otherwise, Ln
 is removed inStep 1(b) or Steps 2(a)-(
).pro
edure Ext_M&C1. (a) Edges in INPUT that are full with respe
t to Qj�1 are a
tivated tomerge the lists in Qj�1. Let Q be the set of merged adja
en
y lists.(b) For ea
h list L 2 Q, if L 
ontains more than (2bi=2j�1
 � 1)2 edges,remove L from Q.2. For ea
h merged adja
en
y list L 2 Q,(a) if L 
ontains an edge in Half-INPUT, remove L from Q;(b) dete
t and remove internal and se
ondary external edges from L;(
) if, for all edges hu; vi in L, w(u; v) � tmp-h(L), remove L from Q.17



After Pro
edure Ext_M&C is exe
uted, all the remaining merged lists are representingthe 
ore 
lusters of trees in Fj. Moreover, for tree T 2 Fj with fewer than 2i verti
es,Pro
edure Ext_M&C, like Pro
edure M&C, always retains the merged list L

 that representsthe 
ore 
luster of T . L

 is not removed by Step 1(b) be
ause L

 
annot 
ontain morethan (2bi=2j�1
 � 1)2 edges. In addition, L

 
ontains all the light primary external edgesof T . In Lemma 5.6 below, we show that tmp-h(L

) is the weight of a heavy internalor external edge of T . Thus, L

 
ontains edges with weight less than tmp-h(L

) and
annot be removed by Step 2(
).Lemma 5.6. tmp-h(L

) is equal to the weight of a heavy internal or external edge of T .Proof. Among all the lists in Qj�1 that are merged into L

, let L be the one withthe smallest threshold. That is, tmp-h(L

) = h(L). Let W denote the tree in Fj�1represented by L. By R4, h(L) is equal to the weight of a heavy internal or external edgee of W . Thus e is also a heavy internal or external edge of T . Lemma 5.6 follows.5.3 Updating Threshold and Retaining only External EdgesAfter Pro
edure Ext_M&C is exe
uted, every remaining merged list is representing the
ore-
luster of a tree in Fj. Let L

 be su
h a list representing a tree T 2 Fj. If T
ontains less than 2i verti
es, all light primary external edges of T appear among the2bi=2j
 � 1 smallest edges in L

, and all other edges in L

 are heavy edges. If T has atleast 2i verti
es, no external or internal edges of T are light and all edges in L

 must beheavy. By the de�nition of Ext_M&C, the number of edges in L

 is at most (2bi=2j�1
�1)2,but may ex
eed the length requirement for Phase j (i.e., 2bi=2j
 � 1). To ensure that L

satis�es R2 and R3, we retain only the 2bi=2j
 � 1 smallest edges on L

. The thresholdof L

, denoted by h(L

), is updated to be the minimum of tmp-h(L

) and the weightof the smallest edge trun
ated.No matter whether T 
ontains fewer than 2i verti
es or not, every edge trun
atedfrom L

 is heavy. Together with Lemma 5.6, we 
an 
on
lude that h(L

) is equal to theweight of a heavy internal or external edge of T , satisfying R4.Next, we give an observation on L

 and in Lemma 5.8, we show that R5 is satis�ed.Denote Z0 as the 
ore-
luster of T represented by L

.Lemma 5.7. Let e be an external edge of Z0. If e is a tree edge of T , then e is notin
luded in L

 and h(L

) � w(e).Proof. Suppose e is in
luded in L

. Note that e 
annot be a full edge with respe
t toQj�1 be
ause a full edge and its mate should have been removed in Step 2(b) in Pro
edureExt_M&C. Then e is in Half-INPUT and Pro
edure Ext_M&C should have removed L

 atStep 2(a). This 
ontradi
ts that L

 is one of the remaining lists after Pro
edure Ext_M&Cis exe
uted. Therefore, e is not in
luded in L

.Next, we show that h(L

) � w(e). Let W be the subtree of Z0 su
h that e is anexternal edge of W . Sin
e e is a tree edge, e is a primary external edge of W . As e is notin
luded in L

 and L

 inherits the adja
en
y list LW 2 Qj�1 representing W , e is alsonot in
luded in LW . By R5, h(LW ) � w(e). Re
all that h(L

) � tmp-h(L

) � h(LW ).Therefore h(L

) � w(e). 18



Z0P W 0TaaTbu Zv bWFigure 7: Z0 and Z is 
onne
ted by a path P in T , and P 
ontains an edge (a; b), whi
his an external edge of both Z0 and W 0.Lemma 5.8. Let e be an external edge of T 
urrently not found in L

. If (i) e is primary,or (ii) e is se
ondary and the mate of e is still in
luded in some other list L0 in Qj, thenh(L

) � w(e).Proof. Let e = hu; vi be an external edge of T 
urrently not found in L

, satisfying the
onditions stated in Lemma 5.8. Let W be the tree in Fj�1 su
h thatW is a subtree of Tand e is an external edge of W . With respe
t to W , either e is primary, or e is se
ondaryand the mate of e is in
luded in another list in Qj�1. We 
onsider whether W is in
ludedin the 
ore 
luster Z0 of T .Case 1. W is a subtree of Z0. By de�nition of Z0, W must be represented by alist LW 2 Qj�1. At the end of Phase j � 1, e may or may not appear in LW . If e doesnot appear in LW , then, by R5, h(LW ) � w(e). Sin
e h(L

) � tmp-h(L

) � h(LW ), wehave h(L

) � w(e). Suppose that e is in LW . Then e is passed to L

 when Pro
edureExt_M&C starts o�. Yet e is 
urrently not in L

. If e is removed from L

 within Pro
edureExt_M&C, this has to take pla
e at Step 2(b), and e is either an internal edge of T or ase
ondary external edge removed together with its mate. This 
ontradi
ts the assumptionabout e. Thus, e is removed after Pro
edure Ext_M&C, i.e., due to trun
ation. In this
ase, the way h(L

) is updated guarantees h(L

) � w(e).Case 2. W is a subtree of a non-
ore 
luster Z. We show that Z0 has an externaledge e0 = ha; bi su
h that h(L

) � w(a; b) and w(a; b) < w(e). Observe that T 
ontainsa path 
onne
ting Z0 and Z, and this path must involve an external edge ha; bi of Z0.By Lemma 5.7, h(L

) � w(a; b).Next we show that w(a; b) < w(e). Let W 0 be the tree in Fj�1 su
h that W 0 is asubtree of Z0 and ha; bi is an external edge of W 0. See Figure 7. Suppose we removethe edge (a; b) from T , T is partitioned into two subtrees Ta and Tb, 
ontaining theverti
es a and b, respe
tively. Note that Tb 
ontains W , and e is an external edge ofTb. On the other hand, Z0 is in
luded in Ta, and eT is not an external edge of Tb. ByLemma 2.3, the minimum external edge of Tb is hb; ai. Therefore, w(a; b) < w(e). As aresult, h(L

) � w(a; b) < w(e) and the lemma follows.Removing remaining internal edges: Note that L

 may still 
ontain some19
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v a
Figure 8: The pair of verti
es u and v of e is 
onne
ted by a path P in T . Every edgeon P has weight smaller than w(e).internal edges of T . This is be
ause Pro
edure Ext_M&C only remove those internaledges whose mates also appear in L

. The following lemma shows that every remaininginternal edges in L

 has a weight greater than h(L

). Thus by dis
arding those edges inL

 with weight greater than h(L

), we ensure that only external edges of T are retained.Of 
ourse, no light primary external edge 
an be removed by this step.Lemma 5.9. For any internal edge e of T that is 
urrently in
luded in L

, h(L

) � w(e).Proof. We 
onsider whether e = hu; vi is an internal or external edge of Z0.Case 1. e is an internal edge of Z0. Suppose L

 inherits e from the list LW 2 Qj�1,where LW represents a tree W 2 Fj�1 and W is a subtree of Z0. By R1, hu; vi is anexternal edge of W . Then Z0 in
ludes another tree W 0 2 Fj�1 whi
h 
ontains the vertexv. Denote LW 0 as the list in Qj�1 that represents W 0. The edge hv; ui is an external edgeof W 0. But hv; ui does not appear in LW 0 (otherwise, L

 would have also inherited hv; uifrom LW 0 and Pro
edure Ext_M&C should have removed both hu; vi and hv; ui from L

at Step 2(b)). By R5, h(LW 0) � w(u; v). As h(L

) � tmp-h(L

) � h(LW 0), we haveh(L

) � w(u; v).Case 2. e is an external edge of Z0. By Lemma 5.7, e is not a tree edge of T . Let Pbe a path on T 
onne
ting u and v. See Figure 8. Sin
e T is a subtree of T �G, every edgeon P has weight smaller than w(u; v). On P , we 
an �nd an external edge ha; bi of Z0.By Lemma 5.7 again, h(L

) � w(a; b) and hen
e h(L

) � w(u; v).5.4 The 
omplete algorithmThe dis
ussion of Thread i in the previous three se
tions is summarized in the followingpro
edure. The time and pro
essor requirement will be analyzed in the next se
tion.Thread iInput: G; Bk, where 1 � k � i� 1, is available at the end of the kth superstepOutput: Bi3 // Phase 0 (Initialization)Constru
t Q0 from G; a0  0 20



3 For j = 1 to blog i
 do // Phase j// denote INPUT as B[aj�1 + 1; aj ℄, where aj = i� �i=2j�.1. (a) Edges in INPUT that are full with respe
t to Qj�1 merge their lists inQj�1. Let Q be the set of merged adja
en
y lists.(b) For ea
h list L 2 Q, if L 
ontains at most (2bi=2j�1
 � 1)2 edges,tmp-h(L)  minfh(L0) j L0 2 Qj�1 and L0 is a part of Lg; otherwise,remove L from Q.2. For ea
h list L 2 Q, // Remove unwanted edges and lists(a) if L 
ontains an edge in Half-INPUT, remove L from Q;(b) dete
t and remove internal and se
ondary external edges from L;(
) if, for all edges hu; vi in L, w(u; v) � tmp-h(L), remove L from Q.3. // Trun
ate ea
h list if ne
essary and remove remaining internal edges(a) For ea
h list L 2 Q, if L 
ontains more than 2bi=2j
 � 1 edges, retain the2bi=2j
 � 1 smallest ones and update h(L) to the minimum of tmp-h(L)and w(eo), where eo is the smallest edge just removed from L.(b) For ea
h edge hu; vi 2 L, if w(u; v) � h(L), remove hu; vi from L.4. Qj  Q.3 Bi  f(u; v) j hu; vi or hv; ui appears in some list L in Qblog i
; w(u; v) < h(L) g.6 Time and pro
essor 
omplexityFirst, we show that the new MST algorithm runs in O(logn) time using (n + m) lognCREW PRAM pro
essors. Then we illustrate how to modify the algorithm to run onthe EREW PRAM and redu
e the pro
essor bound to linear.Before the threads start to run 
on
urrently, they need an initialization step. First,ea
h adja
en
y list of G is sorted in as
ending order with respe
t to the edge weights.This set of sorted adja
en
y lists is repli
ated blogn
 times and ea
h 
opy is moved tothe �lo
al memory� of a thread, whi
h is part of the global shared memory dedi
atedto the pro
essors performing the �lo
al� 
omputation of a thread. The repli
ation takesO(logn) time using a linear number of pro
essors. Then ea
h thread 
onstru
ts its ownQ0 in O(1) time. Afterwards, the threads run 
on
urrently.As mentioned in Se
tion 3, the 
omputation of a thread is s
heduled to run in anumber of phases. Ea
h phase starts and ends at predetermined supersteps. We needto show that the 
omputation of ea
h phase 
an be 
ompleted within the allo
ated timeinterval. In parti
ular, Phase j of Thread i is s
heduled to start at the (aj+1)th superstepand end at the aj+1th superstep using bi=2j
 � bi=2j+1
 = l12 bi=2j
m supersteps. Thefollowing lemma shows that Phase j of Thread i 
an be implemented in 
(i=2j�1) time,where 
 is a 
onstant. By setting the length of a superstep to a 
onstant 
0 su
h that
(i=2j�1)=
0 � l12 bi=2j
m, Phase j 
an 
omplete its 
omputation in at most l12 bi=2j
msupersteps. It 
an be verify that 
0 � 8
 satis�es this 
ondition.Lemma 6.1. Phase j of Thread i 
an be implemented in O(i=2j�1) time using n + mCREW PRAM pro
essors. 21



Proof. Consider the 
omputation of Phase j of Thread i. Before the merging of theadja
en
y list starts, Thread i reads in B[aj�1 + 1; aj℄, whi
h may also be read by manyother threads, into the lo
al memory of Thread i. The merging of adja
en
y lists inStep 2(a) takes O(1) time. In Step 2(b), testing the length of a list (� (2bi=2j�1
�1)2) 
anbe done by performing pointer jumping in O(log(2bi=2j�1
�1)2) = O(i=2j�1) time. Afterthat, all adja
en
y lists left have length at most (2bi=2j�1
 � 1)2. In the subsequent steps,we make use of standard parallel algorithmi
 te
hniques in
luding list ranking, sorting,and pointer jumping to pro
ess ea
h remaining list. The time used by these te
hniquesis the logarithmi
 order of the length of ea
h list (see e.g., JáJá 1992). Therefore, allthe steps of Phase j 
an be implemented in 
(i=2j�1) time, for some 
onstant 
, using alinear number of pro
essors.Corollary 6.1. The minimum spanning tree of a weighted undire
ted graph 
an befound in O(logn) time using (n+m) logn CREW PRAM pro
essors.Proof. By Lemma 6.1, the 
omputation of Phase j of Thread i satis�es the predetermineds
hedule. Therefore, Bi 
an be found at the end of the ith superstep and B[1; blogn
℄are all ready at the end of the blogn
th superstep. That means the whole algorithm runsin O(logn) time. As Thread i uses at most n +m pro
essors, (n +m) logn pro
essorssu�
e for the whole algorithm.6.1 Adaptation to EREW PRAMWe illustrate how to modify the algorithm to run on the EREW PRAM model. ConsiderPhase j of Thread i. As dis
ussed in the proof of Lemma 6.1, 
on
urrent read is usedonly in a

essing the edges of B[aj�1 + 1; aj℄, whi
h may also be read by many otherthreads at the same time. If B[aj�1 + 1; aj℄ have already resided in the lo
al memory ofThread i, all steps 
an be implemented on the EREW PRAM.To avoid using 
on
urrent read, we require ea
h thread to 
opy its output to ea
hsubsequent thread. By modifying the s
hedule, ea
h thread 
an perform this 
opyingpro
ess in a sequential manner. Details are as follows: As shown in the proof ofLemma 6.1, Phase j of Thread i 
an be implemented in 
(i=2j�1) time, where 
 is a
onstant. The length of a superstep was set to be 
0 so that Phase j of Thread i 
anbe 
ompleted within l12 bi=2j
m supersteps. Now the length of ea
h superstep is doubled(i.e., ea
h superstep takes 2
0 time instead of 
0). Then the 
omputation of Phase j 
anbe deferred to the last half supersteps (i.e., the last l14 bi=2j
m supersteps). In the �rsthalf supersteps of Phase j (i.e., from the (aj+1+1)th to (aj+1+j14 bi=2j
k)th supersteps),no 
omputation is performed. Thread i is waiting for other threads to store the outputsBaj�1+1; � � � ; Baj into the lo
al memory.To 
omplete the s
hedule, we need to show how ea
h Thread k, where k < i, performthe 
opying in time. Re
all that Thread k 
ompletes its 
omputation at the kth superstep.In the (k + t)th superstep, where t � 0, Thread k 
opies Bk to four threads, namelyThread (k + 4t + 1) to Thread (k + 4t + 4). Ea
h repli
ation takes O(1) time using alinear number of pro
essors. 22



Lemma 6.2. Consider any Thread i. At the end of the (aj + j14 bi=2j
k)th superstep,there is a 
opy of B[aj�1 + 1; aj℄ residing in the lo
al memory of Thread i.Proof. For k < i, Thread i re
eives Bk at the (k + b(i� k)=4
)th superstep. ForPhase j of Thread i, Baj is the last set of edges to be re
eived and it arrives at the(aj + b(i� aj)=4
) = (aj + j14 bi=2j
k)th superstep, just before the start of the se
ondhalf of Phase j.6.2 Linear pro
essorsIn this se
tion we further adapt our MST algorithm to run on a linear number ofpro
essors. We �rst show how to redu
e the pro
essor requirement to m+n logn. Then,for a dense graph with at least n logn edges, the pro
essor requirement is dominated bym. Finally, we give a simple extra step to handle sparse graphs.To redu
e the pro
essor requirement to m+ n logn, we would like to introdu
e someprepro
essing to ea
h thread so that ea
h thread 
an work on only n (instead of m) edgesto 
ompute the required output using n pro
essors. Yet the prepro
essing of ea
h threadstill needs to handle m edges and requires m pro
essors. To sidestep this di�
ulty, weattempt to share the prepro
essing among the threads. Pre
isely, the 
omputation isdivided into dlog logne+1 stages. In Stage k, where 1 � k � dloglogne, we perform onesingle prepro
essing, whi
h then allows up to 2k�1 threads to 
ompute 
on
urrently theedge sets B2k�1+1; � � � ; B2k in 2k�1 supersteps using 2k�1 �n pro
essors. The prepro
essingitself runs in O(2k) supersteps using m + n pro
essors. Thus, ea
h stage makes use ofat most m+ n logn pro
essors, and the total number of supersteps over all stages is stillO(logn).Lemma 6.3. The minimum spanning tree of a weighted undire
ted graph 
an be found inO(logn) time using m+ n logn pro
essors on the EREW PRAM.Proof. The linear-pro
essor algorithm runs in dloglogne + 1 stages. In Stage 0, B1 isfound by Thread 1. For 1 � k � dloglogne, Stage k is given B[1; 2k�1℄ and is to 
omputeB[2k�1+1; 2k℄. Spe
i�
ally, let x = 2k�1, Stage k involves Thread 2x for the prepro
essingand Threads 1; 2; � � � ; x for the a
tual 
omputation of Bx+1; Bx+2; � � � ; B2x. Both partsrequire O(x) supersteps.The prepro
essing is to prepare the initial adja
en
y lists for ea
h thread. Let F bethe set of trees indu
ed by B[1; x℄, whi
h is, by de�nition, a 2x-forest of G. We invokeThread 2x to exe
ute Phase 1 only, 
omputing a set Q1 of adja
en
y lists. By de�nition,ea
h list in Q1 has length at most 22x=2 � 1 = 2x � 1, representing a tree T in F and
ontaining all primary external edges of T with base less than 22x. Q1 
ontains su�
ientedges for �nding not only B2x but also Bx+1; � � � ; B2x�1. As F 
ontains at most n=2xtrees, Q1 
ontains a total of at most n edges.Ea
h list in Q1 is sorted with respe
t to the edge weight using O(x) supersteps andn pro
essors. Then Q1 is 
opied into the lo
al memory of Threads 1 to x one by onein x supersteps using n pro
essors. For 1 � i � x, Thread i repla
es its initial set ofadja
en
y lists Q0 with a new set Q(i)0 , whi
h is 
onstru
ted by trun
ating ea
h list inQ1 to in
lude the smallest 2i � 1 edges. 23



Threads 1 to x are now ready to run 
on
urrently, 
omputing Bx+1; � � � ; B2x,respe
tively. For all 1 � i � x, Thread i uses its own Q(i)0 as the initial set of adja
en
ylists and follows its original phase-by-phase s
hedule to exe
ute the algorithm statedin Se
tion 5.4. Note that the algorithm of a thread is more versatile than was stated.When every Thread i starts with Q(i)0 as input, Thread i will 
ompute the edge set Bx+i(instead of Bi) in i supersteps. That is, Bx+1; � � � ; B2x 
an be found by Threads 1 to xin x supersteps. Note that Q(i)0 has at most n edges, the pro
essors requirement of ea
hthread is n only.In short, Stage k takes O(x) supersteps usingm+x�n � m+n logn pro
essors. Re
allthat x = 2k�1. The dlog logne stages altogether run in O(logn) time using m + n lognpro
essors.If the input graph is sparse, i.e., m < n logn, we �rst 
onstru
t a 
ontra
ted graph G
of G as follows. We exe
ute Threads 1 to loglogn 
on
urrently to �nd B[1; logn℄, whi
hindu
es a (logn)-forest B of G. Then, by 
ontra
ting ea
h tree in the forest, we obtaina 
ontra
ted graph G
 with at most n= logn verti
es. The 
ontra
tion takes O(logn)time using m+n pro
essors. By Lemma 6.3, the minimum spanning tree of G
, denotedT �G
 , 
an be 
omputed in O(logn) time using m + (n= logn) logn = m + n pro
essors.Note that T �G
 and B in
lude exa
tly all the edges in T �G. We 
on
lude with the followingtheorem.Theorem 6.1. The minimum spanning tree of an undire
ted graph 
an be found inO(logn) time using a linear number of pro
essors on the EREW PRAM.Referen
esArmoni, R., Ta-Shma, A., Wigderson, A., and Zhou., S. (1997). SL � L4=3. InPro
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AppendixWe prove the following 
laim and lemma that 
apture some interesting properties of thetrees indu
ed by the edge sets B1; B2; � � � ; Bblog n
.Claim. Let T be any one of the trees indu
ed by B[1; k℄, for any 0 � k � blogn
. Let(a; p) and (b; q) be two external edges of T , where a; b 2 T . For ea
h edge on the path
onne
ting a and b in T , its weight is smaller than maxfw(a; p); w(b; q)g.Proof. We prove the lemma by indu
tion on k. The base 
ase, k = 0, is true as everytree 
ontains only one vertex. Thus a = b and the path involves no edge.Indu
tive 
ase, k � 1: Let P be the path in T 
onne
ting a and b. LetX = fW1;W2; � � � ;Wlg be the subset of trees indu
ed by B[1; k � 1℄ su
h that ea
hof them involves at least one vertex of P . Without loss of generality, we 
an assumethat a 2 W1; b 2 Wl and for 1 � i � l � 1 , Wi and Wi+1 are 
onne
ted by an edge(vi; ui+1), where vi 2 Wi and ui+1 2 Wi+1. By the 
onstru
tion of Bk, (vi; ui+1) isthe minimum external edge of Wi or that of Wi+1 (or both). Let Pi be the �sub-path�of P in Wi, i.e., Pi = P \ Wi. Let u1 = a and vl = b. Then Pi is a path in Wi
onne
ting ui and vi. We 
an partition P into l smaller paths and l� 1 edges as follows:hP1; (v1; u2); P2; (v2; u3); � � � ; (vl�1; ul); Pli.We are going to prove that for 1 � i � l � 1, w(vi; ui+1) < maxfw(a; p); w(b; q)g.Then, by the indu
tion hypothesis, we 
an show that every edge on Pi also has weightsmaller than maxfw(a; p); w(b; q)g.� Edges 
onne
ting Wi and Wi+1: Re
all that (vi; ui+1) is the minimum externaledge of either Wi or Wi+1. We 
an �nd a level t for whi
h a tree Wt 2 X hasthe minimum external edge with the following property: Either it is not in Por it is also the minimum external edge of Wt�1. Then for 1 � i � t � 1, theminimum external edge of Wi is (vi; ui+1); for t+ 1 � i � l, the minimum externaledge of Wi is (vi�1; ui). As a result, w(v1; u2) > w(v2; u3) > � � � > w(vt�1; ut)and w(vt; ut+1) < w(vt+1; ut+2) < � � � < w(vl�1; ul). Sin
e w(a; p) > w(v1; u2)and w(vl�1; ul) < w(b; q), it follows that w(vi; ui+1) < maxfw(a; p); w(b; q)g for1 � i � l � 1.� Edges on Pi: Consider the path Pi in Wi whi
h 
onne
ts ui andvi. By the indu
tion hypothesis, every edge on Pi has weight smallerthan maxfw(vi�1; ui); w(vi; ui+1)g (or maxfw(p; a); w(v1; u2)g if i = 1,maxfw(vl�1; ul); w(b; q)g if i = l). As shown above, both w(vi�1; ui) and w(vi; ui+1)are smaller than maxfw(a; p); w(b; q)g. Therefore, every edge on Pi has weightsmaller than maxfw(a; p); w(b; q)g.As a result, every edge on P has weight smaller than maxfw(a; p); w(b; q)g.Lemma 2.3. Let T be any one of the trees indu
ed by B[1; k℄, for any 0 � k � blogn
.Let eT be the minimum external edge of T . For any subtree (i.e., 
onne
ted subgraph) Sof T , the minimum external edge of S is either eT or an edge of T .27



Proof. Let e be the minimum external edge of S. Assume to the 
ontrary that e is notan edge of T and e 6= eT . That means e is an external edge of T and w(e) > w(eT ). TheneT 
annot be an external edge of S.Let eT = hu; vi and e = hx; yi. Consider the path P in T 
onne
ting u and x. Sin
eu does not belong to S, we 
an �nd an edge e0 on P that is an external edge of S (andof 
ourse an edge of T ). By the above 
laim, every edge on P has weight smaller thanmaxfw(e); w(eT )g = w(e). Thus e0 has weight smaller than w(e). Therefore, e 
annot bethe minimum external edge of S. We obtain a 
ontradi
tion.

28


