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Abstract
We show that the lowest common ancestors (LCA) in directed acyclic graphs (DAGs) can

be computed in O(n2.575) time. Previous best result computes this in O(n2.688) time.
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1 Introduction

Finding the lowest common ancestor of a given pair of nodes is a fundamental algorithmic problem.

In this paper we study the lowest common ancestor(LCA) problem on directed acyclic graphs

(DAGs). A lowest common ancestor of two nodes a and b is a node c which is a common ancestor

of a and b and no other node is both a common ancestor of a and b and a proper descendant of c.

LCA on trees have been studied extensively. LCA on DAGs has also been investigated by several

researchers. Many problems that require finding LCA cannot be solved using tree-LCA algorithms

because the structure of DAGs are quite different from that of trees. Nykänen and Ukkonen [6]

give a linear-time preprocessing, constant-time-query algorithm for the LCA in arbitrarily directed

trees. They ask whether it is possible to preprocess a DAG in o(n3) time to support Θ(k)-time

set-LCA queries, where a set-LCA query returns all k lowest common ancestors of the given pair.

Ait-Kaci et al. [2] considered the problem of LCA on lattices and lower semi-lattices (where a node

pair has a unique LCA). Bender et al. gave an algorithm [3] for all-pairs-representative LCA in

DAGs in O(n2.688) time. In this paper we show that all-pairs-representative LCA in DAGs can be

computed in O(n2.575) time. This time complexity coincides with the current time complexity for

computing all-pairs shortest paths for directed unweighted graphs [7].
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2 Computing LCA in DAGs

Definition 1: Let G = (V, E) be a DAG, and let x, y ∈ V . Let Gx,y be the subgraph of G induced

by the set of all common ancestors of x and y. Define SLCA(x, y) to be the set of outdegree 0

nodes (leafs) in Gx,y. The lowest common ancestors of x and y are the elements of SLCA(x, y).

The transitive closure of Gtr = (V, Etr) of a DAG G = (V,E) is a graph such that (i, j) ∈ Etr

iff there is a path from i to j in G. It is well known that transitive closure can be computed in the

same time as matrix multiplication[1]. The current fastest matrix multiplication algorithm runs in

O(n2.376) time [4]. Therefore transitive closure can also be computed in O(n2.376) time.

A source of a DAG is a node of the DAG with indegree 0. A sink of a DAG is a node of the

DAG with outdegree 0.

Definition 2: The depth of a node x in a DAG, depth(x), is the length of the longest path from

a source to x.

We answer LCA queries by returning a representative element from SLCA(x, y). Here we want

to return a representative with the greatest depth.

To compute LCA we first obtain G′ which is obtained by reversing every edge in G. We compute

transitive closure in G and G′, call then Gtr and G′
tr. We now compute the depth of every node in

G, this takes at most O(n2) time. We then sort the nodes by their depth, breaking ties arbitrarily.

We now group every consecutive nt nodes in the sorted list into one group and obtain n1−t groups,

where t is a parameter to be fixed later on. Nodes in smaller numbered groups have depth no

larger than nodes in greater numbered groups. For each pair of nodes a and b, we first decide the

greatest numbered group which contains a common ancestor for a and b, we then check each node

in this group to find out whether it is a common ancestor of a and b by using the transitive closure

relationship.

To determine whether group g contains a common ancestor for every pair of nodes we use

the transitive closure we computed earlier. Let group g contain nodes x1, x2, ..., xnt . Use G′
tr we

construct graph G′
1. G′

1 is a bipartite graph (U, g,E), where |U | = n, |g| = nt and there is an edge

(u, xi) if there is an edge (u, xi) for any u and 1 ≤ i ≤ nt in G′
tr. We also construct G1 using Gtr.
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Figure 1:
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G1 is a bipartite graph (g, U,E), where |g| = nt, |U | = n and there is an edge (xi, u) if there is an

edges of (xi, u) for any u and 1 ≤ i ≤ nt in Gtr. We now combine G′
1 and G1 into one graph G2 by

identifying xi in G′
1 with xi in G1. This is shown in Fig. 1. Now we compute the transitive closure

in G2 which requires only a rectangular matrix multiplication of multiplying an n×nt matrix with

an nt×n matrix. This can be done in O(nω(1,t,1)) time, where ω(1, t, 1) is the exponent of the time

for multiplying such two matrices. Huang and Pan have shown [5] that:

Lemma 3[5]:

ω(1, t, 1) =

{
2 + ω−1

1−α(t− α) t > α = 0.294
2 t ≤ α

where ω = ω(1, 1, 1).

The transitive closure in G2 will tell us for every pair of nodes, whether there is a node in

group g which is a common ancestor of the pair. After we do this for every group we can find out,

for every pair of nodes a and b, the greatest numbered group ga,b which contains a node which is

a common ancestor of a and b. Because we compute rectangular matrix multiplication for every

group the exponent of the time complexity is 1− t + ω(1, t, 1).

After we determined ga,b for nodes a and b we then walk through all nodes in ga,b and find the

node in ga,b which has the greatest depth and is a common ancestor of a and b. This is done using

the transitive closure Gtr we computed earlier. This computation involves O(nt) time for each pair

of node or O(n2+t) time total.

By balancing the exponents 2 + t and 1− t + ω(1, t, 1) we have

2 + t = 1− t + ω(1, t, 1) = 1− t + 2 +
0.376
0.706

(t− 0.294)

Solving this equation we obtain t = 0.575. Therefore the time complexity of our algorithm is

O(n2.575)

Theorem 4: The all-pairs-representative LCA of a DAG can be computed in O(n2.575) time. 2
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