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Abstract

We present an improved optimal parallel algorithm with time complexity O(log3 n) for
computing a maximal matching in a graph. The improvement is made on the recent result
of Kelsen which requires O(log* n) time for computing a maximal matching. Our parallel

algorithm is designed on the EREW PRAM model.
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1 Introduction

A matching of a graph is a subset M of edges of the graph with no two edges in M incident
on the same vertex. A matching M is maximal if M is not a proper subset of another
matching. A maximal matching can be computed by a simple greedy sequential algorithm

in linear time. The problem is not trivial in the parallel case.

In this paper we design a parallel algorithm for computing a maximal matching. The
computation model we use is the exclusive read exclusive write (EREW) parallel random
access machine (PRAM). On the EREW PRAM the memory is shared among all processors.
However, simultaneous read or write of a single memory cell by several processors are
prohibited. The parallel maximal matching algorithm we present here is an optimal parallel
algorithm. A parallel algorithm is optimal if its time processor product T}, - p = O(1y),
where 77 is the time complexity of the best known sequential algorithm for the problem.
Our algorithm is optimal in the sense that its time processor product is O(m + n), where

m is the number of edges of the graph and n is the number of vertices of the graph.



Parallel computation of a maximal matching has been studied by several researchers
[2][5][6][7][8]. Israeli and Shiloach showed[5][6] that a maximal matching can be computed
with a randomized algorithm in time O(logn) using m+n processors or with a deterministic
algorithm in time O(log®n) using m + n processors. Recent results of Han[2] show that a
maximal matching can be computed in O(log?® n) time with O((m+mn)/log®® n) processors
or in O(log? n) time with M (n) processors, where M (n) is the number of processors needed

2:376[1]. Very recently

to compute a matrix product in O(logn) time. Currently M(n) is n
Kelsen obtained the first optimal parallel algorithm[7] for computing a maximal matching.
Kelsen’s algorithm runs in time O(log" n) using (m 4 n)/log* n processors on the EREW

PRAM.

In this paper we show an improvement on Kelsen’s parallel algorithm. Our results show
that a maximal matching can be computed in O(log® n) time using (m+n)/ log® n processors
on the EREW PRAM. We achieve the improvement by applying a result of Luby[8] which
computes a bipartite graph from a graph efficiently.

2 The Maximal Matching Algorithm

Let G = (V, F) be a graph with vertex set V' and edge set F. (i is represented by the edge
list representation. All edges (u,v) incident on vertex w are initially sorted by the value of
v and stored consecutively in memory. Thus an undirected edge (v, w) is represented twice,
once in the edge list of vertex v and once in the edge list of vertex w. We also assume that
these two representations are double linked to each other. Let M be a matching of G. We
use Ng(M) to denote the set {e|e € F, there is an edge €/ € M such that e and €’ incident
on the same vertex }. A graph S = (V', £’) is a subgraph of G if V/ C V and £’ C E.
A graph is bipartite if the vertices of the graph can be partitioned into two sets A, B such
that all edges of the graph are edges of the form (a,b) where « € A and b € B.

Our parallel maximal matching algorithm is as follows:

Algorithm Matching
Graph := G|
meg = m;

for i := 1 to [logy/, m]



begin

Step 1: Compute a bipartite graph B. B is a subgraph of Graph and contains mp > m¢/2
edges.

Step 2: Compute a matching M of B such that M U Np(M ) contains at least mp/6 edges.
Step 3: Remove M U Ngrqpn(M) from Graph. Remove isolated vertices from Graph. Let
Graph := the remaining of Graph. Let m¢g be the number of edges in G'raph.

end

It is easy to see that each iteration indexed by ¢ removes a fraction % of the edges
from the remaining graph. Therefore, after [logy,/, m] iterations a maximal matching is
computed. The correctness of the algorithm is obvious. To analyze its time complexity we
use the following two theorems. Theorem 1 will be proven in the next section. Theorem 2

is from Kelsen[7].

m-+n

Theorem 1: A bipartite graph B can be computed from a graph G in time O( +
P
log? n) using p processors on the EREW PRAM such that B contains at least half of the

edges in G, where m and n are the number of edges and the number of vertices in G.

m-+n

_I_

Theorem 2 [7] : A matching M of a bipartite graph B can be computed in time O(
P

log® n) using p processors on the EREW PRAM such that M U Ng(M) contains at least a

fraction 1/6 of the number of edges in B, where m and n are the number of edges and the

number of vertices in B.
We now prove the following theorem.

Theorem 3: A maximal matching of a graph can be computed in time O(m——l—n +1log® n)
P

using p processors on the EREW PRAM.

Proof: We analyze the time complexity of algorithm Matching. By Theorems 1 and 2 an

iteration indexed by 7 in algorithm Matching takes O(% +log? n) time with p processors.
P

Each iteration also reduces mg to 11mg/12. Note that isolated vertices are removed.

Therefore the number of vertices remaining is at most the twice the number of edges.

10g12/11 m
11,
Therefore the time complexity of algorithm Matching is O( Y ((E)Z mn +log®n))
=1
= O(m+ " +1log®n). O



3 Computing a Bipartite Graph

In this section we prove Theorem 1. We adapt Luby’s bit pairs benefit algorithm[8]. We

assume that readers are somewhat familiar with Luby’s work.

We modify Luby’s algorithm for the purpose of computing a bipartite graph. Luby’s
algorithm[8] labels the vertices of a graph with {0, 1} such that the number of crossing edges
(edges incident with both 0 and 1) consists of at least half of the edges in the graph. Thus
if we use Luby’s algorithm for labeling vertices and then delete all noncrossing edges we

obtain a bipartite graph containing at least half of the edges in the original graph.

Luby’s labeling algorithm has time complexity O(log?n) using m + n processors. Han
and Igarashi[4] and Han[3] improved Luby’s result and showed that the labeling can be done
in O(logn) time using m + n processors. Here we show how to adapt Luby’s algorithm[8]

so that the labeling can be done in time O(log® n) using (m 4 n)/ log? n processors.

Luby’s algorithm derandomizes a randomized algorithm. The randomized algorithm[8]
is to label each vertex of the graph with a random bit of 0 or 1 with probability 1/2. With
this random distribution an edge is a crossing edge with probability 1/2 and the expected
number of crossing edges is m/2. Therefore there is a sample point in the sample space
such that the number of crossing edges under this sample point is > m/2. The randomized

algorithm is derandomized if we find such a sample point.

Luby observed that a sample space which makes the n random variables (for labeling n
vertices) pairwise independent is sufficient for the purpose of derandomization. Assuming
without loss of generality that n is a power of 2, Luby used the sample space with 2n
points. Let 7 be a random variable uniformly distributed on {0, 1}1°8"*+! We can write
T = TlognTlogn—1 * " - "170, Where r;, 0 <7 < logn, is a random bit uniformly distributed in
{0,1}. The vertices of the graph is numbered from 0 to n—1. Let v = Viogpn—1Viogn—2 V1%
be a vertex, where v;, 0 < 7 < logn,is a bit. The random variable labeling vertex v is defined
as r(v) = @iigon(ri - v;), where @ is the exclusive-or operation and v,g, is always set to

1. It can be shown[8] that the random variables obtained for labeling vertices are pairwise

independent.



Let B = Z r(u) @ r(v) denote the number of crossing edges. B is called the benefit
(uw,v)eE
function in [8]. The expectation E[B] = m/2. There is a sample point on which B > m/2.

To find such a sample point the random variable r is fixed one bit at a time starting with
ro. Assume 79,71,...,7,—1 are fixed and 7; = b;, 0 < 7 < 7. Now r; is fixed as follows. For
each edge (u,v), compute Bo(u,v) = E[r(u)® r(v)|ro = bo,m1 = b1, ..., 7im1 = bi—1,7; = 0]
and By(u,v) = E[r(u) @ r(v)|ro = bo,m1 = b1,...,7i21 = b;—1,7; = 1]. Then compute the

benefit function By = Z Bo(u,v) and By = Z Bi(u,v) [8]. If By > By then r; is
(uw,v)eE (uw,v)eE
set to 0 otherwise r; is set to 1.

Luby observed[8] that if ¢ # logn and ¢ # max{j| the j-th bit of u & v = 1}, then
Bo(u,v) = Bi(u,v). Therefore edge (u,v) does not contribute to the decision of fixing
bit r;. Therefore edges can be grouped into logn groups. Group i consists of edges (u,v)
satisfying 7 = max{j| the j-th bit of u®v = 1}. When we are fixing bit r; we consider only

those edges in group .

In our situation bit 7,4, can be arbitrarily fixed to either 0 or 1 without affecting the

partitioning of vertices into two sets. Therefore we need not concern the fixing of bit rigg,.

Luby also gives the following method to evaluate Bo(u,v) and By(u,v) if edge (u,v)is in
group ¢. At this point, bits rg, 71, ...,7;_1 have been fixed. For each vertex v = vjg,—1...010,
compute v(0) = @;;%vj -r; and v(1) = (@;;%)vj -7;) @ v;. Then By(u,v) = u(b) & v(b),
b=20,1.

Based on the above explanation we now adapt Luby’s algorithm. We first present a
parallel algorithm which utilizes concurrent read and then show how to remove concurrent

read from the algorithm.
Algorithm Labeling
Step 1: For all edges (u,v) do in parallel, compute edge (u,v)’s group number which is
max{j| the j—th bit of u @ v is 1}. Sort edges by their group numbers.
Step 2: for ¢+ := 0 to logn — 1 do
for all edges (u,v) in group ¢ do in parallel

begin



Step 2.1: Broadcast b(0) (which is the number containing bits
bo,b1,...,0,-1,0) and b(1) (which is the number containing bits
bo, b1, ...,b;_1,1) to all edges in group 7.

Step 2.2: Compute v’ which contains from 0-th bit to i-th bit of v and o’
which contains from 0-th bit to i-th bit of ».

Step 2.3: Compute u® = u' A b(0), u' = v Ab(1), v° = v" A b(0) and
vl = v A b(1), where A is the bit-wise AND operation.

Step 2.4: Compute the parity of the bits in «°, u', v%, »!. This is done by

a table lookup. That is, we preset a table T[0..n — 1] of size n and assign
T[k] with the parity of bits in k. The parity of the bits in u°, u!, v° ! can
be computed by simply indexing into table 7. The results are denoted
by «(0),u(1),v(0),v(1). This step uses concurrent read.

Step 2.5: Compute By(u,v) = u(b) & v(b), b = 0,1. Then compute
By = Z By(u,v), b =10,1. If By > By then set r; to 0 otherwise
(w,v)Egroup 1
set r; to 1. Let b; denotes the value r; is set to.
end

Step 3: For each vertex v = viogp—1...0100, label it with @;Ozgon_lvj -b;. Again this step can

be done as in steps 2.3 and 2.4. That is, first compute v A b, where b = biogy—1...010g, and

then index into a preset table. This step uses concurrent read.

Steps 2.2, 2.3 and 2.4 are designed for the purpose of computing u(b) = (@;;%)u]‘ b )Bu;-b
and v(b) = (@;;%)vj b;) B v;-b,b=0,1. Luby’s algorithm[8] guarantees that the number
of crossing edges is at least the half of the total number of edges in the graph. Because we
adapted Luby’s algorithm, algorithm Labeling given above will also guarantee the number
of crossing edges is no less than m/2. Let us analyze the time complexity of algorithm
Labeling. Step 1 takes O(m + logn) time with p processors[9] because we are sorting
integers in {0, 1, ...,logn}. Li)t m; be the number of edges in group ¢. In the i-th iteration

of step 2, step 2.1 takes O(& + logn) time by using a simple broadcasting procedure.
P

Step 2.2 takes O(%) time. Step 2.3 takes O(%) time. Step 2.4 takes O(%) time.
p p p

Step 2.5 takes O(& + logn) time by a simple prefix sum procedure. Thus step 2 takes
P

logn—1 )
o( > (% + logn)) = O(% + log®n) time. Step 3 takes O(%) time. Thus the time

=0



complexity of algorithm Labeling is O(m——l—n + log? n) time using p processors.
P

We now show how to remove concurrent read from algorithm Labeling to yield an EREW
algorithm. The concurrent read is used in step 2.4 and step 3 where we index into a preset
table to compute the parity function. The concurrent read can be removed if we assume
the parity function is built into each processor as an instruction. Here we also show a
scheme to remove concurrent read without assuming that the parity function is built into

each processor.

To remove concurrent read from step 2.4 we divide step 2 into 2 stages. Stage 1 executes
the first loglogn iterations in step 2 and stage 2 executes the remaining iterations in step
2. Stage 1 starts with the 0-th iteration and stage 2 starts with the loglog n-th iteration.
When we execute step 2.4 in stage 1 (say we are executing i-th iteration), u°, ul, v, v! each
contains at most loglog n bits. Thus we can sort them for all edges in group ¢. After sorting
only 1 representative from the same numbers will index into the preset table and thus
concurrent read is eliminated. After this representative computed its parity value it then

broadcasts this value to all the same numbers (they are consecutive in the sorted sequence).

Sorting and broadcasting can be done in O(& + logn) time.
P

After finishing stage 1 and before executing stage 2 we re-number all vertices. Ver-
tex v = Vlogn—1Vogn—2..-v1%0 is re-numbered to v’ = Viggn_1Vlogn—2-.-Vioglognb, Where
b= @;Ozg(}ogn_lvj -b; and b;, 0 < j < loglogn, are the fixed bits for r;, 0 < j < loglogn.
Two different vertices may be re-numbered with the same number. The re-numbering uses
2n/log n numbers. Note that v(0),v(1) in 7-th iteration in stage 2 can be obtained by the
formulae »(0) = (®;;%oglognvj b;) @ b and v(l) = (®;;%oglognvj -b;) @ b; & b. In order
to compute v(0),v(1) for all vertices, we use 2n/logn variables containing the numbers
{0,1,....,2n/logn — 1} used to re-number the vertices. We also use 2n/logn variables
205 215 -+, ?2n/logn—1 CONtaining the current parity function values for the 2n/logn num-
bers. Initially z, contains b. At the end of ¢-th iteration in stage 2, z, is updated to
Zyt 1= Zy D ;- by During the ¢-th iteration in stage 2 the values of z,y @ v; -0 and z, v, - 1
are broadcast to all edges with endpoints re-numbered with v’. For vertex v, z, @& v; - 0 is

v(0) and z, @ v; - 1is v(1). In each iteration in stage 2 updating 29, 21, ..., 295, /10g n—1 takes

O(

1 ) time. Because edges are initially sorted and represented by the edge lists in the
plogn



input, we can sort the edges in step 1 of algorithm Labeling such that all edges in group
¢ with an end point re-numbered with v’ are consecutive in the sorted array. Therefore
broadcasting z,» @ v; -0 and z, G v; - 1 to all edges with end points re-numbered with v’ can

be done in O(ﬁ +log n) time in the i-th iteration. Thus the i-th iteration in stage 2 takes
P
e
O(—+
p  plogn
The concurrent read in step 3 is removed in a similar way. We first compute parity for

+ logn) time.

the least significant loglogn bits. This is done using 1 iteration. We then re-number the

vertices with 2n/logn numbers. For each such number v = viogn—1...VI0glogn, We compute

logn—1
P g

i=loglogn Uj -b; in log n — loglog n iterations. We then broadcast the results to all vertices.

The time complexity is O(ﬁ + logn).
p

After these changes the Labeling algorithm we obtained is an EREW algorithm. We

have thus proved Theorem 1.
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