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Parallel computation of a maximal matching has been studied by several researchers[2][5][6][7][8]. Israeli and Shiloach showed[5][6] that a maximal matching can be computedwith a randomized algorithm in time O(logn) usingm+n processors or with a deterministicalgorithm in time O(log3 n) using m + n processors. Recent results of Han[2] show that amaximal matching can be computed in O(log2:5 n) time with O((m+n)= log0:5 n) processorsor in O(log2 n) time with M(n) processors, whereM(n) is the number of processors neededto compute a matrix product in O(logn) time. Currently M(n) is n2:376[1]. Very recentlyKelsen obtained the �rst optimal parallel algorithm[7] for computing a maximal matching.Kelsen's algorithm runs in time O(log4 n) using (m + n)= log4 n processors on the EREWPRAM.In this paper we show an improvement on Kelsen's parallel algorithm. Our results showthat a maximal matching can be computed in O(log3 n) time using (m+n)= log3 n processorson the EREW PRAM. We achieve the improvement by applying a result of Luby[8] whichcomputes a bipartite graph from a graph e�ciently.2 The Maximal Matching AlgorithmLet G = (V;E) be a graph with vertex set V and edge set E. G is represented by the edgelist representation. All edges (u; v) incident on vertex u are initially sorted by the value ofv and stored consecutively in memory. Thus an undirected edge (v; w) is represented twice,once in the edge list of vertex v and once in the edge list of vertex w. We also assume thatthese two representations are double linked to each other. Let M be a matching of G. Weuse NG(M) to denote the set feje 2 E; there is an edge e0 2M such that e and e0 incidenton the same vertex g. A graph S = (V 0; E 0) is a subgraph of G if V 0 � V and E0 � E.A graph is bipartite if the vertices of the graph can be partitioned into two sets A;B suchthat all edges of the graph are edges of the form (a; b) where a 2 A and b 2 B.Our parallel maximal matching algorithm is as follows:Algorithm MatchingGraph := G;mG := m;for i := 1 to dlog12=11me 2



beginStep 1: Compute a bipartite graph B. B is a subgraph of Graph and contains mB � mG=2edges.Step 2: Compute a matching M of B such thatM [NB(M) contains at least mB=6 edges.Step 3: Remove M [NGraph(M) from Graph. Remove isolated vertices from Graph. LetGraph := the remaining of Graph. Let mG be the number of edges in Graph.endIt is easy to see that each iteration indexed by i removes a fraction 112 of the edgesfrom the remaining graph. Therefore, after dlog12=11me iterations a maximal matching iscomputed. The correctness of the algorithm is obvious. To analyze its time complexity weuse the following two theorems. Theorem 1 will be proven in the next section. Theorem 2is from Kelsen[7].Theorem 1: A bipartite graph B can be computed from a graph G in time O(m+ np +log2 n) using p processors on the EREW PRAM such that B contains at least half of theedges in G, where m and n are the number of edges and the number of vertices in G.Theorem 2 [7] : A matchingM of a bipartite graph B can be computed in time O(m+ np +log2 n) using p processors on the EREW PRAM such that M [NB(M) contains at least afraction 1=6 of the number of edges in B, where m and n are the number of edges and thenumber of vertices in B.We now prove the following theorem.Theorem 3: A maximal matching of a graph can be computed in time O(m+ np + log3 n)using p processors on the EREW PRAM.Proof: We analyze the time complexity of algorithm Matching. By Theorems 1 and 2 aniteration indexed by i in algorithm Matching takes O(mGp + log2 n) time with p processors.Each iteration also reduces mG to 11mG=12. Note that isolated vertices are removed.Therefore the number of vertices remaining is at most the twice the number of edges.Therefore the time complexity of algorithm Matching is O(log12=11mXi=1 ((1112)im+ np + log2 n))= O(m+ np + log3 n). 2 3



3 Computing a Bipartite GraphIn this section we prove Theorem 1. We adapt Luby's bit pairs bene�t algorithm[8]. Weassume that readers are somewhat familiar with Luby's work.We modify Luby's algorithm for the purpose of computing a bipartite graph. Luby'salgorithm[8] labels the vertices of a graph with f0; 1g such that the number of crossing edges(edges incident with both 0 and 1) consists of at least half of the edges in the graph. Thusif we use Luby's algorithm for labeling vertices and then delete all noncrossing edges weobtain a bipartite graph containing at least half of the edges in the original graph.Luby's labeling algorithm has time complexity O(log2 n) using m + n processors. Hanand Igarashi[4] and Han[3] improved Luby's result and showed that the labeling can be donein O(logn) time using m + n processors. Here we show how to adapt Luby's algorithm[8]so that the labeling can be done in time O(log2 n) using (m+ n)= log2 n processors.Luby's algorithm derandomizes a randomized algorithm. The randomized algorithm[8]is to label each vertex of the graph with a random bit of 0 or 1 with probability 1=2. Withthis random distribution an edge is a crossing edge with probability 1=2 and the expectednumber of crossing edges is m=2. Therefore there is a sample point in the sample spacesuch that the number of crossing edges under this sample point is � m=2. The randomizedalgorithm is derandomized if we �nd such a sample point.Luby observed that a sample space which makes the n random variables (for labeling nvertices) pairwise independent is su�cient for the purpose of derandomization. Assumingwithout loss of generality that n is a power of 2, Luby used the sample space with 2npoints. Let r be a random variable uniformly distributed on f0; 1glogn+1. We can writer = rlognrlogn�1 � � � r1r0, where ri, 0 � i � logn, is a random bit uniformly distributed inf0; 1g. The vertices of the graph is numbered from 0 to n�1. Let v = vlogn�1vlogn�2 � � �v1v0be a vertex, where vi, 0 � i < log n, is a bit. The random variable labeling vertex v is de�nedas r(v) = �logni=0 (ri � vi), where � is the exclusive-or operation and vlogn is always set to1. It can be shown[8] that the random variables obtained for labeling vertices are pairwiseindependent. 4



Let B = X(u;v)2E r(u)� r(v) denote the number of crossing edges. B is called the bene�tfunction in [8]. The expectation E[B] = m=2. There is a sample point on which B � m=2.To �nd such a sample point the random variable r is �xed one bit at a time starting withr0. Assume r0; r1; :::; ri�1 are �xed and rj = bj , 0 � j < i. Now ri is �xed as follows. Foreach edge (u; v), compute B0(u; v) = E[r(u)� r(v)jr0 = b0; r1 = b1; :::; ri�1 = bi�1; ri = 0]and B1(u; v) = E[r(u)� r(v)jr0 = b0; r1 = b1; :::; ri�1 = bi�1; ri = 1]. Then compute thebene�t function B0 = X(u;v)2EB0(u; v) and B1 = X(u;v)2EB1(u; v) [8]. If B0 > B1 then ri isset to 0 otherwise ri is set to 1.Luby observed[8] that if i 6= logn and i 6= maxfjj the j-th bit of u � v = 1g, thenB0(u; v) = B1(u; v). Therefore edge (u; v) does not contribute to the decision of �xingbit ri. Therefore edges can be grouped into logn groups. Group i consists of edges (u; v)satisfying i = maxfjj the j-th bit of u� v = 1g. When we are �xing bit ri we consider onlythose edges in group i.In our situation bit rlogn can be arbitrarily �xed to either 0 or 1 without a�ecting thepartitioning of vertices into two sets. Therefore we need not concern the �xing of bit rlogn.Luby also gives the following method to evaluate B0(u; v) and B1(u; v) if edge (u; v) is ingroup i. At this point, bits r0; r1; :::; ri�1 have been �xed. For each vertex v = vlogn�1:::v1v0,compute v(0) = �i�1j=0vj � rj and v(1) = (�i�1j=0vj � rj) � vi. Then Bb(u; v) = u(b) � v(b),b = 0; 1.Based on the above explanation we now adapt Luby's algorithm. We �rst present aparallel algorithm which utilizes concurrent read and then show how to remove concurrentread from the algorithm.Algorithm LabelingStep 1: For all edges (u; v) do in parallel, compute edge (u; v)'s group number which ismaxfjj the j�th bit of u� v is 1g. Sort edges by their group numbers.Step 2: for i := 0 to logn � 1 dofor all edges (u; v) in group i do in parallelbegin 5



Step 2.1: Broadcast b(0) (which is the number containing bitsb0; b1; :::; bi�1; 0) and b(1) (which is the number containing bitsb0; b1; :::; bi�1; 1) to all edges in group i.Step 2.2: Compute u0 which contains from 0-th bit to i-th bit of u and v0which contains from 0-th bit to i-th bit of v.Step 2.3: Compute u0 = u0 ^ b(0), u1 = u0 ^ b(1), v0 = v0 ^ b(0) andv1 = v0 ^ b(1), where ^ is the bit-wise AND operation.Step 2.4: Compute the parity of the bits in u0; u1; v0; v1. This is done bya table lookup. That is, we preset a table T [0::n� 1] of size n and assignT [k] with the parity of bits in k. The parity of the bits in u0; u1; v0; v1 canbe computed by simply indexing into table T . The results are denotedby u(0); u(1); v(0); v(1). This step uses concurrent read.Step 2.5: Compute Bb(u; v) = u(b) � v(b), b = 0; 1. Then computeBb = X(u;v)2group iBb(u; v), b = 0; 1. If B0 > B1 then set ri to 0 otherwiseset ri to 1. Let bi denotes the value ri is set to.endStep 3: For each vertex v = vlogn�1:::v1v0, label it with �logn�1j=0 vj � bj. Again this step canbe done as in steps 2.3 and 2.4. That is, �rst compute v ^ b, where b = blogn�1:::b1b0, andthen index into a preset table. This step uses concurrent read.Steps 2.2, 2.3 and 2.4 are designed for the purpose of computing u(b) = (�i�1j=0uj �bj)�ui �band v(b) = (�i�1j=0vj � bj) � vi � b, b = 0; 1. Luby's algorithm[8] guarantees that the numberof crossing edges is at least the half of the total number of edges in the graph. Because weadapted Luby's algorithm, algorithm Labeling given above will also guarantee the numberof crossing edges is no less than m=2. Let us analyze the time complexity of algorithmLabeling. Step 1 takes O(mp + log n) time with p processors[9] because we are sortingintegers in f0; 1; :::; logng. Let mi be the number of edges in group i. In the i-th iterationof step 2, step 2.1 takes O(mip + logn) time by using a simple broadcasting procedure.Step 2.2 takes O(mip ) time. Step 2.3 takes O(mip ) time. Step 2.4 takes O(mip ) time.Step 2.5 takes O(mip + logn) time by a simple pre�x sum procedure. Thus step 2 takesO(logn�1Xi=0 (mip + logn)) = O(mp + log2 n) time. Step 3 takes O(np ) time. Thus the time6



complexity of algorithm Labeling is O(m+ np + log2 n) time using p processors.We now show how to remove concurrent read from algorithm Labeling to yield an EREWalgorithm. The concurrent read is used in step 2.4 and step 3 where we index into a presettable to compute the parity function. The concurrent read can be removed if we assumethe parity function is built into each processor as an instruction. Here we also show ascheme to remove concurrent read without assuming that the parity function is built intoeach processor.To remove concurrent read from step 2.4 we divide step 2 into 2 stages. Stage 1 executesthe �rst log logn iterations in step 2 and stage 2 executes the remaining iterations in step2. Stage 1 starts with the 0-th iteration and stage 2 starts with the log logn-th iteration.When we execute step 2.4 in stage 1 (say we are executing i-th iteration), u0; u1; v0; v1 eachcontains at most log logn bits. Thus we can sort them for all edges in group i. After sortingonly 1 representative from the same numbers will index into the preset table and thusconcurrent read is eliminated. After this representative computed its parity value it thenbroadcasts this value to all the same numbers (they are consecutive in the sorted sequence).Sorting and broadcasting can be done in O(mip + logn) time.After �nishing stage 1 and before executing stage 2 we re-number all vertices. Ver-tex v = vlogn�1vlogn�2:::v1v0 is re-numbered to v0 = vlogn�1vlogn�2:::vlog lognb, whereb = �log logn�1j=0 vj � bj and bj , 0 � j < log logn, are the �xed bits for rj , 0 � j < log logn.Two di�erent vertices may be re-numbered with the same number. The re-numbering uses2n= logn numbers. Note that v(0); v(1) in i-th iteration in stage 2 can be obtained by theformulae v(0) = (�i�1j=log lognvj � bj) � b and v(1) = (�i�1j=log lognvj � bj) � bi � b. In orderto compute v(0); v(1) for all vertices, we use 2n= logn variables containing the numbersf0; 1; ::::; 2n= logn � 1g used to re-number the vertices. We also use 2n= logn variablesz0; z1; :::; z2n= logn�1 containing the current parity function values for the 2n= logn num-bers. Initially zv0 contains b. At the end of i-th iteration in stage 2, zv0 is updated tozv0 := zv0 � vi � bi. During the i-th iteration in stage 2 the values of zv0 � vi � 0 and zv0 � vi � 1are broadcast to all edges with endpoints re-numbered with v0. For vertex v, zv0 � vi � 0 isv(0) and zv0 � vi � 1 is v(1). In each iteration in stage 2 updating z0; z1; :::; z2n= logn�1 takesO( np logn ) time. Because edges are initially sorted and represented by the edge lists in the7



input, we can sort the edges in step 1 of algorithm Labeling such that all edges in groupi with an end point re-numbered with v0 are consecutive in the sorted array. Thereforebroadcasting zv0 � vi � 0 and zv0 � vi � 1 to all edges with end points re-numbered with v0 canbe done in O(mip + logn) time in the i-th iteration. Thus the i-th iteration in stage 2 takesO(mip + np logn + logn) time.The concurrent read in step 3 is removed in a similar way. We �rst compute parity forthe least signi�cant log log n bits. This is done using 1 iteration. We then re-number thevertices with 2n= logn numbers. For each such number v = vlogn�1:::vlog logn, we compute�logn�1j=log lognvj � bj in log n� log logn iterations. We then broadcast the results to all vertices.The time complexity is O(np + logn).After these changes the Labeling algorithm we obtained is an EREW algorithm. Wehave thus proved Theorem 1.AcknowledgmentThe author would like to thank anonymous referees for careful reviewing and makingconstructive suggestions about the manuscript.References[1] D. Coppersmith, S. Winograd. Matrix multiplication via arithmetic progressions.Proc. 19th Ann. ACM Symp. on Theory of Computing, 1-6(1987).[2] Y. Han. A fast derandomization scheme and its applications. Tech. Rep. No. 180-90,Dept. of Computer Science, University of Kentucky, Lexington, Kentucky, to appearon SIAM J. on Computing.[3] Y. Han. A parallel algorithm for the PROFIT/COST problem. Proc. 1991 Int. Conf.on Parallel Processing, Vol. 3, 103-112(Aug. 1991).[4] Y. Han and Y. Igarashi. Derandomization by exploiting redundancy and mutualindependence. Proc. Int. Symp. SIGAL'90, Tokyo, Japan, LNCS 450, 328-337(1990).[5] A. Israeli and Y. Shiloach. An improved parallel algorithm for maximal matching.Inform. Process. Lett. 22 (1986) 57-60.8
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