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The only known lower bound independent of indexing schemes for sorting on an n � nmesh-connected processor array was the distance bound of 2n. No previous results showedthat some indexing schemes are better than others.The aim of this paper is to provide a general technique to derive lower bounds for variousindexing schemes and to derive a good lower bound independent of indexing schemes. Inthis paper we show that 2:22n is a lower bound for any indexing scheme on the n�n mesh-connected processor array. We therefore answered the question posed by Ma et al.[10].We use a tool which we call the chain argument to obtain this lower bound. This chainargument is a generalization of the joker-zone argument used by Kunde[6] and Schnorr andShamir[18]. It combines the new idea of chaining with the joker-zone argument. By usingthe chain argument we give a constructive proof showing that 4n � 2(2n)1=2 � 3 is a timelower bound for sorting by a certain indexing scheme. Combined with Schnorr and Shamir'sresult[18], this shows that some indexing schemes are provably worse than the snake-likerow-major indexing for sorting. By using the chain argument we also derive lower boundsfor various indexing schemes.The present paper is divided into 6 sections. In section 2 we will de�ne our mesh-connected model, illustrate commonly used indexing schemes and give some terminologies.In section 3, a basic tool, called the chain argument, is described. In section 4 we derive timelower bounds for various indexing schemes. We also show the existence of a poor indexingscheme. In section 5 we derive a good lower bound independent of indexing schemes.2 PreliminariesWe consider a general model of a synchronous n � n mesh-connected processor array asgiven in [18]. The processor array is denoted by M [1::n; 1::n]. Each processor at location(i; j), 1 � i; j � n, is denoted by M [i; j]. A subarray consisting of processors M [i; j] suchthat p � i � q and r � j � t is denoted by M [p::q; r::t]. Processor M [i; j] is directlyconnected to its neighbors M [i; j � 1], M [i � 1; j], M [i + 1; j] and M [i; j + 1], providedthey exist. This model is shown in Fig. 1. All n2 processors work in parallel with a singleclock, but they may run di�erent programs. As for sorting computation, the initial contentsof M [1::n; 1::n] are assumed to be a permutation of n2 linearly ordered data items, whereeach processor has exactly one data item. The �nal contents of M [1::n; 1::n] are the sortedsequence of the items in a speci�ed order. In one step each processor can communicate withall of its directly-connected neighbors. The interchange of data items and the replacementof the data item in a processor with the data item of its directly connected processor canbe done in one step. We should note that a data item can only be moved to one of itsneighbors in one step. The computing time is de�ned to be the number of parallel steps ofthe basic operations to reach the �nal con�guration of the processor array. As pointed outby Schnorr and Shamir[18], such a model is stronger than most models used for derivingupper bounds.An indexing scheme I on array M [1::n; 1::n] is a one-to-one mapping from f1; :::; ng�f1; :::; ng to f1; :::; n2g, i.e. I : (i; j)! k. Sorting by an indexing scheme I is to sort theitems into the order de�ned by I .The row-major indexing and the snake-like row-major indexing are commonly acceptedways to order the processor array. Other indexing schemes are also used[3]. They are2



Fig. 1. A mesh-connected processor arraydiagonal-major indexing, snake-like diagonal-major indexing, �le-major indexing, and q-column-block-major indexing. These indexing schemes are shown in Fig. 2. The rulesof indexing for these schemes may be clear from the illustrations. We brie
y explain howprocessors are ordered by the �le-major indexing and by the q-column-block-major indexingin the following. In the �le-major indexing the whole processor arrayM [1::n; 1::n] is dividedinto 4 sub�les S1 =M [1::n=2; 1::n=2], S2 =M [1::n=2; n=2+1::n],S3 =M [n=2+1::n; 1::n=2],S4 = M [n=2 + 1::n; n=2 + 1::n]. Any processor in Si proceeds any processor in Sj if i < j.The order of the processors in the same sub�le is recursively de�ned in the same way. In theq-column-block-major indexing the i-th block is M [1::n; iq+1::(i+1)q], i = 0; 1; :::; n=q�1,where n is assumed to be a multiple of q. The order of any processor in the i-th blockproceeds the order of any processor of the j-th block if i < j. The order of processors inthe same block is by the row-major indexing.The distance betweenM [i1; j1] andM [i2; j2] is de�ned as ji1�i2j+jj1�j2j and denoted byd((i1; j1); (i2; j2)). A zone S of M [1::n; 1::n] is denoted by a subset of f1; :::; ng� f1; :::; ng.The area of zone S is the number of processors in S. For convenience M [1::n; 1::n] alsodenotes the zone of all processors in M [1::n; 1::n]. For an indexing scheme I the index ofM [i; j] is denoted by I(i; j). For example, if I is the row-major indexing on M [1::4; 1::4],I(2; 4) = 8. For an indexing scheme I , a chain C is a sequence of pairs ((i1; j1), (i2; j2), ...(ic; jc)), (ik; jk) 2 f1; :::; ng� f1; :::; ng, 1 � k � c, such that I(i1; j1), I(i2; j2), ..., I(ic; jc)is a consecutive integer sequence in increasing order. In this case the length of C is c � 1.For the row-major indexing on M [1::4; 1::4], ((2; 4), (3; 1), (3; 2), (3; 3)) is a chain of length3. It is obvious that no chain in M [1::n; 1::n] could have its head and tail joined to form acircle.3 The Chain TheoremWe shall frequently consider the computation performed in a duration called a sweep. Asshown in Fig. 3(a), a sweep is de�ned by two lines and a direction. The two lines areparallel to a diagonal of the mesh-connected processor array and the direction is orthogonalto the lines. One of the lines is called the start line and the other is called the stop line. Thecomputation performed during the sweep as speci�ed in Fig. 3(a) is shown in Fig. 3(b).3
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The frontier of the computation is initially at the start line x and propagates along directionZ. When the frontier hits the extreme of the processor array (point A in Fig. 3(a)), it willbe bounced back and then propagates backwards until it hits the stop line y. Referringto Fig. 3, the length of the sweep is de�ned to be the sum of the distance from line x topoint A and the distance from point A to line y. Therefore the length of a sweep representsthe minimum number of computing steps required to accomplish the sweep. The regionenclosed by the start line x and corner D is called the stretching zone. This stretching zoneis called the joker-zone in the joker-zone argument[6]. Our idea is to use the items in thestretching zone to stretch one position into a chain. This is demonstrated in the proof ofthe chain theorem. The region enclosed by stop line y and corner A is called the residingzone. We shall demonstrate the existence of a chain of a certain length in the residing zone.Notice that if the length of a sweep is no less than 2n� 2 then the area of residing zone isno less than the area of the stretching zone.
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bFig. 3. A sweepOur �rst theorem, called the chain theorem, relates the computing time of a sortingalgorithm, the length of a sweep on mesh M and the length of a chain in the residing zone.Theorem 1(Chain Theorem): For any sorting algorithm of time complexity T and asweep of length T + 1, there exists a chain C of length S in the residing zone of the sweep,where S is the area of the stretching zone.Proof: Let SORT be a sorting algorithm of time complexity T . Referring to Fig. 3(a),let k be the distance between line x and point A. During the �rst k � 1 steps of SORTthe computation happens at point A is not a�ected by the initial contents in the stretching5



zone (in Fig. 3(a) the stretching zone is �FED). Let a be the item which is at pointA immediately after the (k � 1)-st step of SORT . Item a is independent of the initialcontents of any processor in the stretching zone, and its �nal sorted position must be in theresiding zone since the time complexity of SORT is T . By assigning di�erent input valuesto the processors in the stretching zone, we can force (stretch) a into S + 1 di�erent sortedpositions. These di�erent positions are all within the residing zone and they form a chainof length S. 2The next theorem is immediate from the Chain Theorem and will be often used to showtime lower bounds for various indexing schemes in the following sections.Theorem 2: For an indexing scheme I and a sweep of length T , if there is no chain oflength S in the residing zone, where S is the area of the stretching zone, then there is noalgorithm of time complexity T � 1 for sorting the items on the mesh-connected processorarray by indexing scheme I (i.e., T is a time lower bound for sorting by I). 24 Lower Bounds for Various Indexing SchemesBy using the chain argument we can derive new lower bounds for various indexing schemes.Theorems 3 and 4 in the following were proved by Kunde[6] and by Schnorr and Shamir[18].Here we give alternative proofs by using the chain argument.Theorem 3: A lower bound for sorting by the row-major indexing is 3n�(2n)1=2�2 steps.Proof: We de�ne the sweep (shown in Fig. 4, where k = (2n)1=2) such that the stretchingzone and the residing zone of the sweep are fM [i; j]jd((i; j); (n; 1)) � (2n)1=2 � 1g andfM [i; j]jd((i; j); (1; n))� n � 1g, respectively. The length of the sweep is 3n� (2n)1=2� 2.The area of the stretching zone is k(k + 1)=2 > n � 1. However, the longest chain in theresiding zone has length n� 1. By Theorem 2, a lower bound for sorting by the row-majorindexing is 3n� (2n)1=2 � 2 steps. 2
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the stretching zone is 2n+(n�2)1=2�4 which is greater than 2n�4 when n � 2. However,the longest chain in the residing zone has length 2n� 4. By Theorem 2, a lower bound forsorting by the snake-like row-major indexing is 3n� 2(n� 2)1=2 � 2 steps. 2
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kFig. 5. A sweep for the snake-like row-major indexingWe use the chain argument to derive new lower bounds. These lower bounds are listed inExamples 1, 2 and Theorem 5. They can also be obtained by the joker-zone argument[6,18].The idea here is to show how to characterize chains in the residing zone for various indexingschemes.Example 1: A lower bound for sorting by the diagonal-major indexing or the snake-likediagonal-major indexing is 3n� 4 steps.Proof: We choose the sweep (shown in Fig. 6) such that the stretching zone and the residingzone are fM [i; j]ji � jg and fM [i; j]j(i; j) 6= (n; 1)g, respectively. That is, the stretchingzone is the lower-left triangle while the residing zone consists of all processors except theone at point C. The length of the longest chain in the residing zone is equal to the area ofthe stretching zone minus 1. The sweep has length 3n � 4. By Theorem 2, a lower boundfor sorting by these indexing schemes is 3n� 4 steps. 2
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DFig. 6. A sweep for the diagonal-major and the snake-like diagonal-major indexingsExample 2: A lower bound for sorting by the �le-major indexing is 2:75n� 4 steps.Proof: Consider the sweep (shown in Fig. 7.) such that the stretching zone and the residingzone are fM [i; j]ji � j + n=4� 1g and fM [i; j]j(i; j) 6= (1; n)g, respectively. The length of7



the sweep is 2:75n � 4. The area of the stretching zone is (23n2 � 12n)=32. However, thelongest chain in the residing zone has length n2(1=2+ 1=8+ :::) < (23n2� 12n)=32. Hence,by Theorem 2, a lower bound for sorting by the �le-major indexing is 2:75n� 4 steps. 2
x

yFig. 7. A sweep for the sub�le-major indexingWe demonstrate the variation of the length of chains in the (n=k)-column-block majorindexing scheme by proving the following theorem.Theorem 5: Let n be a multiple of k. A lower bound for sorting by the (n=k)-column-block-major indexing is 3n+ 2n=k � (2=k)1=2n� 4 steps.Proof: Consider the sweep (shown in Fig. 8.) such that the stretching zone and the residingzone are fM [i; j]jd((i; j); (n; 1)) � (2=k)1=2n � 1g and fM [i; j]jd((i; j); (n; 1)) � (n=k)(k �2)+1g, respectively. The length of the sweep is 3n+2n=k�(2=k)1=2n�4. The length of thelongest chain in the residing zone is smaller than the area of the stretching zone. By Theorem2, a lower bound for the (n=k)-column-block-major indexing is 3n+ 2n=k � (2=k)1=2n � 4steps. 2
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2/k nFig. 8. A sweep for the (n/k)-column-block-major indexingThe relation between lower bounds and values of k is summarized in Table 1 and illus-trated in Fig. 9.By using the chain argument we show that there exists an indexing scheme with a lowerbound greater than 3n.Theorem 6: There exists an indexing scheme with lower bound of 4n� 2(2n)1=2� 3 steps8
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for sorting.Proof: Consider the sweep de�ned in Fig. 10(a). Notice that the start line is immediateto the lower right of the stop line. Dividing the sorted chain of length n2 � 1 evenly intoS + 1 chains as shown in Fig. 10(b). De�ne indexing scheme I such that the S dividingpoints are located outside the residing zone (i.e., in the stretching zone) and the others arelocated in the residing zone. The longest chain in the residing zone has length no greaterthan d n2S + 1e. Let S = n. Then the length of the sweep is 4n� 2(2n)1=2� 3. By Theorem2, 4n� 2(2n)1=2� 3 is a lower bound for sorting by indexing scheme I . 2
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bFig. 10. A poor indexing schemeSince 3n is the known upper bound for sorting by the snake-like row-major indexing[18],we have proved that there exists an indexing scheme which is worse than the snake-like row-major indexing for sorting.5 A Lower Bound for Any Sorting OrderWe apply the chain theorem to derive a lower bound independent of indexing schemes. Herewe are interested in a lower bound of the form 2n+ �, where � = �n and � > 0. In provingsuch a lower bound, we can ignore lower order terms because these terms do not contributeto the main term 2n + �. In particular, when we say that the area of a zone is a we meanthe area is between a� o(n2) and a+ o(n2).We �rst show a weeker lower bound of 2:125n. The proof of this lower bound is easierto understand and may give more intuition on the application of our chain argument.Proposition 1: A lower bound independent of indexing schemes for sorting is 2:125n.Proof: Suppose that there is an algorithm for sorting in time 2:125n. De�ne a sweep oflength 2:125n as shown in Fig. 11(a). By the chain theorem there is a chain C1 of length> 3n2=8 in the upper right triangle �ABD. Now de�ne the other three sweeps as shownin Fig. 11(b). By the chain theorem there is a chain C2 in �BDC, a chain C3 in �DCAand a chain C4 in �CAB. Each of these chains has length > 3n2=8. Consider the triangle�BOD as shown in Fig. 11(c). Both chains C1 and C2 have more than 3n2=8�n2=4 = n2=8points in �BOD, therefore they must join in �BOD. For the same reason C2 and C3 mustjoin in �DOC, C3 and C4 must join in �COA, C4 and C1 must join in �AOB. We10



thus obtain a circle. This contradicts the circleless property of any indexing scheme. Wetherefore conclude that there is a residing zone in which no chain of length 3n2=8 existsand, by Theorem 2, a lower bound for sorting is 2:125n. 2
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