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Abstract. We present a deterministic linear time and space algorithm
for ordered partition of a set T of n integers into n1/2 sets T0 ≤ T1 ≤
· · · ≤ Tn1/2−1, where |Ti| = θ(n1/2) and Ti ≤ Ti+1 means that maxTi ≤
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1 Introduction

For a set T of n input integers we seek to partition them into n1/2 sets T0, T1, ..., Tn1/2−
1 such that |Ti| = θ(n1/2), Ti ≤ Ti+1, 0 ≤ i < n1/2 − 1. Where Ti ≤ Ti+1 means
maxTi ≤ minTi+1. We call this ordered partition. We show that we can do this
in deterministic optimal time, i.e. in O(n) time.

This result, when applied iteratively for O(log log n) iterations, partitions the
n integers into O(n3/4) sets because every set is further partitioned into O(n1/4)
sets, into O(n7/8) sets, and so on, eventually partitions n integers into n ordered
sets, i.e., having them sorted. The time for these iterations is O(n log log n)
and the space complexity is linear, i.e. O(n). This complexity result for integer
sorting was known [6] and is the current best result for deterministic integer
sorting. However, ordered partition itself is an interesting topic for study and
the result for ordered partition can be applicable in the design of algorithms for
other problems. As an example in [7] our ordered partition algorithm is extended
for obtaining an improved randomized integer sorting algorithm.

The problem of ordered partition was noticed in [11] and the linear time
complexity was conceived there. However, the deterministic linear time ordered
partition algorithm presented here has a nice structure and the mechanism for
the design of our algorithm is particularly worth noting. In particular the con-
version of the randomized signature sorting to the deterministic version shown
in Section 3.2 and the mechanism shown there were not explained clearly in [11].
Besides, our ordered partition algorithm is an optimal algorithm and it has been
extended to obtain a better randomized algorithm [7] for integer sorting. There-
fore we present them here for the sake of encouraging future research toward an
optimal algorithm for integer sorting.

2 Overview

Integers are sorted into their destination partition by moving them toward their
destination partition. One way of moving integers is to use the ranks computed
for them to move them, say a rank r is obtained for an integer i then move i to
position r. We will call such moving as moving by indexing. Note that because
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our algorithm is a linear time algorithm such move by indexing can happen only
a constant number of times for each integer. Since a constant number of moving
by indexing is not sufficient through our algorithm we need to use the packed
moving by indexing, i.e. we pack a integers into a word with each integer having
the rank of log n/(2a) bits (and thus the total number of bits for all ranks of
packed integers in a word is log n/2) and move these integers to the destination
specified by these log n/2 bits in one step.

Here we packed a integers into a word in order to move them by indexing. In
order to have a integers packed in a word we need to reduce the input integers
to smaller valued integers. This can be done in the randomized setting by using
the signature sorting [1] which basically says:
Lemma 1 [1]: In the randomized setting, sorting of n p log n bits integers can
be done with 2 passes of sorting n p1/2 log n bits integers.

However, because our algorithm is a deterministic algorithm we converted
Lemma 1 to Lemma 2.
Lemma 2: Ordered partition of n p log n bits integers into n1/2 partitions can
be done with 2 passes of ordered partition of n p1/2 log n bits integers into n1/2

partitions.
Lemma 2 is basically proved in Section 3.2 as Lemma 2′ and it is a deter-

ministic algorithm. This is one of our main contributions.
By Lemma 2 we can assume that the integers we are dealing with has p log n

bits while each word has p3 log n bits and thus we can pack more than p integers
into a word.

We do ordered partition of n integers into n1/2 partitions by a constant
number of passes of ordered partition of n integers into n1/8 partitions, i.e.
ordered partition of n integers into n1/8 partitions, into n1/8+(1/8)(7/8) partitions,
..., into n1/2 partitions.

We do ordered partition of n integers in set T into n1/8 partitions via ordered
partition of n integers in T by n1/8 integers s0 ≤ s1 ≤ · · · ≤ sn1/8−1 in S, i.e.
partition T into |S| + 1 sets T0, T1, ..., T|S| such that T0 ≤ s0 ≤ T1 ≤ · · · ≤
s|S|−1 ≤ T|S|. We call this as ordered partition of T by S.

The ordered partition is done by arbitrary partition T into n1/2 sets T (i)’s,
0 ≤ i < n1/2, with |T (i)| = n1/2 and pick arbitrary n1/16 integers s0, s1, ..., sn1/16−1
in T to form set S. Then use step i to do ordered partition of T (i) by S,
i = 0, 1, ..., n1/2 − 1. After step i − 1 we have ordered partitioned ∪i−2j=0T (j)
by S into T0 ≤ s0 ≤ T1 ≤ s1 ≤ · · · ≤ sn1/16−1 ≤ Tn1/16 and we maintain that

|Tj | ≤ 2n15/16 for all j. If after step i 2n15/16 < |Tj | ≤ 2n15/16 + n1/2 then
we use selection [4] in O(|Tj |) time to select the median m of Tj and (ordered)
partition Tj into two sets. We add m to S. The next time a partition has to be

ordered partitioned into two sets is after adding additional n15/16 +n1/2 integers
(from n15/16 integers to 2n15/16+n1/2 integers). Thus the overall time of ordered
partitioning of one set (partition) to two sets (partitions) is linear. This idea is
shown in [2]. Thus after finishing we have partitioned T into O(n1/16) sets with
each set of size ≤ 2n15/16. We can then do selections for these sets to have them
become n1/16 ordered partitioned sets with each set of size n15/16. The time is
linear.

Thus we now left with the problem of ordered partition of T with |T | = n by
S with |S| = n1/8. This is a complicated part of our algorithm. We achieve this
using the techniques of deterministic perfect hashing, packed moving by indexing
or sorting, progressive enlarge the size of hashed integers for packed moving and
the determination of progress when hashed value matches, etc.. The basic idea
is outline in the next two paragraphs.

Let s0 ≤ s1 ≤ · · · ≤ sn1/8−1 be the integers in S. As will be shown in
Section 4 that we can compare all integers in T with si, s2i, s3i, ..., sbn1/8/ici in

O(n log(n1/8/i)/ log n) time because integers can be hashed to O(log(n1/8/i))
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bits (this is a perfect hash for si, s2i, s3i, ..., sbn1/8/ici but not perfect for the

integers in T , but the hash value for every integer has O(log(n1/8/i)) bits) and
we can pack O(log n/ log(n1/8/i))) integers into one word (note that we can
pack more integers into one word but the number of hashed bits will exceed
log n/2 which cannot be handled by our algorithm). Because of this packing
we left with O(n log(n1/8/i)/ log n) words and we can sort them using bucket
sorting (by treating the hashed bits together as one integer in each word) in
O(n log(n1/8/i)/ log n) time. This sorting will let us compare all integers in T
with si, s2i, s3i, ..., sbn1/8/ici. As noted in Section 4 if an integer t in T is equal

to sai for some a (we call match) then we made progress (we say advanced).
Otherwise t is not equal to any sai (we call unmatch) and then we will compare
these unmatched t’s with sj , s2j , s3j , ..., sbn1/8/jcj , where n1/8/j = (n1/8/i)2 (i.e.

we double the number of bits for hashed value for every integer). We keep doing
this when unmatch happens till i (or j) becomes 1 where we have compared t
with all integers in S and none of them is equal to t.

If for every integer t in T we did the last paragraph then if t does not match
any integer in S we will lose our work because we will not know which partition
t will fall into. To prevent this to happen when we compare t to integers in S we
really do is to compare the most significant log n bits of t to the most significant
log n bits of integers in S. And thus if the most significant log n bits of t does
not match the most significant log n bits of any integer in S we can then throw
away all bits of t except the most significant log n bits. We can then bucket
sort t (because there are only log n bits for t left) into its destination partition.
The complication of this scheme such as when the most significant log n bits
match is handled in Section 4 where we used the concept of current segment for
every integer. Initially the most significant log n bits of an integer is the current
segment of the integer. When the current segment matches we then throw away
the current segment and use the next log n bits as the current segment. The
details is shown in Section 4. .

3 Preparation

3.1 Perfect Hash Function

We will use a perfect hash function H that can hash a set S of integers in
{0, 1, ...,m − 1} to integers in {0, 1, ..., |S|2 − 1}. A perfect hash function is a
hash function that has no collisions for the input set. Such a hash function for
S can be found in O(|S|2 logm) time [13]. In [8] we improved this and made the
time independent of the number of bits in integers (logm):
Lemma 3 [8]: A perfect hash function that hashes a set S of integers in
{0, 1, ...,m − 1} to integers in {0, 1, ..., |S|2 − 1} can be found in O(|S|4 log |S|)
time. Thereafter every batch of |S| integers can be hashed to {0, 1, ..., |S|2 − 1}
in O(|S|) time and space.

We note that the hash function used in this paper was first devised in [5]
where it is showed that such a hash function can be found with a randomized
algorithm in constant time. Raman [13] showed how to use derandomization to
obtain a deterministic version of the hash function in O(n2 logm) time for a set
of n integers in {0, 1, ...,m− 1}.

The hash function given in [5, 13] for hashing integers in {0, 1, ..., 2k − 1} to
{0, 1, ..., 2l − 1} is

ha(x) = (ax mod 2k) div 2k−l

with different values of a different hash functions are defined. Raman [13] showed
how to obtain the value of a such that the hash function becomes a determinis-
tic perfect hash function. Note that the computation of hash values for multiple
integers packed in a word can be done in constant time.
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3.2 Converting Ordered Partition with Integers of p logn Bits to
That with Integers of p1/3 logn Bits

Besides ordered partition, we now introduce the problem of ordered partition of
set T of n integers by a set S of |S| < n integers. Let s0 ≤ s1 ≤ · · · ≤ s|S|−1
be the |S| integers in S that are already sorted. Ordered partition T by S is to
ordered partition T into |S| + 1 sets T0 ≤ T1 ≤ · · · ≤ T|S| such that T0 ≤ s0 ≤
T1 ≤ · · · ≤ s|S|−1 ≤ T|S|, where Ti ≤ si means maxTi ≤ si and si ≤ Ti+1 means
si ≤ minTi+1.

In our application in the following sections, |S| = n1/8. Thus sorting set S
takes at most O(|S| log |S|) = O(n) time. That is the reason we can consider the
sorting of S as free as it will not dominate the time complexity of our algorithm.

We use a perfect hash function H for set S. Although there are many perfect
hash functions given in many papers, we use the hash function in [5, 13] because
it has the property of hashing multiple integers packed in one word in constant
time. Notice that H hashes S into {0, 1, ..., |S|2− 1} instead of {0, 1, ..., c|S|− 1}
for any constant c.

We shall use H to hash integers in T . Although H is perfect for S it is not
perfect for T as T has n integers. We cannot afford to compute a perfect hash
function for T as it requires nonlinear time. The property we will use is that for
any two integers in S if their hash values are different then these two integers
are different. For any integer t ∈ T if the hash value of t is different than the
hash value of an integer s in S then t 6= s.

We will count the bits in an integer from the low order bits to the high order
bits starting at the least significant bit as the 0-th bit.

For sorting integers in {0, 1, ...,m − 1} we assume that the word size (the
number of bits in a word) is logm+log n. log n bits are needed here for indexing
into n input numbers. When m = nk for a constant k n integers can be sorted in
linear time using radix sort. Let p = logm/ log n and therefore we have p log n
bits for each integer.

As will be shown, we can do ordered partition of T by S, where |T | = n and
|S| ≤ n, (here integers in T ∪ S are taken from {0, 1, ...,m− 1}, i.e. each integer
has p log n bits) in constant number of passes with each pass being an ordered
partition of set T ′i by S′i, i = 1, 2, 3, ..., c, where T ′i has n integers each having
p1/3 log n bits and S′i has |S| integers each having p1/3 log n bits, c is a constant.

This is done as follows. We view each integer of p log n bits in T (S) as com-
posed of p1/3/2 segments with each segment containing consecutive 2p2/3 log n
bits. We use a perfect hash function H which hashes each segment of an integer
in S into 2 log |S| bits and thus each integer in S is hashed to p1/3 log n bits. Note
that the hash function provided in [5, 13] can hash all segments contained in a
word in constant time (It requires [5, 13] that for each segment g of 2p2/3 log n
bits another 2p2/3 log n bits g1 has to be reserved and two segments of bits g1g
is used for the hashing of segment g. This can be achieved by separating even
indexed segments into a word and odd indexed segments into another word).

We then use H to hash (segments of) integers in T and thus each integer in
T is also hashed to p1/3 log n bits. Note here H is not perfect with respect to the
(segments of) integers in T and thus different (segments) of integers in T may
be hashed to the same hash value.

We use T ′1 (S′1) to denote this hashed set, i.e. each integer in T ′1 (S′1) has only
p1/3 log n bits. Now assume that integers in S′1 are sorted. If integer s (t) in S
(T ) is hashed to integer s′ (t′) in S′1 (T ′1) then we use H(s) = s′ (H(t) = t′) to
denote this. If s is in S then we also have that s = H−1(s′). Note that if t is an
integer in T and s is an integer in S, then if H(t) = H(s) t may not be equal to
s as H is not perfect for T ∪ S. But if H(t) 6= H(s) then t 6= s and this is the
property we will make use of. We will also use H(S) (H(T )) to denote the set
of integers hashed from S (T ).
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In the first pass we do ordered partition of T ′1 by S′1. Assume that this is done.
Let t′ be an integer in T ′1 and s′i ≤ t′ ≤ s′i+1, s′i and s′i+1 be the two integers in

S′1 with ranks i and i+ 1. If t′ = s′i then we compare t and H−1(s′i). Otherwise
let the most significant bit that s′i (s′i+1) and t′ differs be the di-th (di+1-th) bit
and consider the case that di < di+1 (the situation that di > di+1 can be treated
similarly) in which we will compare t and H−1(s′i). Note that the situation
di = di+1 cannot happen. Let di-th bit of s′i be in the g-th segment of s′i (each
segment of s′i has ≤ 2 log n bits and is obtained by hashing the corresponding
segment of 2p2/3 log n bits in H−1(s′i). Note here s′i is not necessarily hashed
from si because the rank order of si’s are not kept in s′i’s after hashing, si need
not be H−1(s′i), i.e. s′i is ranked i-th in S′1 but H−1(s′i) may not be ranked i-th
in S). This says that in the more significant segments than the g-th segment
both t′ and s′i are equal. Note that for every s′j in S′1 let the most significant bit
that t′ and s′j differs be in the g′-th segment then g′ ≥ g because s′i ≤ t′ ≤ s′i+1.

If we look at the trie (binary tree built following the bits in the integers) for
S we see that the most significant segment that t and H−1(s′i) differs is the u-th
segment with u ≥ g. Note here that u may be not equal to g because H is not
perfect for T ∪S. For all other sk’s if the most significant segment t and sk differ
is the u1-th segment then u1 ≥ u (u1-th segment is at least as significant as u-th
segment) and this comes from the property that H is perfect for S. Thus the
further ordered partition for t by S can be restricted to the u-th segment of t
with respect to the u-th segment of sk’s such that the most significant segment
that sk and t differ is the u-th segment.
Example 1: Fig. 1. shows a trie for U (representing S) of 4 integers: u0 =
001001000, u1 = 001001011, u2 = 011101101, u3 = 011111110. Let set V (repre-
senting T ) contain integers v0 = 000100111, v1 = 010110011, v2 = 011011101, v3 =
010101011, v4 = 011110101, v5 = 011111111, v6 = 001001010, v7 = 011101011, v8 =
011010100, v9 = 011101111. Let every 3 bits form a segment so that each integer
has 3 segments. We will do ordered partition of V by U . Let wk = min3

i=0{w |
the most significant segment that H(vk) differs with H(ui) is the w-th segment
}. Let the ui that achieves the wk value be uvk .

Say that w0 = 0 and uv0 is u0. Note that although the most significant
segment that u0 and v0 differ is the 2nd segment, the most significant segment
that H(u0) and H(v0) differ can be the 0th segment because H is not perfect on
T ∪ S. Now compare u0 and v0 we find that the most significant segment they
differ is the 2nd segment. This says that v0 “branches out” of the trie for U at
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the 2nd segment. Although the ordered partition for v0 can be determined from
the trie of U , this is not always the case for every integer in V . For example, say
w3 = 1 and uv3 is u0, then comparing u0 and v3 determines that v3 branches
out of u0 at point a in Fig. 1., but we do not know the point where v3 branches
out of the trie for U . Because the 2nd segment of v3 is different than the 2nd
segment of any ui’s and thus the second segment of H(v3) can be equal to (or
not equal to) any of that of H(ui). The further ordered partition of v0 and v3
by U can be restricted to the 2nd segment.

In the trie for S we will say the g-th segment si,g of si ∈ S is nonempty
if there is an t ∈ T such that the most significant segment that t and si differ
is in the g-th segment. If this happens then we will take the prefix si,prefix =
si,p1/3/2−1si,p1/3/2−2...si,g+1, i.e. all segments more significant than the g-th seg-
ment of si. Because there are n integers in T and thus there are at most
n nonempty segments. Thus we have at most n such si,prefix prefix values.
We will arbitrarily replace each such prefix value with a distinct number in
{0, 1, ..., n− 1}. Say si,prefix is replaced by R(si,prefix) ∈ {0, 1, ..., n− 1} we then

append the g-th segment of t to R(si,prefix) to form t(1) of log n + 2p2/3 log n

bits, where 2p2/3 log n bits come from the g-th segment of t and the other log n
bits come from R(si,prefix). si is also transformed to si(1) by appending the g-th
segment of si to R(si,prefix). When all the n integers in T and s integers in S
are thus transformed to form the sets T (1) and S(1) we left with the problem of
ordered partition of T (1) by S(1) and here integers have only log n+ 2p2/3 log n
bits.
Example 2: Follows Example 1 and Fig. 1. Because of v0, v1, v3, the 2nd seg-
ment of u0, u1, u2, u3 are not empty. These segments are 001 and 011. The
si,prefix is ε. We may take R(si,prefix) = 000 for these two segments (case 0).
Because of v2, v4, v8, the 1st segments of u2, u3 are not empty. These segments
are 101 and 111. The si,prefix is 011 (the 2nd segment of u2 and u3). We may
take R(si,prefix) = 001 for them (case 1). Because of v5, the 0th segment of
u3 is not empty. This segment is 110. The si,prefix is 011111. We may take
R(si,prefix) = 010 for it (case 2). Because of v6, the 0th segments of u0 and u1
are not empty. These segments are 000 and 011. The si,prefix is 001001. We may
take R(si,prefix) = 011 for these segments (case 3). Because of v7 and v9, the 0th
segment of u2 is not empty. This segment is 101. The si,prefix is 0111101. We
may take R(si,prefix) = 100 (case 4).

Thus V ′ contains 000000 (from v0), 000010 (from v1), 000010 (from v3),
001011 (from v2), 001110 (from v4), 001010(from v8), 010111 (from v5), 011010
(from v6), 100011 (from v7), 100111 (from v9).

U ′ contains 000001, 000011 (from case 0), 001101, 001111 (from case 1),
010110 (from case 2), 011000, 011011 (from case 3), 100101 (from case 4).

Thus after one pass of ordered partitioning of a set of n p1/3 log n bit integers
(T ′1) by a set of |S| p1/3 log n bit integers (S′1), the original problem of ordered
partitioning of T by S is transformed to the problem of ordered partitioning of
T (1) by S(1).

If we iterate this process by executing one more pass of ordered partitioning
of a set of n p1/3 log n bit integers (call it T ′2) by a set of |S| p1/3 log n bit integers
(call it S′2) then the ordered partition of T (1) by S(1) will be transformed to the
problem of ordered partitioning of T (2) by S(2) where integers in T (2) and S(2)
have 2 log n+4p1/3 log n bits. This basically demonstrates the idea of converting
the ordered partition of p log n bit integers to constant passes of the ordered
partition of p1/3 log n bit integers. This idea is not completely new. It can be
traced back to [1] where it was named (randomized) signature sorting and used
for randomized integer sorting. Here we converted it for deterministic ordered
partition.

The principle explained in this subsection give us the follow lemma.
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Lemma 2′: Ordered partition of set T by set S with integers of p log n bits can
be converted to ordered partition of set T ′i by S′i with integers of p1/c1 log n bits,
i = 1, 2, ..., c2, where c1 and c2 = O(c1) are constants.

3.3 Nonconservative Integer Sorting

An integer sorting algorithm sorting integers in {0, 1, ...,m − 1} is a noncon-
servative algorithm [12] if the word size (the number of bits in a word) is
p(logm+ log n), where p is the nonconservative advantage.
Lemma 4 [9, 10]: n integers can be sorted in linear time with a nonconservative
sorting algorithm with nonconservative advantage log n.

4 Ordered Partition of T by S

Now let us consider the problem of the ordered partition of T by S = {s0, s1, ..., s|S|−1}
where si ≤ si+1 and each integer in T or S has p log n bits and the word size is
p3 log n bits. We here consider the case that |T | = n and |S| = n1/8. In Sections
2 it is explained why we pick the size of S to be n1/8.

First consider the case where p ≥ log n. Here we have p2 > log n nonconser-
vative advantage and therefore we can simply sort T ∪ S using Lemma 4. Thus
we assume that p < log n.

Because |S| = n1/8 when we finish ordered partition T will be partitioned
into T0 ≤ T1 ≤ · · · ≤ Tn1/8 with T0 ≤ s0 ≤ T1 ≤ · · · ≤ s|S|−1 ≤ T|S|. Let us have
a virtual view of the ordered partitioning of T by S. We can view as each integer
t in T using (1/8) log n binary search steps to find the si such si ≤ t ≤ si+1 (i.e.
in which set Ti it belongs to). The reason it takes (1/8) log n binary search steps
is because we do a binary search on n1/8 ordered numbers in S.

As we are partitioning integers in T by integers in S we say that an integer t
in T is advanced k steps if t is in the status of having performed k log n/p binary
search steps. Notice the difference when we use word “step” and the phrase
“binary search step”. Thus each integer needs to advance p/8 steps to finish in
a set Ti.

Let v(k) = n1/8/2k logn/p and let S(k) = {sv(k), s2v(k), s3v(k), ...}, k = 1, ..., p/8.

Thus |S(k)| = 2k logn/p. Also let S[k, i] = {siv(k), siv(k)+1, siv(k)+2, ..., s(i+1)v(k)−1}.
If integer t in T is advanced k steps, then we know the i such that minS[k, i] ≤
t ≤ maxS[k, i]. We will say that t falls into S[k, i]. Let F (S[k, i]) be the set
of integers that fall into S[k, i]. When integers in T fall into different S[k, i]’s
we will continue ordered partition for an F (S[k, i]) by S[k, i] at a time. That
is, the original ordered partition of T by S becomes multiple ordered partition
problems.

Initially we pack p integers into a word. Because each word has size p3 log n
bits we have p nonconservative advantage after we packed p integers into a
word (i.e. we used p2 log n bits by packing and now (word size)/(p2 log n) =
p3 log n/(p2 log n) = p).

The basic thoughts of our algorithm is as follows: As will be seen that advance
n integers by a steps will result in time complexity O(na/p) because when we
try to advance a steps we will compare integers in T to integers in S(a) and
not to integers in S (the time O(na/p) will be understood when we explain our
algorithm). However, it is not that we can directly advance p/8 steps and get
O(n) time. There is a problem here. If we form one segment for each integer
in T (as we did form p1/3/2 segments in the previous section) then if the hash
value of an integer t in T does not match the hash value of any integer in S(a)
then we lose our work because it does not provide any information as to which
set Ti t will belong to. If we make multiple segments for each integer t in T then
after hashing and comparing t to si’s we can eliminate all segments except one
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for t as we did in the previous section. However, it will be understood that using
multiple segments will increase the number of bits for the hashed value and this
will result in a nonlinear time algorithm for us (the exact details of this will be
understood when our algorithm is explained and understood). What we will do
is to compare the most significant log n bits of the integers in T and in S. If the
most significant log n bits of t ∈ T is not equal to the most significant log n bits
of any integer in S (we call this case as unmatch) then we win because we need
to keep only the most significant log n bits of t and throw away the remaining
bits of t as in the trie for S t branches out within the most significant log n bits.
However, if the value of the most significant log n bits of t is equal to the value of
the most significant log n bits of an integer in S (we call this case as match) then
we can only eliminate the most significant log n bits of t. As t has p log n bits it
will take O(p) steps to eliminate all bits of t and this will result in a nonlinear
time algorithm.

What we do is take the most significant log n bits of every integer and call it
the current segment of the integer. The current segment of a ∈ T ∪S is denoted
by c(a). We first advance 1 step for the current segments of T with respect to
the current segments of S in time O(n/p). If within this step we find a match
for c(t) for t ∈ T then we eliminate log n bits of t and make the next log n bits
as the current segment. Note that for p log n bits this will result in O(n) time
as removing log n bits takes O(n/p) time. If we find unmatch for c(t) then we
advance 2 steps with time O(2n/p). If we then find a match for c(t) we then
eliminate log n bits and make the next log n bits as the current segment. If
unmatch we then advance 4 steps in time O(4n/p). We keep doing this then if in
the 1st, 2nd, ..., (a− 1)-th passes we find unmatch for c(t) and in a-th pass we
first find a match for c(t) then c(t) matched the c(s) for an s ∈ S(2a−1) and did
not match the c(s) for any s ∈ S(2j) with j < a− 1. Examining the structure of
S(2a−1) and S(2a−2) will tell us that c(t) has advanced 2a−2 steps (and therefore
t advanced 2a−2 steps) because we can tell the two integers sk1

and sk2
with

ranks k and k+ 1 in S(2a−2) such that sk1 ≤ t ≤ sk2 because c(t) matches c(si)
for an si in S(2a−1) while S(2a−2) ⊂ S(2a−1). The time we spent computing the
1st, 2nd, ..., a-th passes is O(n2a/p). Thus we advance 2a−2 steps by spending
time O(n2a/p). Because we can advance only p/8 steps thus the time is linear.
If for all passes from pass 1 to pass log(p/8) we do not find a match for c(t) then
we keep the most significant log n bits of t and remove other bits of t and the
time we spent for all these passes is O(n).

The way for us to find whether c(t) matches any c(si) is that we first find
whether H(c(t)) matches any of H(c(si)) (here we are comparing H(c(t)) to
all H(c(si))’s). If not then unmatch, if H(c(t)) = H(c(si)) then we compare
c(t) and c(si) (here we are comparing c(t) to a single c(si)) to find out whether
c(t) = c(si). Here we need to do this comparison because H is not perfect for the
current segment of T ∪S. The reason we first compare H(c(t)) and all H(c(si))’s
(we actually sort them) is because hashed values contain less number of bits and
therefore can be compared more efficiently.

In our algorithm we need to prepend log n more significant bits (their value
is equal to 0 for the first pass) to the log n bits (the current segment) for every
integer we have mentioned above. This is because, say, for c(t) we find unmatch
for the first a−1 passes and find a match in the a-th pass (c(t) = c(si)), we then
need to remove the most significant log n bits from t. As we did in the previous
section we need to take the si,prefix and replace it by a distinct integer R(si,prefix)
in {0, 1, ..., n−1} and then transform t by removing the segments of t that are not
less significant than the current segment of t and replace it with R(si,prefix). This
is significant as we go down the road as we can repeatedly removing log n bits
(should be 2 log n bits after prepending R(si,prefix)) from t. The R(si,prefix) value
essentially tells on which part of the trie for S we are currently doing ordered
partitioning for t. Note that we will do ordered partitioning for all integers fall
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into an S[k, i] at a time. The prepending of log n bits is to tell apart of the
different si,prefix values for integers fall into the same S[k, i].

If we have advanced t ∈ T k steps, then we know the i such that minS[k, i] ≤
t ≤ maxS[k, i] and we need to continue to do ordered partition for t by S[k, i].
However, different integers may advance at different speed. If integer t is ad-
vanced k steps we will use A(t) = k to denote about this. Let T (k) be the set of
integers in T that have advanced k steps. T (k) = ∪iF (S[k, i]), where F (S[k, i])
are the integers in T that fall into S[k, i].

Consider the case where F (S[m,m1]) is selected for advancement. We will
try to advance integers in F (S[m,m1]) for 1 step. Let T ′ = F (S[m,m1]).

Advance for One Step (T ′)
U = T ′; U ′ = φ;
while |U | ≥ n1/2 do
begin

1. Try to advance integers in U for 1 step by comparing them with S[m,m1]∩
S(m+ 1).

2. Let Umatch be the set of matched integers and Uunmatch be the set of un-
matched integers.

3. Let U ′match be the subset of Umatch such that the current segment is the
least significant segment (i.e. t ∈ U ′match is equal to some si in S). Integers
in U ′match are done.

4. U = Umatch − U ′match; U ′ = U ′ ∪ Uunmatch;

5. For t ∈ U if c(t) matches c(si) remove the c(t) from t and make the next
log n bits as the current segment for t. Prepend R(si,prefix) to c(t).

end
/* Now |U | < n1/2. */
Use brute force to sort integers in U ;
T ′ = U ′;

The technique to have Advance for One Step done in O(n/p) time is the
same as that used in Steps 3.1. and 3.2. in algorithm Partition (set k = 1 there)
shown later and therefore we do not repeat them here.

After we have done algorithm Advance for One Step we know that integers
in T ′ will advance at least 1 step later. We then try to advance integers in T ′

for 2j steps, j = 1, 2, 3, .... As we do this matched integers will be distributed

to T (m+2j−1)’s. The number of unmatched integers in T ′ will decrease. When
|T ′| < n1/2 we will use brute force to sort all integers in T ′. Thus for integers
remain in F (S[m,m1]) they will be sorted by brute force at most once. There
are no more than |S|2 ≤ n1/4 S[k, i]’s. Thus the total number of integers sorted
by brute force is no more than n1/2 · n1/4 = O(n3/4). The reason we use brute
force to sort them is that the (approximate) ratio of |T | versus |S| as n to n1/8

may not hold any longer.
Now our algorithm is shown as follows.

Partition(T , S)
/* Partition T by S, where integers are in {0, 1, ..., 2p logn − 1} and word size is
p3 log n bits. */
Initialization: Let current segment of each integer in T or S be the most signifi-
cant log n bits of the integer.
For a ∈ T ∪ S let c(a) be its current segment. Label all integers as undone.
T (0) = T , T (i) = φ for i 6= 0. /* T (i) is the set of integers in T that has advanced
i steps. */

1. for(m = 0;m < p/8;m = m+ 1) do Steps 2 to 4.
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2. For all S[m, j]’s such that there are less than n1/2 integers in F (S[m, j])
sort these integers and mark these integers done (advanced p/8 steps). For ev-
ery m1 such that there are at least n1/2 integers in F (S[m,m1]), let T (m) =
T (m) − F (S[m,m1]) and T ′ = F (S[m,m1]) and let S′ = S[m,m1], do steps 3
through 4. If T (m) is empty do next iteration of Step 1.
3. Call Advance for One Step (T ′); k = 2
4. Let S′(k) = S′ ∩ S(m+ k). /* |S′(k)| = 2k logn/p. */

4.1 Use a hash function H to hash the current segment of each integer in
S′(k) into 2k log n/p bits. H must be a perfect hash function for the cur-
rent segments of S′(k). Since |S′(k)| = 2k logn/p such a hash function can
be found [5, 13]. The current segment of each integer in T ′ is also hashed
by this hash function into 2k log n/p bits (here note that there might be
collisions as H is not perfect for the current segments of T ′). Pack every
p/(8k) integers in T ′ into a word to form a set T ′′ of words. We also form
a set S′′ of n1/4 words for S′(k). The i-th word Wi in S′′ has p/(8k) inte-
gers si0 , si1 , ..., sip/(8k)−1

in S′(k) packed in it. Here si0 , si1 , ..., sip/(8k)−1
must

satisfy H(si0)H(si1)...H(sip/(8k)−1
) = i (here H(si0)H(si1)...H(sip/(8k)−1

) is

(the value of) the concatenation of the bits in H(sij )’s). Note that because

we hash m integers in M to m integers in M ′ = {0, 1, ...,m2} there are some
integers a′ ∈M ′ such that no integer a in M is hashed to a′. Thus for some
i and j we find that sij does not exist in S′(k). If this happens we leave the
spot for si,j in Wi blank, i.e. in this spot no integer in S′(k) is packed into
Wi. Note that hashing for integers in T ′ happens after packing them into
words (due to time consideration) and hashing for integers in S′(k) happens
before packing as we have to satisfy H(si0)H(si1)...H(sip/(8k)−1

) = i.
4.2. Since each word of T ′′ has p/(8k) integers in T ′ packed in it it has only a to-

tal of log n/4 hashed bits because each integer has hashed to 2k log n/p bits.
The n1/4 words in S′′ for packed integers in S′(k) also have log n/4 hashed
bits in each of them. We treat these log n/4 bits as one INTEGER and sort
T ′′ and S′′ together using the INTEGER of them as the sorting key. This
sorting can be done by bucket sort (because INTEGER is the sorting key) in
linear time in terms of the number of words or in O(|T ′|k/p) time (because
we packed p/(8k) integers in one word). This sorting will bring all words
with same INTEGER key together. Because S′′ has word with INTEGER
keys with any value in {0, 1, ..., n1/4} any word w in T ′′ can find w1 in S′′

with the same INTEGER key value and thus w will be sorted together with
w1. Thus now each c(ti) with ti ∈ T ′ can find that either there is no c(sj)
with sj ∈ S′(k) such that H(c(ti)) = H(c(sj)) (in this case c(ti) 6= c(sj)
for any sj ∈ S′(k)) or there is an sj such that H(c(ti)) = H(c(sj)). If
H(c(ti)) = H(c(sj)) then we compare c(ti) with c(sj) (we need to do this
comparison because H is not perfect for T ′∪S′(k)). If they are equal (match)
then if the current segment is not the least significant segment then we elim-
inate the current segment of ti (in this case we find all segments that are not
less significant than the current segment of ti are equal to the corresponding
segments of sj) and mark the next log n bits as its current segment. Also
eliminate the current segment of sj and use the next log n bits of sj as its
current segment (the idea here is similar to the mechanism in the previous
section where we eliminates the preceding segments of ti and sj because
they are equal). If the current segment before removing is the least signif-
icant segment then ti = sj and we are done with ti. Let D be the set of
integers ti in T ′ such that c(ti) = c(sj) for some sj ∈ S′(k). Advance all
integers in D k/2 steps (because they matched in S′(k) and did not match
in S′(k/2)) and let T ′ = T ′ −D, T (m+k/2) = T (m+k/2) ∪D. For integers in
D we can also determine the S[m+k/2, l] on which ti falls into. For integers
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in D remove the current segment of these integers. For integers in D that
has been distributed into F (S[m+ k/2, l])’s we have to prepend R(sj,prefix)
to c(ti). T

′ is now the set of unmatched integers.

Note here we have to separate integers in D from integers not in D. For
integers in D we have to further advance them later according to which
S[m+ k/2, l] they fall into. This is done by labeling integers not in D with
0 and integers fall into S[m + k/2, l] with l + 1. The labels form an integer
LABEL (just as we formed INTEGER before) for integers packed in a word.
We then use bucket sort to sort all words using LABEL as the key. This
will bring all words with the same LABEL value together. For every p words
with the same LABEL value we do a transpose (i.e. move the i-th integer
(LABEL) in these words into a new word). This transposition would take
O(p log p) time for p words if we do it directly. However we can first pack
log p words into one word (because word size is p3 log n) and then do the
transposition. This will bring the time for transposition to O(p) for p words.
This will have integers separated.

4.3. If |T ′| < n1/2 then use brute force to sort all integers in T ′ and mark them
as done (advanced to step p/8). Goto Step 2.

4.4. If m+ k = p/8 then mark all integers in T ′ as done (advanced to step p/8).
keep the current segment of them and remove all other segments of them.
Let E(m,m1) = T ′. Goto Step 2.

4.5. If p/8 < m+ 2k let k = p/8−m else let k = 2k and goto Step 4.

5. We have to sort integers (of 2 log n bits) in every nonempty set E(m,m1).
Here each integer in E(m,m1) has its current segment differ from the current
segment of any s ∈ S[m,m1]. We mix them together and sort them by radix
sort. Then we go from the smallest integer to the largest integer one by one and
separate them by their index (m,m1). This will have every set E(m,m1) sorted.
This case corresponds to unmatch for all passes and we end up with 2 log n bits
for each of these integers.

5 Ordered Partition

We have explained in Section 2 how the ordered partition is done using the results
in Sections 3 and 4 (i.e. how ordered partition is done by ordered partition of T
by S). Therefore we have our main theorem:

Main Theorem: Ordered partition of a set T of n integers into n1/2 sets T0 ≤
T1 ≤ · · · ≤ Tn1/2−1, where |Ti| = θ(n1/2) and Ti ≤ Ti+1 means that maxTi ≤
minTi+1, can be computed in linear time and space.

6 Randomization and Nonconservativeness

Although our ordered partition algorithm is deterministic and conservative (i.e.
use word of size logm + log n for integers in {0, 1, ...,m − 1}), it may be used
in the randomized setting or the nonconservative setting. Here we consider the
situation under these settings.

In randomized setting n integers with word size Ω(log2 n log logn) can be
sorted in linear time [3] and thus ordered partition is not needed. Han and Tho-
rup have presented a randomized integer sorting algorithm with timeO(n(log log n)1/2)
[11] and it represents a tradeoff between ordered partition and sorting.

In [7] the schemes in this paper is extended and combined with other ideas
to obtain a randomized linear time algorithm for sorting integers with word size

Ω(log2 n), i.e. integers larger than 2log
2 n, thus improve the results in [3].
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7 Conclusion

We hope that our ordered partition algorithm will help in the search for a linear
time algorithm for integer sorting. We tend to believe that integers can be sorted
in linear time, as least in the randomized setting. There are still obstacles to
overcome before we can achieve this goal.
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