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Abstract— Given an integer r, a set C of customers, a set F
of facilities, and a connecting cost co(c, f) for each pair of
c€ Cand f € F, an r-gathering of customers C' to facilities
F is an assignment A of C to open facilities F' C F such
that r or more customers are assigned to each open facility.
We wish to find an r-gathering with the minimum cost, where
the cost is max.,cc{co(c;, A(c;))}. When all C and F are
on a line an algorithm to find such an r-gathering is known.
In this paper we give a faster algorithm with time complexity
O(|C| + |F|log?r + |F|log |F|).
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1. Introduction

The facility location problem and many of its variants are
studied[7], [8]. In the basic facility location problem we are
given (1) a set C' of customers, (2) a set F of facilities, (3)
an opening cost op(f) for each f € F, and (4) a connecting
cost co(c, f) for each pair of ¢ € C and f € F, then we
open a subset F’ C F of facilities and find an assignment
A of C to F’ so that a designated cost is minimized.

An r-gathering[6] of customers C' to facilities F' is an
assignment A of C to open facilities F " C F such that r
or more customers are assigned to each open facility. (This
means each open facility has enough number of customers.)
We assume |C| >> r holds. Then we define the cost of (the
max version of ) a gathering as max.,ec{co(c;, A(¢;))}.
We assume op(f;) = 0 for each f; € F' in this paper, as in
[4]. The min-max version of the r-gathering problem finds
an r-gathering having the minimum cost. For the min-sum
version see the brief survey in [6].

Assume that F' is a set of locations for emergency shelters,
and co(c, f) is the time needed for a person ¢ € C to
reach a shelter f € F. Then an r-gathering corresponds
to an evacuation assignment such that each opened shelter
serves r or more people, and the r-gathering problem finds
an evacuation plan minimizing the evacuation time span.

Armon[6] gave a 3-approximation algorithm for the r-
gathering problem and proves that with assumption P #
NP the problem cannot be approximated within a factor
less than 3 for any r > 3. Akagi and Nakano[4] gave an
O((|C] + |F])log(|C] + |F])) time algorithm to solve the
r-gathering problem when all C' and F' are on a line. In this
paper we give a faster O(|C|+|F|log” r + |F|log |F|) time

algorithm. Since we can assume in general |F| << |C| and
r << |C| our algorithm is faster than the one in[4].

The remainder of this paper is organized as follows.
Section 2 gives an algorithm to solve a decision version of
the r-gathering problem, which is used as a subroutine in our
main algorithm in Section 4. In Section 3 we describe the
computation of left and right boundaries. Section 4 contains
our main algorithm for the r-gathering problem. Section 5
analyze the running time of the algorithm tightly. Finally
Section 6 is a conclusion.

2. (k,r)-gathering on the line

In this section we give an algorithm to solve a decision
version of the r-gathering problem.

Given customers C' = {co,c1,- - ,¢|¢|—1} and facilities
F = {fo, f1,--+, fijp|-1} on a line (we assume they are
distinct points and appear in those order from left to right)
and two numbers k and r, (k,r)-gathering is an r-gathering
such that max.,cc{co(c;, A(c;))} < k. Because there are
|C||F| possible co(c;, A(c;)) values we can do log(|C||F|)
binary searches using (k,r)-gathering algorithms to find
the min 4 max.,cc{co(c;, A(c;))} (the min-max value). In
[4] Akagi and Nakano observed that the number of binary
searches can be reduced to O(log(|C| + |F|)).

For a facility f, the index of its left boundary is I(f) =
min{i||f — ¢;| < k} and its left boundary is ¢;s) and the
index of its right boundary is r(f) = max{i||f — ¢;| < k}
and its right boundary is ¢, y). Two facilities f, < f; are
intersecting if r(f,) > I(fp) — 1.

To find out whether a (k,r)-gathering exits we first
compute the (indices of) left and right boundaries for every
facility. The algorithm for computing these will be explained
in the next section. In this section we just assume we can
have them. For a facility f, if 7(f) —I(f) +1 < r then we
close it.

We can assume that the customers assigned to a facility is
consecutive. A consecutive r’ customers going to a facility
are called a complete interval if ' > r. If 7/ < r then they
are called an incomplete interval.

We will use the Left-to-Right Maximal Scan and the
Right-to-Left Minimal Scan. The Left-to-Right Maximal
Scan is shown below:

Left-to-Right Maximal Scan
1. Find the rightmost non-closing facility f,
lco — fa| < k. Set i = a. Set border = 0.

with



2. Find the rightmost non-closing intersecting facility f; to
the right of f;.
if fp does not exist then there is no solution; exit;
if I(fy) > border +r — 1 then
begin
Mark Chborders Cborder+1s -+, Cl(f,)—1 a8
interval of customers going to f;;
Set border = I(fy);
end
else
begin
if 7(fp) > border + 2r — 1 then
begin
Mark Chorder; Cborder+1s +-+ Coorder+r—1 as a
complete interval of customers going to f;;
Set border = border + r;

a complete

end

else goto Step 3;
end
if 7(fy) = |C| — 1 then
begin

Mark cporder, Coordert1; -+, Cjc|—1 @s a complete interval
of customers going to fj;

(k, r)-gathering found; exit;
end
else
begin

i =b; goto Step 2;
end
3 /*Here we reached a breakpoint because f; and f;, cannot
have 2r customers going to them.*/
if r(fp) =|C| —1 then
begin

Mark Chorder; Cborder+1; -5 Coorder+r—1 as a
complete interval of customers going to f; and mark
Chorder+rs Cborder+r+1, -+ CjC|—1 @S an incomplete interval
of customers going to fy;

exit;
end
else
begin

Let f. be the immediate next non-closing facility right
to fu;

Mark cporders Coorder+1, -+ Chorder+r—1 a$ a complete
interval of customers going to f;;

If f; is not intersecting f. then there is no solution for
a (k,r)-gathering and we exit;

Mark Cvorder+r, Cborder+r+1y -+ Cl(f.)—1 as an
incomplete interval of customers going to fp;

Treat ¢;(y,) through ¢jc|—1 and f¢, fey1, .., flp|—1 @s a
separate problem using divide-and-conquer;

/* Here we say that we break between ¢y _1 and
c(f.) and between f._1 and f..*/

exit;

end

Note that the Left-to-Right Maximal Scan for all facilities
takes O(|F'|) time after the left and right boundaries are
computed. If the Scan results in no breakpoints then we
obtained a (k, r)-gathering. We will say that such a Scan is
a successful Scan. If there is only one breakpoint then this
breakpoint results in one incomplete interval and it is at the
rightmost position among all formed intervals. In the case
there is only one breakpoint we will say that the Scan is a
complete Scan.

Now the Right-to-Left Minimal Scan:
Right-to-Left Minimal Scan
1. Find the rightmost non-closing facility f,
|fa — ¢jcj=1| < k. Set i = a. Set border = |C| — 1.
2. Find the rightmost intersecting neighbor f; to the left of
fi such that border — I(fy) +1 > 2r.
if fi, does not exist then goto Step 3.
if (fp) < border — r then
begin

Mark c,(#,) 41, Cr(fy)+25 -+ Coorder a8 @ complete interval
of customers going to f;;
Set border = r(fp);
end
else
begin
Mark chorder—r+415 Chorder—r+2; -+ Coorder @S @ complete
interval of customers going to f;;
Set border = border — r;
end
if I(fy) = O then
begin
Mark cg,c1, ..., Coorder aS a
customers going to fp;
(k, r)-gathering found; exit;
end
else
begin
1 = b; goto Step 2;
end
3 /*We reached a breakpoint because f; cannot have r
customers going to it.*/
Let f, be the leftmost facility left to f; and intersects with
fi-
if [(fp) = 0 then
begin
Mark Cvorder—r+1; Coorder—r+2; -++5 Chorder as a
complete interval of customers going to f; and mark
€0, C1, -y Chorder—r as an incomplete interval of customers
going to fp;
exit;
end
else
begin

with

complete interval of



Let f. be the immediate next non-closing facility left to
o3

Mark Chorder—r+1, Cborder—r+2; +++, Cborder aS a Complete
interval of customers going to f;;

If [¢;(f,)+1 — fo| > k then there is no solution for a
(k, r)-gathering and we exit;

Mark ¢, (f.)+15Cr(f.)425 -+ Cborder—r @S an incomplete
interval of customers going to fp;

Treat co through c,(s.) and fo, f1,..., fc as a separate
problem using divide-and-conquer;

/* We say that we break between c,(s,) and c,(s,)+1
and between f. and f.,1.%/

exit;
end

Note that the Right-to-Left Minimal Scan for all facilities
takes O(|F|) time after the left and right boundaries are
computed. If the Scan results in no breakpoints then we
obtained a (k,r)-gathering. We will say that such a Scan
is a successful Scan. If there is only one breakpoint then
this breakpoint results in one incomplete interval and it is
at the leftmost position among all formed intervals. In the
case there is only one breakpoint we will say that the Scan
is a complete Scan.

Let ¢ be an interval of customers going to f. The extended
interval of ¢ is {Cl(f)7 CL(f)+1> ...Cr(f)}.

Lemma 1: If a complete Left-to-Right Maximal Scan S
results in a set S(S) of I intervals then at least I facilities
has to open for a (k, r)-gathering.

Proof: Let A be any set of intervals and we will use E(A)
to denote the set of extended intervals in A. Assume that
a (k,r)-gathering G has a set S(G) of I’ < I complete
intervals. Then there is an extended interval i; in E(G) that
proper contains an extended interval i in E(S) and the
rightmost customer in 41 is to the right of the rightmost
customer in 2. This can be seen by starting from the left
side and going to the right, comparing extended intervals
one in E(S) against one in E(G). This says that S is not
a maximal scan as in the Left-to-Right Maximal Scan we
always find the rightmost intersecting neighbor in Step 2. 5
Lemma 2: If a complete Right-to-Left Minimal Scan S
results in a set S(.5) of I intervals then at most [ —1 facilities
can open for a (k, r)-gathering.

Proof: Assume a (k,r)-gathering G has a set S(G) of I’ >
I — 1 complete intervals. Let E(G) be the set of extended
intervals of S(G). Let E(S) be the set of extended intervals
of S(S). Then there is an extended interval ¢; in E(S) that
proper contains an extended interval i in E(G) and the
leftmost customer in 77 is to the left of the leftmost customer
in 29. This can be seen by starting from the right side and
going to the left, comparing extended intervals one in E(.S)
against one in E(G). This says that S is not a minimal scan
as in the Right-to-Left Minimal Scan we always find the
rightmost intersecting neighbor in Step 2. 0O

Lemmas 1 and 2 explains why the Left-to-Right Maximal
Scan is called a maximal scan and why the Right-to-Left
Minimal Scan is called a minimal scan.

Lemma 3: If a complete Left-to-Right Maximal Scan has
Iqy intervals and a complete Right-to-Left Minimal Scan
has I,,;, intervals then I,,;, > Inaz-

Proof: From Lemmas 1 and 2. 0O
Theorem 1: Assume we have a complete Left-to-Right
Maximal Scan S,,q, with I,,,,, intervals and a complete
Right-to-Left Minimal Scan S,,;, with I, intervals. If
Tinaz = Imin then there is no solution for a (k, rr)-gathering.
If 1o < Imin then the two Scans can be combined into a
solution for (k,r)-gathering.

Proof: If I,,,. = I,nin then Lemma 1 says that any (k,r)-
gathering has > I,,,, facilities open while Lemma 2 says
that any (k, r)-gathering has < I,,,;,, facilities open. Thus it
is impossible to have a (k, r)-gathering.

If I1har < Ipmin then there is a complete interval 2.,
created in S,,;, that is contained in a complete interval
imag created in Sp,qz. Let cpin, be the leftmost customer
N pin, Cmin,» be the rightmost customer in %p,ip, Cmaqz,i be
the leftmost customer in %,,4, and Cy,qz, be the rightmost
CUStOMEr in %y,q4. Let in be the j,in-th interval counting
from right to left created by S,,;, and i,,4, be the jqz-
th interval counting from left to right created by S;,q.. We
create a (k, r)-gathering by using the Oth through (jaz—1)-
th intervals created by S, and the Oth through (j,,i, —1)-
th intervals created by S,,;,,. We then add a complete interval
for cpaqz, through c¢pn, and let them go to the facility
opened in Syqp fOr Cppaq, through cppeq . This creates a
(k, r)-gathering. We say that we combined S, 4, With Sy
at T and 4. 0

Now we consider the situation where we have multiple
breakpoints in the Scans. We use the following Fix proce-
dure:

Fix

1. Start with the Right-to-Left Minimal Scan S,,,;,.

2. if Spin is successful then we obtained a (k, r)-gathering
and we exit;

else we stop when we reach the first breakpoint. This
breakpoint partitions the customers into two sets
{co,...;ca—1} and {cq,...,cjc|—1} and partitions the
facilities into two sets {fo,..., fo—1} and {fp,..., fip|-1}-
{€as s cjo—1} has been put into I(S,,i,) intervals (with
one incomplete interval at the leftmost position and other
I(Smin) — 1 complete intervals).

3. Now we start the Left-to-Right Maximal Scan .S,,,, for
{ca, ceey C\C\—l}-

4. [* If Spqz is successful then Sy, created < I(Syu,)—1
complete intervals by Lemma 2.%/

5. (Case 1) If S,,q. is successful or is complete with
< I(Smin) — 1 intervals then we find the leftmost
(complete) interval ,,,, created by S,,., that contains
a (complete) interval i,,;, created by S,,;, and combine



the intervals created by Si,e. and Spin at pmg, and
imin to get a (minimal) solution for the (k,r)-gathering
for {ca,...,cjc|—1}. If there are more than one complete
intervals created by I,,;, that are contained in %,,,, then
we will pick the leftmost one to be combined with 4,4, It
is a minimal solution because we used "leftmost".
6. (Case 2) If S,q0 is complete with I(S,,,;,,) intervals then
by Theorem 1 there is no solution for a (k,r)-gathering
for {ca,...,cjc|—1}. If there is a solution S for a (k,r)-
gathering for {co,c1,...,¢jc|—1} then let f be the facility c,
goes to in S. Let I be the number of open facilities to the
right of and including f opened by S. Because ¢, goes to
f in S therefore f is to the right of f. where ¢,y = c4—1
and f. would be the first open facility if we would resume
the Right-to-Left Minimal Scan after the first breakpoint.
Thus the extended interval of f intersects with the extended
interval of the last complete interval of S,,;,. However,
Smin reached a breakpoint and thus I < I(Sy,;,) — 1 by
Lemma 2 (Note here that we may move the breakpoint to
between c;(y)—1 and ¢;(y)). However, if we take the set F,
of open facilities right to and include f opened by S, then
|Fy| < I(Smin) — 1. On the other hand S, has I(Spin)
intervals and thus the number of intervals in F, has to be
> I(Spmin)- This contradiction says that there is no solution
for (k,r)-gathering for {co,c1, ..., ¢jc|—1}. Exit.
7. (Case 3) If S, is not complete. Then stop at
the first breakpoint of S,,,. This breakpoint will
partition {cq,...,cjc|—1} into P = {ca,...C,} and
{ca;41,-s¢jcj-1} and partition {f, ..., fipj—1} into
{fo, s fo, } and {fo,41,..., fip|—1}. Let ¢4, be a member
of a complete interval ¢ created by Spuin. If cq, is not the
rightmost customer in ¢ then we add cq, 41, Cay+2, -++; Cay tO
P, where c,, is the rightmost customer in ¢. The situation
for customers {cq, .., ¢4, } can be analyzed in the same way
as we analyzed in Steps 5 and 6.
Theorem 2: After the left and right boundaries have been
computed we can find whether a solution for a (k,r)-
gathering exists in O(|F|) time.

Alternatively after computing the boundaries we can use
the O(|F|) time decision algorithm in [4].

3. Computing Left and Right Bound-
aries

For two neighboring facilities f, and f,11, let 2r cus-

tomers Fy 41 = {Cp, Co41, ..., Cor2r—1} be such that |f, —
Chrar—2| < |fat1 —cvp—1| and | fo — coyor| > | fat1 — Cota]-
Fy a1 is called the boundary set of customers between f,
and fo41.
Lemma 4: Let F, .11 = {cb,Cpt1,---,Cor2r—1} be the
boundary set of f, and f,41, then in an optimal r-gathering
or an (k,r)-gathering ¢4, d > b+ 2r — 1, will not go to
facility f, and c., e < b, will not go to facility foy1.

Proof: Suppose in an optimal r-gathering or a (k,r)-
gathering ¢y 2, goes to facility f,. Let the leftmost customer
going to f, be ¢;. If t > b+ 1 then we can delete f, and
let all customers going to f, now go to f,y1. If £ < b then
we can let Cyqr, Cotri1, ..oy €1 8O tO foi1, Where ¢; was the
rightmost customer of f,.

The other situation can be proved similarly. 0O

In order to use Lemma 4 we need place a dummy
customer d; at the left of fy and a dummy customer d,
at the right of fr_y and let [fo — di| and |fip|—1 — dv|
larger than max{|fo — ¢jc|-1|,|fiF|—1 — col}-

We will let l(for1) = rl(fa) = ¢ and Ir(for1) =
r7(fa) = cotar—1.

Lemma 4 says that for computing an optimal r-gathering
or a (k,r)-gathering we need consider no more than 4r
distances corresponding to customers in [lI(f,),lr(f,)] and
[rl(fa),r7(fa)] for each facility. Thus the total number of
distances to be considered is 4| F'|r. We may collect all these
4|F|r distances and then do binary search log(4|F|r) times
to find the minimum k value for an optimal r-gathering. This
will result in O(|C|+|F|r log(|F|r)+|F|(log r)(log(|F|r)))
time for r-gathering by (1) preprocess them in O(|C| +
|F'|) time to compute the boundary sets Fj .41, (2) sort
4| F|r distances in O(|F'|rlog(|F'|r)) time, (3) binary search
log(4|F'|r) rounds among the 4|F|r possible minimum dis-
tances where each round consists of computing the left
and right boundaries in O(|F|logr) time and Right-to-Left
Minimal Scan and Left-to-Right Maximal Scan in O(F)
time.

We maintain the set M of possible minimum costs, then
repeatedly compute the median k of possible minimum costs,
then compute left and right boundaries and call Right-to-Left
Minimal Scan and Left-to-Right Maximal Scan for value %
to find whether a (k,r)-gathering exits. If it returns YES
then the minimum cost is less than or equal to k£ and we can
remove the larger half of costs from M. If it returns NO
then the minimum cost is larger than k£ and we can remove
the smaller half of costs from M. After log(4|F|r) rounds
we can find the minimum cost k*. In later sections we show
we can do better than this.

4. r-gathering on the line

If all C and F are on the line, an O((|C|+|F)|) log(|C|+
|F|)) time algorithm to solve the r-gathering problem is
known[4]. In this section we give a faster algorithm. Our
algorithm runs in O(|C|+|F|log® r+|F|log | F|logr) time.
Since C' >> F and C' >> r holds in general, or if we can
assume 7 as a constant, our algorithm is faster.

We can observe that the minimum cost k£* of a solution
of an r-gathering problem is co(c, f) for some ¢ € C
and some f € F'. Since the number of possible minimum
cost, say some co(c, f), is at most 4|F|r by Lemma 4, one
can find the minimum cost in O(|C| + |F|rlog(|F|r) +
|F|(logr)(log(|F|r)) time as we explained before.



However we can design a faster algorithm which runs in
O(|C| + |F|log® r + |F|log |F|logr) time. Our algorithm
maintains a set M of possible minimum costs, then repeat-
edly computes the “median of medians” k, defined below,
then call Right-to-Left Minimal Scan and Left-to-Right Max-
imal Scan for k. Depending whether a (k, r)-gathering exists
the algorithm removes some subset of possible minimum
costs from M. After O(log® r) rounds M has at most 2|F)|
distances remaining, then we can find the minimum cost &*
by an ordinary binary search. Now we explain the detail.

et initially M(f;) = {colei, f3)lei € (), tr(f)]},
and Mr(f;) = {cole;, fj)lei € [rl(f;),rr(f;)]}. We are
going to repeatedly remove the half of distances from some
M{(f;) and/or Mr(f;). M is the set of all M{(f;) and
Mr(f;), j=1,2,--- ,|F|, however if M{(f;) has exactly
one distance then M{(f;) is removed from M. Similar for
Mr(f;)-

We will use a weighing scheme similar to the one used
in [5]. If M£(f;) has 2r/2% customers we define the weight
wl(f;) of MU(f;) as (1+1ogr — z). The weight wr(f;) of
Mr(f;) is defined similarly. The weight of M is the sum
of the weights of M{(f;) and Mr(f;) in M.

Initially each M(f;) has exactly 2r customers, so x = 0,
and its weight is 1 + logr. So initially the weight of M is
2|F|(1+logr).

Say there are N < 2|F| M{(f;)’s and Mr(f;)’s with
more than one distance remaining and the total weights in
them is 7. In each round we find the median of M{(f;)
and the median of Mr(f;) and this gives us /N medians.
This takes constant time for each facility. We then find
the median & of these N medians and this takes O(|F)|)
time. Say that & is the median of M¢(f;) then we place all
M{(f;)’s and Mr(f;)’s whose median is < k above M{(f;)
and all M{(f;)’s and Mr(f;)’s whose median is > k below
MU(f;). Because k is the median of the medians we have
put half (N/2) of M{(f;)’s and Mr(f;)’s above MU(f;)
and the other half (N/2) of M{(f;)’s and Mr(f;)’s below
ML(f:). If a (k.r)-gathering exists then we remove half of
the distances in each of the M¢(f;)’s and Mr(f;)’s below
Me(f;). If a (k, r)-gathering does not exists then we remove
half of the distances in each of the M/(f;)’s and Mr(f;)’s
above M{(f;)’s. Thus in any case we remove half of the
distances from half of the M{(f;)’s and Mr(f;)’s. Thus
we remove total N/2 weights with one weight from each of
the M{(f;)’s or Mr(f;)’s from which we removed half of
the distances. Let us say that M{(f;) has 2r/2* distances
remaining and thus has weight 1+logr —x and we removed
half of distances in it and thus removed one weight. Then we
removed (1/(1+1logr —x))-th > (1/(1 4 logr))-th weight
from it. If we pair one M/(f;) from which we removed
half of the distances and one M/(f;) from which we did
not remove half of the distances and say that M{(f;) has
2r /2% distances and logr + 1 — x weights and M{(f;) has
2r /2Y distances and log r+1—y weights then the one weight

we removed from M{(f;) is at least 1/(2(logr + 1))-th of
the sum of the weights of M{(f;) and M{(f;). This says
that in one round we reduce weights from 7' to at most
T(1 — 1/(2(logr + 1)). Initially we have 2|F|(1 + logr)
weights. So after 4(1 + logr)log r rounds the weights are
at most

2|F|(14+log r)(1—1/(2(1+log 7’)))(2(1+10g r))2logr) 2|F|(1+logr)(1/e

< 2|F|(1—|—10g7“)(1/2)(2IOgT) = 2|F|(1—|—10g7°)/7’2 < |F|/r.

After 4(1 4 logr) logr rounds, as explained above, the
weight T is at most |F'|/r. Since each weight accounts for
2r /2% customers for some 1 < z < logr + 1, one weight
always account for at most r customers. Thus the number
of remaining distances is at most |F’| because weights T <
|F’| /7. Note that we have to place back the the last remaining
distance in M{(f;)’s and Mr(f;)’s where all distances
except one have been removed.There are iat most 2|F| of
them. Thus we have at most 3|F| distances remaining.

Finally sort the remaining 3|F'| remaining distances in
O(|F|log|F|) time, then binary search them log(3|F|)
rounds each of which takes O(|F'|logr) time for computing
the left and right boundaries and O(|F|) time for Right-to-
Left Minimal Scan and Left-to-Right Maximal Scan. Then
we find the minimum cost.

Theorem 3: One can solve the r-gathering problem in
O(|C| + |F|log® r 4 |F|log | F|log ) time when all C' and
F' are on the real line. 0

5. Tighter Analysis

In this section we analyze the running time of our algo-
rithm in the preceding section more tightly.

We analyze again the running time to compute the bound-
aries in Section 3, in which we find some indices from
[L1(f5),Ir(f;)] and [ri(f;),rr(f;)] for each f; € F by
binary search. We repeat this in O(log” ) rounds.

For the first round we find the boundaries by binary search
from the 27 distances. However for later round the number
of distances from which we find the boundary is smaller.

Assume that for the first round the number of computation
to compute the boundaries is at most ¢|F'|logr for some
constant c. For the second round the number of computation
for the boundaries is at most

c|F|logr/2+ c|F|(logr —1)/2) (D)
c|Fllogr(1/24+1/2—-1/(2logr)) 2
= ¢|F|logr(l—1/(2logr)). (3)

So for the z-th round the number of computation for the
boundaries is at most c|F|logr(1 — 1/(2logr))*~! Thus
the total number of computation for the boundaries for all
round is at most

c|F|logr+c|F|logr(1—1/(2logr))+- - +c|F|logr(1-1/(2logr))* !



Except for the computation for the boundaries above
and the computation for the weighted median, which runs
in O(|F|) time for each round and O(|F|log®r) time in
total, the algorithm consists of O(log?r) rounds, in which
each round call Right-to-Left Minimal Scan and Left-to-
Right Maximal Scan, which runs in O(|F'|) time. This will
accounts for O(|C| + |F|log®r) time. After that there are
3| F| distances remaining, and we use O(log |F'|) rounds in
which each z-th round computes the median of 3|F|/2%~!
distances, computes the left and right boundaries and call
Right-to-Left Minimal Scan and Left-to-Right Maximal
Scan, which runs in O(|F|logr) time.

Thus the running time of the algorithm is O(|C] +
|F|log®r + |F|log |F|logr).

Note that after M < 3|F| distances remaining, each round
consists of finding the median (value k) in O(|M]|) time,
compute left and right boundaries and this takes O(|M])
time as follows. Assume that m; distances are from f;, that
is co(c, f;) for some c¢. We have ), logm,; = O(M) since
>, m; = M. Thus we need O(|F|) time for each round and
O(|F|log |F|) time over all rounds.

Theorem 4: Optimal r-gathering of |C/| customers and |F|
facilities can be found in O(|C| + |F|log®r + |F|log|F])
time. 0

6. Conclusion

In this paper we have given an algorithm to solve the 7-
gathering problem when all C' and F' are on the real line.
The running time of the algorithm is O(|C| + |F|log® r +
|F'|log |F|) and faster than the known algorithm in [4].
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