
A Fast Derandomization Scheme and Its ApplicationsYijie HanDepartment of Computer ScienceUniversity of KentuckyLexington, KY 40506AbstractWe present a fast derandomization scheme for the PROFIT/COST problem. Through the applications ofthis scheme we show the time complexity of O(log2 n log logn) for the � + 1 vertex coloring problem usingO((m + n)= log logn) processors on the CREW PRAM, the time complexity of O(log2:5 n) for the maximalindependent set problem using O((m+n)= log1:5 n) processors on the CREWPRAM and the time complexityof O(log2:5 n) for the maximalmatching problem using O((m+n)= log0:5 n) processors on the EREW PRAM.Keywords: Derandomization, parallel algorithms, graph algorithms, graph coloring, maximal independentset, maximal matching.Abbreviated titles: Derandomization.AMS subject classi�cations: 05C70, 05C85, 68Q20, 68Q22, 68Q25, 68R10.1 IntroductionRecent progress in derandomization has resulted in several e�cient sequential and parallel algorithms[ABI][BR][BRS][H2][HI][KW][L1][L2][L3][MNN][PSZ][Rag][Sp]. The essence of the technique of derandom-ization lies in the design of a sample space easy to search, in the probabilistic analysis showing that theexpectation of a desired random variable is no less than demanded, and in the search technique whichultimately returns a good sample point. Raghavan[Rag] and Spencer[Sp] showed how to search an ex-ponential size sample space to obtain polynomial time sequential algorithms. Their technique cannot beapplied directly to obtain e�cient parallel algorithms through derandomization. Alon et al.[ABI], Karp andWigderson[KW] and Luby[L1][L2][L3] developed schemes using O(n) random variables with limited inde-pendence on a small sample space, and thus obtained e�cient parallel algorithms through derandomization.Berger and Rompel[BR] and Motwani et al.[MNN] presented novel designs in which (logc n)-wise indepen-dent random variables are used in randomized algorithms and then NC[Co] algorithms are obtained throughthe derandomization of these randomized algorithms.To obtain e�cient parallel algorithms, i.e. algorithms using no more than a linear number of processorsand running in polylog time, Luby[L2][L3] outlined an elegant framework in which pairwise independent1



random variables are designed on a sample space that facilitates binary search. His framework[L2][L3] consistsof a derandomization scheme for the bit pairs PROFIT/COST problem and the general pairs PROFIT/COSTproblem, and applications of the scheme to three problems: the �+1 vertex coloring problem, the maximalindependent set problem and the maximal matching problem. By applying his derandomization scheme,he obtained a linear processor CREW(Concurrent Read Exclusive Write) algorithm for the � + 1 vertexcoloring problem with time complexity O(log3 n log logn). Although he put the three problems in a very nicesetting, his derandomization scheme is not e�cient enough to improve on parallel algorithms for the maximalindependent set problem and the maximal matching problem obtained through ad hoc designs[GS2][IS]. Toillustrate his ideas, Luby gave linear processor algorithms for the maximal independent set problem and themaximal matching problem with time complexity O(log5 n) through derandomization[L3].Recently Han and Igarashi[HI] gave a fast derandomization scheme for the bit pairs PROFIT/COSTproblem. Their scheme yields a fast CREW parallel algorithm for the bit pairs PROFIT/COST problemwith time complexity O(logn) using a linear number of processors. Han then showed[H2] how to obtain anEREW(Exclusive Read Exclusive Write) algorithm with the same time and processor complexities. Theirresult improves the time complexity of Luby's �+1 vertex coloring algorithm to O(log3 n). The most inter-esting feature in Han and Igarashi's scheme[H2][HI] is the design of a sample space which allows redundancyand mutual independence to be exploited.In this paper we give a new scheme to speed up the derandomization process of the general pairsPROFIT/COST problem. This scheme allows several bit pairs PROFIT/COST problems in one generalpairs PROFIT/COST problem to be solved in one pass. We note that our scheme cannot be constructede�ciently under the setting of previous derandomization schemes[L2][L3] because it would require more thana linear number of processors. The power of our derandomization scheme allows us to improve the time com-plexity for the �+1 vertex coloring problem and to obtain new e�cient parallel algorithms for the maximalindependent set problem and the maximal matching problem.A substantial amount of e�ort has been put into the search for e�cient parallel algorithms for thesethree problems. There are important special cases where optimal parallel algorithms are known. Han[H1]has an optimal parallel algorithm for these three problems for linked lists and Hagerup et al. [HCD] have anoptimal parallel algorithm for the 5-coloring of planar graphs which implies an optimal parallel algorithmfor the maximal independent set problem for planar graphs. Signi�cant progress has also been made on thethree problems for graphs [ABI][GS1][GS2][HI][IS][KW][L1][L2][L3]. In this paper we only study these threeproblems on graphs.Luby obtained through derandomization a CREW algorithm for the �+ 1 vertex coloring problem withtime complexity O(log3 n log logn) using a linear number of processors. Han and Igarashi's work[HI] im-proves the time complexity for the � + 1 vertex coloring problem to O(log3 n). In this paper we improvethe time complexity for the �+ 1 vertex coloring problem to O(log2 n log logn) using O((m+ n)= log logn)processors on the CREW PRAM[FW]. For the maximal independent set problem, the �rst NC algorithm2



was obtained by Karp and Wigderson[KW], which has time complexity O(log4 n) using O(n3= log3 n) pro-cessors on the EREW PRAM. Their result has since been improved to time O(log2 n) using O(mn2) pro-cessors on the EREW PRAM by Luby[L1] and to time O(log3 n) using O((m + n)= logn) processors on theEREW PRAM by Goldberg and Spencer[GS1][GS2]. In this paper we obtain an EREW algorithm withtime complexity O(log2:5 n) using O((m + n)= log0:5 n) processors. We are able to achieve the same timecomplexity using O((m+n)= log1:5 n) processors on the CREW PRAM. We also obtain a CREW algorithmwith time complexity O(log2 n) using O(n2:376) processors. For the maximal matching problem, Israeli andShiloach's CRCW(Concurrent Read Concurrent Write) algorithm[IS] has time complexity O(log3 n) usingO(m + n) processors. In this paper we give an EREW algorithm with time complexity O(log2:5 n) usingO((m + n)= log0:5 n) processors.Since our algorithms are obtained through derandomization, they are derived at a loss of e�ciency fromthe original randomized algorithms.Our approach to the three problems follows that of Luby's[L2][L3]. Our results are obtained throughthe novel design of sample spaces which follows Han and Igarashi's work[H2][HI], the formulation of our fastderandomization process, and the adaptive applications of the fast derandomization techniques to the threeproblems.We have outlined here only the main results achieved. There are rami�cations of our results which wewill mention in the remaining sections of the paper.2 PreliminariesThe bit pairs PROFIT/COST (BPC) and the general pairs PROFIT/COST (GPC) problems as formulatedby Luby[L2] can be described as follows.Let !x=< xi 2 f0; 1gq : i = 0; :::; n� 1 >. Each point !x out of the 2nq points is assigned probability1=2nq. Given function B(!x ) = Pi;j fi;j(xi; xj), where fi;j is de�ned as a function f0; 1gq � f0; 1gq ! R.The general pairs PROFIT/COST problem is to �nd a good point !y such that B(!y ) � E[B(!x )]. B iscalled the general pairs BENEFIT function and fi;j's are called the general pairs PROFIT/COST functions.When q = 1 the GPC problem is called a bit pairs PROFIT/COST problem and fi;j's are called the bitpairs PROFIT/COST functions.The size m of the problem is the number of nontrivial PROFIT/COST functions present in the input.Let G = (V;E) be a graph with jV j = n and jEj = m. The degree of v 2 V is denoted by d(v). Let� = maxfd(v)jv 2 V g. The output of the �+1 vertex coloring is color(v) 2 f1; :::;�+1g for all v 2 V suchthat if (i; j) 2 E then color(i) 6= color(j). I � V is an independent set if for v; w 2 I; v 6= w; (v; w) 62 E. I isa maximal independent set if I is not a proper subset of any other independent set. M � E is a matchingset if no two edges in M have a common vertex. M is maximal if it is not a proper subset of any other3



matching set.Han and Igarashi[HI] have formulated the BPC problem as a tree contraction problem[MR]. Withoutloss of generality assume that n is a power of 2. n 0/1-valued uniformly distributed mutually independentrandom variables ri; 0 � i < n, are used. A random variable tree T is built for !x . T is a complete binarytree with n leaves plus a node which is the parent of the root of the complete binary tree (thus there are ninterior nodes in T and the root of T has only one child). The n variables xi, 0 � i < n, are associated withn leaves of T and the n random variables ri, 0 � i < n, are associated with the interior nodes of T . The nleaves of T are numbered from 0 to n� 1. Variable xi is associated with leaf i.Variables xi; 0 � i < n, are chosen randomly as follows. Let !r=< ri : i = 0; :::; n � 1 > and letri0 ; ri1; :::; rilogn be the random variables on the path from leaf i to the root of T . Random variable xi isde�ned to be xi(!r ) = (Plogn�1j=0 ij � rij + rilogn ) mod 2, where ij is the j-th bit of i starting with the leastsigni�cant bit. It can be veri�ed[H2] that random variables xi; 0 � i < n, are uniformly distributed mutuallyindependent random variables.Due to the linearity of expectation and pairwise independence of random variables in !x , E[B(!x )] =Pi;j E[fi;j(xi; xj)] =Pi;j E[fi;j(xi(!r ); xj(!r ))] = E[B(!x (!r ))]. The problem now is to �nd a sample point!r such that B(!r ) � E[B] = 14Pi;j(fi;j(0; 0) + fi;j(0; 1) + fi;j(1; 0) + fi;j(1; 1)).Han and Igarashi's algorithm[HI] �xes random variables ri (setting their values to 0's and 1's) one levelin a step starting from the level next to the leaves (level 0) and going upward on the tree T until level logn.Since there are logn + 1 interior levels in T all random variables will be �xed in logn+ 1 steps.Let random variable ri at level 0 be the parent of the random variables xi and xi#0 in the randomvariable tree, where i#j is a number obtained by complementing the j-th bit of i. ri will be �xed asfollows. Compute f0 = E[fi;i#0 + fi#0;ijri = 0] = (fi;i#0(0; 0) + fi;i#0(1; 1) + fi#0;i(0; 0) + fi#0;i(1; 1))=2and f1 = E[fi;i#0 + fi#0;ijri = 1] = (fi;i#0(0; 1) + fi;i#0(1; 0) + fi#0;i(0; 1) + fi#0;i(1; 0))=2. If f0 � f1 thenset ri to 0 else set ri to 1. All random variables at level 0 will be �xed in parallel in constant time usingn processors. This results in a smaller space with higher expectation for B. Therefore this smaller spacecontains a good point.If ri is set to 0 then xi = xi#0, if ri is set to 1 then xi = 1 � xi#0. Therefore after ri is �xed, xi andxi#0 can be combined. The n random variables xi, 0 � i < n, can be reduced to n=2 random variables.PROFIT/COST functions fi;j; fi#0;j; fi;j#0; and fi#0;j#0 can also be combined into one function. It can bechecked that the combining can be done in constant time using a linear number of processors.During the combining process variables xi and xi#0 are combined into a new variable x(1)bi=2c, functionsfi;j; fi#0;j; fi;j#0; and fi#0;j#0 are combined into a new function f (1)bi=2c;bj=2c. After combining a new functionB(1) is formed which has the same form as B but has only n=2 variables. As we stated above, E[B(1)] � E[B].What we have explained above is the �rst step of the algorithm in [HI]. This step takes constant time4



using a linear number of processors. After k steps the random variables at levels 0 to k � 1 in the randomvariable tree are �xed, the n random variables fx0; x1; :::; xn�1g are reduced to n=2k random variablesfx(k)0 ; x(k)1 ; :::; x(k)n=2k�1g, and functions fi;j , i; j 2 f0; 1; :::; n � 1g, have been combined into f (k)i;j , i; j 2f0; 1; :::; n=2k� 1g.After logn steps B(log n) = f (logn)0;0 (x(logn)0 ; x(logn)0 ). The bit at the root of the random variable tree isnow set to 0 if f (log n)0;0 (0; 0) � f (log n)0;0 (1; 1), and 1 otherwise. Thus Han and Igarashi's algorithm[HI] solvesthe BPC problem in O(logn) time with a linear number of processors.Let n = 2k and A be an n � n array. Elements A[i; j], A[i; j#0], A[i#0; j], A[i#0; j#0] form a gangwhich is denoted by gA[bi=2c; bj=2c]. All gangs in A form array gA.When visualized on a two dimensional array A (as shown in Fig. 1), a stage of Han and Igarashi'salgorithm can be interpreted as follows. Let function fi;j be stored at A[i; j]. Setting the random variablesat level 0 of the random variable tree is done by examining the PROFIT/COST functions in the diagonalgang of A. Function fi;j then gets the bit setting information from gA[bi=2c; bi=2c] and gA[bj=2c; bj=2c] todetermine how it is to be combined with other functions in gA[bi=2c; bj=2c].A derandomization tree D can be built which re
ects the way the BPC functions are combined. D isof the following form. The input BPC functions are stored at the leaves, fi;j is stored in A0[i; j]. A nodeAl[i; j] at level l > 0 is de�ned if there exist input functions in the range A0[u; v], i � 2l � u < (i + 1) � 2l,j � 2l � v < (j + 1) � 2l. A derandomization tree is shown in Fig. 2.Tree D can be constructed[H2][HI] by �rst sorting the input into the �le-major indexing and then buildingthe tree bottom-up. The derandomization tree helps to reduce the space requirement for the BPC problem.Han and Igarashi's algorithm[HI] has time complexity O(logn) using a linear number of processors.The algorithm given by Han and Igarashi[HI] is a CREW algorithm. Recently, Han[H2] has given anEREW algorithm for the BPC problem with time complexity O(logn) using a linear number of processors.We now discuss some variations of the above algorithm to be used in sections 5 and 6.In some applications the BPC functions cannot be combined in order to obtain an e�cient algorithm. Ifthe functions are not combined then there could be several BPC functions f1(xi1; xj1); f2(xi2 ; xj2); :::; fi(xik ; xjk)associated with an interior node r in the random variable tree, where xit; xjt are leaves in the subtree rootedat r. If r is not the root of the whole random variable tree then one of xit ; xjt is in the left subtree of r andthe other in the right subtree of r, 1 � t � k.Let xi be a leaf of a random variable subtree T . Let the random variables on the path from xi to theroot r of T be set to a0; a1; :::; al. We de�ne 	(xi; r) =Plj=0(aj � ij)mod2. This function resembles the 	function de�ned by Luby[L2][L3].In �xing r we tentatively set r to 0 and 1 respectively and evaluate ft(	(xit ; r);	(xjt; r))+ft(	(xit ; r)�5



1;	(xjt; r) � 1), 1 � t � k, where � is the exclusive-or function. We then get the sum of these functionsand compare the sum for r = 0 with the sum for r = 1 to decide whether r should be set to 0 or 1. It takesO(logn) time to get the sum because there are at most O(n2) functions.We note that 	(xi; r) can be evaluated progressively as the derandomization process proceeds, i.e.	(xi; r) = (	(xi; r0) + tr) mod 2, where r is the parent of r0 and t is the bit of i corresponding to r.Thus if the functions are not combined in the derandomization process a BPC problem requires O(log2 n)time to solve.In our applications we also use a combination of Luby's technique[L2] and Han and Igarashi's technique[H2][HI]for solving a BPC problem. The random variable tree used in Luby's algorithm degenerates to a chain oflength logn+ 1 plus n leaves. Therefore there are logn+ 1 random variables r0; r1; :::; rlogn associated withthe interior nodes in the tree. xi is chosen randomly by the formula xi = (Plogn�1j=0 ij � rj + rlogn) mod 2.It can be shown[L2] that xi's are pairwise independent random variables. In Luby's algorithm the randomvariables in the random variable tree are also �xed one level at a time. His algorithm takes O(logn) time to�x one level resulting in time complexity O(log2 n). We stress that the random variable tree used in Luby'salgorithm has only logn+1 random variables. Thus the sample space contains only 2n sample points, whilethe sample space used in Han and Igarashi's algorithm[H2][HI] has 2n sample points.Combining Luby's technique and Han and Igarashi's technique[H2][HI], we could solve a BPC problem byusing a random variable tree T as shown in Fig. 3c. T has S = d(logn+1)=ae blocks, where a is a parameter.Block s contains levels as to a(s+1)�1 of T . Block 0 has C0 = dn=2ae chains. Block s has Cs = dCs�1=2aechains. Each chain in block s has length a running from level as to level a(s+ 1)� 1. A node at level as ina chain (except the one in the last chain) has 2a children at level as � 1. Block S � 1 has only one chain oflength logn + 1 � a(S � 1). There is a random bit r at each interior node of T and random variable xi isassociated with the i-th leaf of T . xi is chosen randomly as xi(!r ) = (Plogn�1j=0 ij � rij + rilog n) mod 2, whereri0 ; ri1; :::; rilogn are the random variables on the path from leaf i to the root of T . It is straightforward toshow that the xi's are uniformly distributed pairwise independent random variables.Di�erent random variable trees are shown in Fig. 3.3 A Scheme for the General Pairs PROFIT/COST ProblemIn this section we present a scheme to speed up the derandomization process for the GPC problem.In [L2][L3] Luby presented the following derandomization scheme for solving the GPC problem.Let !y=< yi 2 f0; 1gp : i = 0; 1; :::; n�1>. Let !xu, p � u < q, be totally independent random bit strings,each of length n. Let !z be a vector of n bits. We write the BENEFIT function B(x0; x1; :::; xn�1), whereeach xi is a variable containing q bits, as B( !xq�1 � � � !xp+1!xp!y ), where !y contains the least signi�cant p bits6



of all variables and !xi contains the i-th bits of all variables. De�ne TB(!y ) = E[B( !xq�1 � � � !xp+1!xp!y )]. ThenE[TB(!xp!y )] = E[E[B( !xq�1 � � � !xp+1!z!y )j !z =!xp]] = E[B( !xq�1 � � � !xp!y )] = TB(!y ). That is, TB(!y ) canalso be obtained by �rst computing TB(!xp!y ), and TB(!y ) = E[TB(!xp!y )] =P!z TB(!z!y )Pr(!xp=!z j !xp�1� � � !x0=!y ). Thus there exists a !z such that TB(!z!y ) � TB(!y ). After TB(!xp!y ) are evaluated for all valuesof !xp, the problem of �nding such a !z is a BPC problem. Because in the GPC problem function B is thesum of GPC functions, each depending on at most two variables, pairwise independent random variables canbe used for bits in each !xu, p+ 1 � u < q. Luby's algorithm for the GPC problem then uses his algorithmfor the BPC problem to �nd a !z satisfying TB(!z!y ) � E[TB(!xp!y )] = TB(!y ), thus �xing the random bitsin !xp.Luby's solution[L2][L3] to the GPC problem can be interpreted as follows: it solves the GPC problemby solving q BPC problems, one for each !xu. These BPC problems are solved sequentially. After the BPCproblems for !xu, 0 � u < v, are solved. BPC functions fiv;jv (xiv ; xjv) are evaluated based on the setting ofbits xiu ; xju, 0 � u < v. Suppose xiu is set to yiu and xju is set to yju, 0 � u < v. fiv;jv(xiv ; xjv) is evaluatedas fiv;jv(yiv ; yjv) = E[fi;j(xi; xj)jxi0 = yi0 ; xj0 = yj0 ; :::; xiv�1 = yiv�1 ; xjv�1 = yjv�1 ; xiv = yiv ; xjv = yjv ],yiv ; yjv = 0; 1. After BPC functions fiv;jv(xiv ; xjv) have been obtained and stored in a table, the BPCalgorithm is invoked to �x !xv.If we are to solve several BPC problems in a GPC problem simultaneously we must have BPC functionsfiv;jv(xiv ; xjv) before the setting of the bits xiu; xju, 0 � u < v. Since there are a total of 2v bits we couldtry out all possible 4v bit patterns. For each bit pattern we have a distinct function fiv;jv(xiv ; xjv). Ifq = O(logn) we need only a polynomial number of processors to work on all these functions.If we use Luby's random variable tree for each BPC problem then there are logn + 1 random variablesand 2n sample points for each BPC problem. Thus if we try to solve for !xv before !xu, 0 � u < v, are solved,we have to take care of (2n)v possible situations. Apparently more than a polynomial number of processorsare needed if v is not a constant. So how about using Han and Igarashi's random variable tree[H2][HI]?There are now n random variables and 2n sample points for each BPC problem. The situation seems to beeven more di�cult to deal with. However, by close examination we �nd out that instead we could reducethe number of processors by using Han and Igarashi's random variable tree.We now present a scheme which allows several !xu's to be �xed in one pass using Han and Igarashi'srandom variable tree for each BPC problem.First we give a sketch of our approach. The incompleteness of the description in this paragraph will beelaborated on in the rest of this section. Let P be the GPC problem we are to solve. P can be decomposedinto q BPC problems to be solved sequentially. Let Pu be the u-th BPC problem. Imagine that we are tosolve Pu, 0 � u < k, in one pass, i.e., we are to �x !x0, !x1, ..., !xk�1 in one pass, with the help of enoughprocessors. For the moment we can have a random variable tree Tu and a derandomization tree Du for Pu,0 � u < k. In step j our algorithm will work on �xing the bits at level j � u in Tu, 0 � u � minfk � 1; jg.The computation in each tree Du proceeds as we have described in the last section. Note that BPC functions7



fiv;jv(xiv ; xjv) depend on the setting of bits xiu; xju, 0 � u < v. The main di�culty with our scheme isthat when we are working on �xing !xv, the !xu, 0 � u < v, have not been �xed yet. The only informationwe can use when we are �xing the random variables at level l of Tu is that random variables at levels 0 tol+ c� 1 are �xed in Tu�c, 0 � c � u. This information can be accumulated in the pipeline of our algorithmand transmitted on the bit pipeline trees. Fortunately this information is su�cient for us to speed up thederandomization process without resorting to too many processors. For the sake of a clear exposition we�rst describe a CREW derandomization algorithm. We then show how to convert the CREW algorithm toan EREW algorithm.Suppose we have cPki=0(m � 4i) processors available, where c is a constant. Assign cm � 4u processorsto work on Pu for !xu. We shall work on !xu, 0 � u � k, simultaneously in a pipeline. The random variabletree for Pu (except that for P0) is not constructed before the derandomization process begins, rather it isconstructed from a forest as the derandomization process proceeds. A forest containing 2u random variabletrees corresponds to each variable xiu in Pu because there are 2u bit patterns for xij , 0 � j < u. We use Futo denote the random variable forest for Pu. We �x the random bits on the l-th level of Fv (for !xv) underthe condition that random bits from level 0 to level l+ c�1, 0 � c � v, in Fv�c have already been �xed. Weperform this �xing in constant time. The 2u random variable trees corresponding to each random variablexiu are built bottom up as the derandomization process proceeds. Immediately before the step in which we�x the random bits on the l-th level of Fu, the 2u random variable trees corresponding to xiu are constructedup to the l-th level. The details of the algorithm for constructing the random variable trees will be givenlater in this section.Consider a GPC function fi;j(xi; xj) under the condition stated in the last paragraph. When we startworking on !xv we should have the BPC functions fiv;jv (xiv ; xjv) evaluated and the function values storedin a table. However, because !xu, 0 � u < v, have not been �xed yet, we have to try out all possible cases.There are a total of 4v patterns for bits xiu; xju, 0 � u < v. We use 4v BPC functions for each pair (i; j).We use fiv;jv (xiv ; xjv)(yv�1yv�2 � � �y0; zv�1zv�2 � � � z0) to denote the function fiv;jv(xiv ; xjv), obtained underthe condition that (xiv�1xiv�2 � � � xi0 ; xjv�1xjv�2 � � � xj0) is set to (yv�1yv�2 � � � y0; zv�1zv�2 � � � z0).For each pair (w;w#0) at each level l (this is the level in the random variable forest), 0 � l � logn, a bitpipeline tree is built (Fig. 4) which is a complete binary tree of height 2k. Nodes at even depth from the rootin a bit pipeline tree are selectors, and nodes at odd depth are fanout gates. A signal true is initially inputinto the root of the tree and propagates downward toward the leaves. The selectors at depth 2d select theoutput by the decision of the random bits which are the parents of random variables xwd ; xw#0d in Fd. Onerandom variable corresponds to each selector. Let random variable r correspond to the selector s. If r is setto 0 then s selects the left child and propagates the true signal to its left child, while no signal is sent to itsright child. If r is set to 1 then the true signal will be sent to the right child and no signal will be sent to theleft child. If s does not receive any signal from its parent then no signal will be propagated to s's childrenno matter how r is set. The gates at odd depth in the bit pipeline tree are fanout gates, and pointers fromthem to their children are labeled with bits which are conditionally set. Refer to Fig. 4 which shows a bit8



pipeline tree of height 4. If the selector at the root (node 0) selects 0 (which means that the random variablewhich is the parent of xw0 and xw#00 in the random variable forest is set to 0), then xw0 = xw#00 , thereforethe two random variables can only assume the patterns 00 or 11 which are labeled on the pointers from node1. If, on the other hand, node 0 selects 1 then xw0 = 1� xw#00 , the two random variables can only assumethe patterns 01 or 10 which are labeled on the pointers of node 2. Let us take node 4 as another example.If node 4 selects 0 then xw1 = xw#01 ; thus the pointers of node 9 are labeled with 1 10 0 and 1 11 1 . Thisindicates that the bits for (w1w0; w#01w#00) can have two patterns, (01; 01) or (11; 11).The bit pipeline tree built for level logn has height k. No fanout gates will be used. This is a special andsimpler case compared to the bit pipeline trees for other levels. In the following discussion we only considerbit pipeline tree for levels other than logn.Lemma 1: In a bit pipeline tree there are exactly 2d nodes at depth 2d which will receive the true signalfrom the root.Proof: Each selector selects only one path. Each fanout gate sends the true signal to both children. Thereforeexactly 2d nodes at depth 2d will receive the true signal from the root. 2For each node i at even depth we shall also say that it has the conditional bit pattern (or conditionalbits, bit pattern) which is the pattern labeled on the pointer from p(i). The root of the bit pipeline tree hasempty string as its bit pattern.De�ne step 0 as the step when the true signal is input to node 0. The function of a bit pipeline tree canbe described as follows.Step t: Selectors at depth 2t which have received true signals select 0 or 1 for (wt; w#0t). Pass the truesignal and the bit setting information to nodes at depth 2t+ 2.Now consider the selectors at depth 2d. By Lemma 1 a set of 2d selectors at depth 2d receive the truesignal. We call this set the surviving set Slw;d. We also denote by Slw;d the set of bit patterns the 2d survivingselectors have, where w in the subscript is for (w;w#0) and l is the level for which the pipeline tree is built.Let selector s 2 Slw;d have bit pattern (yd�1yd�2 � � � y0; zd�1zd�2 � � � z0). s comparesf (l)wd;w#0d(0; 0)(yd�1yd�2 � � � y0; zd�1zd�2 � � � z0)+f (l)wd;w#0d(1; 1)(yd�1yd�2 � � � y0; zd�1zd�2 � � � z0)+f (l)w#0d;wd (0; 0)(zd�1zd�2 � � � z0; yd�1yd�2 � � � y0)+f (l)w#0d;wd (1; 1)(zd�1zd�2 � � � z0; yd�1yd�2 � � � y0)withf (l)wd;w#0d(0; 1)(yd�1yd�2 � � � y0; zd�1zd�2 � � � z0)+f (l)wd;w#0d(1; 0)(yd�1yd�2 � � � y0; zd�1zd�2 � � � z0)+f (l)w#0d;wd (0; 1)(zd�1zd�2 � � � z0; yd�1yd�2 � � � y0)+ 9



f (l)w#0d;wd (1; 0)(zd�1zd�2 � � � z0; yd�1yd�2 � � � y0)and selects 0 if the former is no less than the latter and selects 1 otherwise. Note that the selectors whichdo not receive the true signal (there are 4d � 2d of them) have bit patterns which are eliminated.Let LSlw;d = f�j(�; �) 2 Slw;dg and RSlw;d = f�j(�; �) 2 Slw;dg.Lemma 2: LSlw;d = RSlw;d = f0; 1gd.Proof: By induction. Assume that the lemma is true for bit pipeline trees of height 2d� 2. A bit pipelinetree of height 2d can be constructed by using a new selector as the root, two new fanout gates at depth 1,and four copies of the bit pipeline tree of height 2d� 2 at depth 2. If the root selects 0 then patterns 00 and11 are concatenated with patterns in Slw;d�1; therefore both LSlw;d�1 and RSlw;d�1 are concatenated withf0; 1g. The situation when the root selects 1 is similar. 2Now let us consider how functions f (l)id;jd(xid ; xjd)(�; �) are combined. Take the di�cult case whereboth i and j are odd. By Lemma 2 there is only one pattern p1 = (�0; �) 2 Sli#0;d and there is onlyone pattern p2 = (�0; �) 2 Slj#0;d. If the selector having bit pattern p1 selects 0 then xid = xi#0d elsexid = 1 � xi#0d . If the selector having bit pattern p2 selects 0 then xjd = xj#0d else xjd = 1 � xj#0d. Inany case the conditional bit pattern is changed to (�0; �0), i.e., f (l)id;jd(xid ; xjd)(�; �) will be combined intof (l+1)bi=2cd;bj=2cd(xbi=2cd ; xbj=2cd)(�0; �0). Note that xbi=2cd and xbj=2cd are new random variables and here weare not using a superscript to denote this fact. The following lemma ensures that at most four functions willbe combined into f (l+1)bi=2cd;bj=2cd(xbi=2cd ; xbj=2cd)(�0; �0).Let S = f(�0; �0)j(�0; �) 2 Sli;d; (�0; �) 2 Slj;d; �; � 2 f0; 1gdg.Lemma 3: jSj = 4d.Proof: The de�nition of S can be viewed as a linear transformation. Represent x 2 f0; 1gd by a vectorof 2d bits with the x-th bit set to 1 and the rest of the bits set to 0. The transformation � 7! �0 can berepresented by a permutation matrix of order 2d. The transformation (�; �) 7! (�0; �0) can be representedby a permutation matrix of order 2d+1. 2Lemma 3 tells us that the functions to be combined are permuted; therefore, no more than four functionswill be combined under any conditional bit pattern.We call this scheme of combining combining functions with respect to the surviving set.We have completed a preliminary description of our derandomization scheme for the GPC problem. Thealgorithm for processors working on !xd, 0 � d < k, can be summarized as follows.Step t (0 � t < d): Wait for the pipeline to be �lled.Step d + t (0 � t < logn): Fix random variables at level t for all conditional bit patterns in the survivingset. (* There are 2d such patterns in the surviving set.*) Combine functions with respect to the surviving10



set. (* At the same time the bit setting information is transmitted to the nodes at depth 2d+ 2 on the bitpipeline tree. *)Step d+logn: Fix the only remaining random variable at level logn for the only bit pattern in the survivingset. Output the good point for !xd. (* At the same time the bit setting information is transmitted to thenode at depth d+ 1 on the bit pipeline tree.*)Theorem 1: The GPC problem can be solved on the CREW PRAM in time O((q=k+1)(logn+k+� )) withO(4km) processors, where � is the time for a single processor to evaluate a BPC function fid;jd(xid ; xjd)(�; �).Proof: The correctness of the scheme comes from the fact that as random bits are �xed a smaller space withhigher expectation is obtained, and thus when all random bits are �xed a good point is found. To solve theu-th BPC problem is to evaluate Pu(!z ) = E[B( !xq�1 � � � !xu+1!z!y )], !z2 f0; 1gn, where !y=< yi 2 f0; 1gu :i = 0; 1; :::; n� 1 > is �xed. We then view !z as a random variable uniformly distributed on f0; 1gn and �nd!z0 such that Pu(!z0) � E[Pu(!z )]. If we have a huge number of processors we could solve all BPC problemsin parallel by solving each Pu with all possible !y 's. Such an algorithm is apparently correct. In our schemePu(!z ) is evaluated by evaluating E[fi;j(��; �0�0)], �; �0 2 f0; 1g, �; �0 2 f0; 1gu. This is guaranteed to becorrect by linearity of expectation. We used a pipeline to solve the Pu's. Thus our algorithm is still correctwhile the number of processors needed is drastically reduced.With O(4km) processors k !xu's are �xed in one pass. Each pass takes O(logn + k + � ) time, � forevaluating BPC functions (i.e. setting up the function tables for the BPC problems) and O(logn+ k) timefor �xing all random bits on the random variable trees. The time complexity for solving the GPC problemis O((q=k + 1)(logn+ k + � )). 2We have not yet discussed explicitly the way the random variable trees are constructed. The constructionis implied in the surviving set we computed. We now give the algorithm for constructing the random variabletrees. This algorithm will help better understand the whole scheme.The i-th node under conditional bit pattern j at the l-th level of the random variable trees for Pu isstored in T (l)u [i][j]. The leaves are stored in T (�1)u . Initially bit pipeline trees for level �1 are built such thatT (�1)u [i][j] has two children T (�1)u+1 [i][j0], T (�1)u+1 [i][j1], where j0 and j1 are the concatenations of j with 0 and1 respectively. Note that the bit pipeline tree constructed here is di�erent from the one we built before,but in principle they are the same tree and perform the same function in our scheme. The algorithm forconstructing the random variable trees for Pu is below.Procedure RV-TreebeginStep t (0 � t < u): Wait for the pipeline to be �lled.Step u+ t (0 � t < logn): 11



(* In this step we will build T (t)u [i][j], 0 � i < n=2t+1, 0 � j < 2u. At the beginning of thisstep T (t)u�1[i][j] has already been constructed. Let T (t�1)u�1 [i0][j] and T (t�1)u�1 [i1][j0] be the two chil-dren of T (t)u�1[i][j] in the random variable tree. T (t�1)u [i0][j0] and T (t�1)u [i0][j1] are the childrenof T (t�1)u�1 [i0][j], and T (t�1)u [i1][j00] and T (t�1)u [i1][j01] are the children of T (t�1)u�1 [i1][j0] in the bitpipeline tree for level t� 1. The setting of the random variable r for the pair (i0; i1) at level t forPu�1, i.e. the random variable in T (t)u�1[i][j], is known. *)make T (t�1)u [i0][j0] and T (t�1)u [i1][j0r] the children of T (t)u [i][j0] in the random variable forest forPu; (* jr is the concatenation of j and r. *)make T (t�1)u [i0][j1] and T (t�1)u [i1][j0r] the children of T (t)u [i][j1] in the random variable forest forPu; (* r is the complement of r. *)make T (t)u [i][j0] and T (t)u [i][j1] the children of T (t)u�1[i][j] in the bit pipeline tree for level t;�x the random variables in T (t)u [i][j0] and T (t)u [i][j1];Step u+ logn:(* At the beginning of this step the random variable trees have been built for Ti, 0 � i < u. LetT (logn)u�1 [0][j] be the root of Tu�1. The random variable r in T (logn)u�1 [0][j] has been �xed. In thisstep we will choose one of the two children of T (logn)u�1 [0][j] in the bit pipeline tree for level logn asthe root of Tu. *)make T (logn�1)u [0][jr] the child of T (logn)u [0][jr] in the random variable tree;make T (logn)u [0][jr] the child of T (logn)u�1 [0][j] in the bit pipeline tree for level logn;�x the random variable in T (logn)u [0][jr];output T (logn)u [0][jr] as the root of Tu;endProcedure RV-Tree uses the pipelining technique as well as a dynamic programming technique. Theseare some of the essential elements of our scheme.An example of the execution of procedure RV-Tree is shown in Fig. 5.We now show how to remove the concurrent read feature from the scheme. The di�culty here is inthe step of combining functions with respect to the surviving set. The size of the surviving set Slu;k is 2k12



while there are 4k conditional bit patterns. There are 4k functions f (l)uk;vk(xuk ; xvk), one for each bit pattern(�; �). All 4k functions will consult the surviving set in order for them to be combined into new functions.The problem is how to do it in constant time without resorting to concurrent read.We show how to let f (l)uk ;u#0k(xuk ; xu#0k)(�; �) to acquire the bit pattern �0 which satis�es (�0; �) 2 Slu;k.Function f (l)uk;vk(xuk; xvk)(�; �) can then obtain the bit pattern �0 from f (l)uk;u#0k(xuk ; xu#0k)(�; �) by thepipeline scheme described in [H2].Suppose we are to solve Pu, 0 � u � k, in one pass. We solve 4k copies of Pk�1; one copy corresponds toone conditional bit pattern in Pk. f (l)uk;vk(xuk ; xvk)(�; �) in Pk can obtain �0 by following the computation inthe copy of Pk�1 which corresponds to (�; �). This can be done without concurrent read. Now for each ofthe 4k copies of Pk�1 we solved 4k�1 copies of Pk�2; one copy corresponds to one conditional bit pattern inPk�1. And so on. Thus to remove concurrent read we need ck2(m+ n) processors for solving Pu, 0 � u � k,in one pass, where c is a suitable constant. Note also that it takes O(k2) time to make needed copies.Theorem 2: The GPC problem can be solved on the EREW PRAM in time O((q=pk+ 1)(logn+ k + � ))with O(ckm) processors, where c is a suitable constant and � is the time for a single processor to evaluate aBPC function fud;vd(xud ; xvd)(�; �). 24 �+ 1 Vertex ColoringWe apply our scheme to Luby's formulation of the � + 1 vertex coloring problem[L2][L3]. First we adapthis formulation and then apply our fast derandomization scheme to obtain a faster algorithm. Lubyshowed[L2][L3] that after solving a GPC problem a constant fraction of the vertices can be deleted. Themain change now is to show that after solving a GPC problem a constant fraction of the edges can be deleted.We follow the notations and de�nitions as given by Luby[L2][L3].Let G = (V;E) be the graph we are to color. Let adj(i) be the set of vertices which are adjacent to vertexi, and d(i) be the degree of vertex i. Let availi be the set of colors which can be used to color vertex i and letNavaili = javailij. Let ki be such that 2ki�1 < 4Navaili � 2ki and let Nlisti = 2ki . Let listi[0; :::;Nlisti�1]be an array such that the �rst Navaili entries in listi are the elements of availi in sorted order and theremaining entries in listi have value �. Let q = maxfkiji 2 V g. Let !x=< xi 2 f0; 1gq; i 2 V >. For i 2 V ,let listi(xi) be the entry in listi indexed by the �rst ki bits of xi. Also de�ne the following functions.For all i 2 V , let Yi(xi) = � 1 if listi(xi) 2 availi0 if listi(xi) = �For all (i; j) 2 E, let 13



Yi;j(xi; xj) = � �1 if listi(xi) = listj(xj) 6= �0 otherwiseThe BENEFIT function B is de�ned asB(!x ) =Xi2V d(i)2 0@Yi(xi) + Xj2adj(i)Yi;j(xi; xj)1AFunction B sets a lower bound on the number of edges deleted[L2][L3] should the vertex i be tentativelyassigned color listi(xi). We will not repeat the de�nitions of the auxiliary functions TYi and TYi;j(xi; xj)as their de�nitions can be found in [L2][L3]. The auxiliary function TB is now de�ned asTB (!x) =Xi2V d(i)2 0@TY i (xi) + Xj2adj(i) TY i;j (xi; xj)1AFollowing Luby's proof[L2][L3] we have TYi(�) � 1=8, TYi;j(�;�) � �1=16, therefore,Lemma 4: TB (!�) � jEj=16. 2Thus by solving a GPC problem1 we are guaranteed to eliminate a constant fraction of the edges.Let ckm be the number of processors needed to compute k BPC problems in a GPC problem in onepass. There will be O(logn) stages in the modi�ed algorithm. Each stage contains a constant number ofGPC problems and reduces the number of edges so that there will be no more than a 1=c fraction of theedges left. Therefore during stage i there will be e edges in the remaining graph and cie processors available.Because each stage has O(logn) BPC problems, the time complexity for stage i is O(log2 n=i). Thus thetime complexity of the whole algorithm becomes O(PO(logn)i=1 log2 n=i) = O(log2 n log logn).The number of processors used in the algorithm can be reduced to O((m + n)= log logn). We examinethe �rst O(log log logn) stages. In stage i we can have ci= log logn processors for each edge under eachconditional bit pattern. Therefore the tables for the BPC functions in stage i can be computed in timeO(log2 n log logn=ci) and the overall time for table construction for the whole algorithm is O(log2 n log logn).The calculation for the time for constructing the derandomization trees is similar and can be shown to beO(log2 n log logn) withO((m+n)= log logn) processors. In the �rst O(log log logn) stages our GPC algorithmwill be invoked with k = 1. The time complexity for these stages isO0@O(log log logn)Xi=0 log2 n log lognci 1A = O(log2 n log logn):The remaining stages take O(log2 n log logn) time by the analysis in the last paragraph.1The problem formulated[L2][L3] resembles a GPC problem. It is not a GPC problem in the strict sense. For our purposewe may view it as a GPC problem because our GPC algorithm applies.14



Theorem 3: There is a CREW PRAM algorithm for the �+1 vertex coloring problem with time complexityO(log2 n log logn) using O((m+ n)= log logn) processors. 2We also have,Theorem 4: O(mn�) processors are su�cient to solve the �+ 1 vertex coloring problem in time O(log2 n)on the CREW PRAM, where � > 0 is an arbitrary constant.Proof: This is because one GPC problem can now be solved in O(logn) time. 25 Maximal Independent SetLet G = (V;E) be an undirected graph. For W � V let N (W ) = fi 2 V j 9 j 2 W; (i; j) 2 Eg. Knownparallel algorithms[ABI][KW][GS1][GS2][L1][L3] for computing a maximal independent set have the followingform.Procedure General-IndependentbeginI := �;V 0 := V ;while V 0 6= � dobeginFind an independent set I0 � V 0;I := I [ I 0;V 0 := V 0 � (I 0 [N (I 0));endendLuby's work[L3] formulated each iteration of the while-loop in General-Independent as a GPC problem.We now adapt Luby's formulation[L1][L3].Let ki be such that 2ki�1 < 4d(i) � 2ki . Let q = maxfkiji 2 V g. Let !x=< xi 2 f0; 1gq; i 2 V g. Thelength jxij of xi is de�ned to be ki. De�ne22In Luby's formulation[L3] Yi(xi) is zero unless the �rst jxij bits of xi are 1's. In order to be consistent with the notationsin our algorithm we let Yi(xi) be zero unless the �rst jxij bits of xi are 0's.15



Yi(xi) = � 1 if xi(jxij � 1) � � � xi(0) = 0jxij0 otherwiseYi;j(xi; xj) = �Yi(xi)Yj(xj)B(!x ) = Xi2V d(i)2 Xj2adj(i)0@Yj(xj) + Xk2adj(j);d(k)�d(j)Yj;k(xj; xk) + Xk2adj(i)�fjgYj;k(xj ; xk)1Awhere xi(p) is the p-th bit of xi.Function B sets a lower bound on the number of edges deleted from the graph[L1][L3] should vertex ibe tentatively labeled as an independent vertex if xi = (0 [ 1)q�jxij0jxij. The following lemma was provenin [L1] (Theorem 1 in [L1]).Lemma 5[L1]: E[B] � jEj=c for a constant c > 0. 2Function B can be written asB(!x ) = Xj2V ( Xi2adj(j) d(i)2 )Y (xj) + X(j;k)2E;d(k)�d(j)( Xi2adj(j) d(i)2 )Yj;k(xj ; xk)+Xi2V d(i)2 Xj;k2adj(i);j 6=kYj;k(xj; xk)= Xi fi(xi) +X(i;j)fi;j(xi; xj);where fi(xi) = ( Xj2adj(i) d(j)2 )Y (xi)and fi;j(xi; xj) = �(i; j)( Xk2adj(i) d(k)2 )Yi;j(xi; xj) + ( Xk2V and i;j2adj(k) d(k)2 )Yi;j(xi; xj)�(i; j) = � 1 if (i; j) 2 E and d(j) � d(i)0 otherwiseThus each execution of a GPC procedure eliminates a constant fraction of the edges from the graph. Ittakes O(M (n)) (which is O(n2:376 currently [CW]) processors to compute a matrix multiplication in time16



O(logn) to arrive at the GPC functions fi's and fi;j's because of the termPi2V d(i)2 Pj;k2adj(i);j 6=k Yj;k(xj; xk)in function B. We organize our algorithm for the maximal independent set problem into O(logn) stagessuch that in stage i the graph has no more than jEj=ci vertices and a constant number of GPC problemswill be solved in stage i. By Theorem 1 we achieve time complexity O(log2 n).Theorem 5: There is a CREW PRAM algorithm for the maximal independent set problem with timecomplexity O(log2 n) using O(M (n)) processors.Proof: The time and processor complexities for computing matrix multiplication dominate. 2We will give a second algorithm for the maximal independent set problem. We take advantage of thespecial properties of the GPC functions to reduce the number of processors to O(m+n). We cannot use thederandomization scheme in section 3 directly because it would involve a matrix multiplication as we haveseen in the design of our �rst maximal independent set algorithm. The structure of our second algorithm iscomplicated. We �rst give an overview of the algorithm.Overview of the Second AlgorithmBecause we can reduce the number of edges by a constant fraction after solving a GPC problem, a maximalindependent set will be computed after O(logn) GPC problems are solved. Our algorithm has two stages,the initial stage and the speedup stage. The initial stage consists of the �rst O(log0:5 n) GPC problems. EachGPC problem is solved in O(log2 n) time. The time complexity for the initial stage is thus O(log2:5 n). Whenthe �rst stage �nishes the remaining graph has size O((m+ n)=2plogn). There are O(logn) GPC problemsin the speedup stage. A GPC problem of size s in the speedup stage is solved in time O(log2 n=pk) withO(cks logn) processors. Therefore the time complexity of the speedup stage is O(PO(logn)i=O(plogn)(log2 n=pi)) =O(log2:5 n). The initial stage is mainly to reduce the processor complexity while the speedup stage is mainlyto reduce the time complexity.We used matrixmultiplication in our �rst algorithmbecause of the termPi2V d(i)2 Pj;k2adj(i);j 6=k Yj;k(xj; xk)in function B. We shall call this term the vertex cluster term. There is a cluster C(v) = fxwj(v; w) 2 Egfor each vertex v. Alternatively we may use O(Pv2V d2(v)) processors, d2(v) processors for cluster C(v), toevaluate all GPC functions and to apply our derandomization scheme given in section 3. However, to reducethe number of processors to O(m + n) we have to use a modi�ed version of our derandomization scheme insection 3.Consider the problem of �xing a random variable r in the random variable tree. We did this in constanttime in section 3 (Theorem 1). We now outline how r is �xed in the initial stage. We cannot do it in constanttime because the GPC function f(x; y), where x and y are the leaves in the subtree rooted at r, is in factthe sum of several functions scattered in the second term of function B and in several clusters. We will notcombine BPC functions in the derandomization process. As we have explained in section 2, setting r requiresO(logn) time because of the summation of function values. (Note that the summation of n items can be17



done in time O(n=p + logn) time with p processors.) A BPC problem takes O(log2 n) time to solve. Wepipeline all BPC problems in a GPC problem and get time complexity O(log2 n) for solving a GPC problem.The functions in B have a special property which we will exploit in our algorithm. Each variable xi hasa length jxij � q = O(logn). Yi;j(xi; xj) is zero unless the �rst jxij bits of xi are 0's and the �rst jxjj bitsof xj are 0's. When we apply our scheme there is no need to keep BPC functions Yiu;ju(xiu; xju) for allconditional bit patterns because many of these patterns will yield zero BPC functions. In our algorithm wekeep one copy of Yiu;ju(xiu; xju) with conditional bits set to 0's. This of course helps reduce the numberof processors. In particular, the random variable tree for each Pu now requires at most O(n) processors,instead of O(cun) processors as we have used in section 3 on the CREW PRAM.There are d2(i) BPC functions in cluster C(i) while we can allocate at most d(i) processors in the very�rst GPC problem because we have at most O(m + n) processors for the GPC problem. What we do is usean evaluation tree for each cluster. The evaluation tree TC(i) for cluster C(i) is a \subtree" of the randomvariable tree. The leaves of TC(i) are the variables in C(i). An interior node of the random variable treeis not present in TC(i) if none of the leaves of the subtree rooted at the interior node is in C(i). Whenwe are �xing r, if r is not in TC(i) then cluster C(i) does not contribute anything. If r is in TC(i) thenthe contribution of C(i) can be obtained by evaluating the function f(x; y), where x; y are leaves in theevaluation subtree rooted at r and x and y are in di�erent subtrees of r. If r has a leaves in the left subtreeand b leaves in the right subtree then the contribution from TC(i) for �xing r is the sum of ab functionvalues. We will give the details of evaluating this sum using a constant number of operations.Let us summarize the main ideas. We do not combine functions and achieve time O(log2 n) for solving aBPC problem; we put all BPC problem in a GPC problem as one batch into a pipeline to get O(log2 n) timefor solving a GPC problem; we use a special property of functions in B to maintain one copy for each BPCfunction for only conditional bits of all 0's; we use evaluation trees to take care of the vertex cluster term.We now sketch the speedup stage. Since we have to solve O(logn) GPC problems in this stage, wehave to reduce the time complexity for a GPC problem to o(log2 n) in order to obtain o(log3 n) time. Weuse a modi�ed random variable tree as shown in Fig. 3c in section 2. Such a random variable tree hasS = d(logn + 1)=ae blocks. Each block contains a levels. We �x a block in a step instead of �xing a levelin a step. Each step takes O(logn) time and a BPC problem takes O(S logn) time. If we have as manyprocessors as we want we could solve all BPC problems in a GPC problem by enumerating all possible casesinstead of putting them through a pipeline; i.e., in solving Pu we could guess all possible settings of randomvariables for Pv, 0 � v < u. We have explained this approach in the proof of Theorem 1 in section 2. Indoing so we would achieve time O(S logn) for solving a GPC problem. In reality we have extra processors,but they are not enough for us to enumerate all possible situations. We therefore put a BPC problems of aGPC problem in a team. All BPC problems in a team are solved by enumeration. Thus they are solved intime O(S logn). Let b be the number of teams we have. We put all these teams into a pipeline and solvethem in time O((S + b) logn). The approach of the speedup stage can be viewed as that of the initial stage18



with added parallelism which comes with the help of extra processors.The Initial StageWe �rst show how to solve a GPC problem for function B in timeO(log2 n) using O((m+n) logn) processors.O(m + n) processors will be allocated to each BPC problem. The algorithm for processors working onFu has the following form.Step t (0 � t < u): Wait for the pipeline to be �lled.Step u+ t (0 � t < logn): Fix random variables at level t.Step u+ logn: Fix the only remaining random variable at level logn. Output the good point for !xu.We will allow O(logn) time for each step and O(log2 n) time for the whole algorithm. Note that we donot combine functions with respect to the surviving set and therefore use O(logn) time for a step.The way Tu is constructed can be described by algorithm MRV-Tree, a modi�ed version of algorithmRV-Tree in section 3. In MRV-Tree we do not enumerate all possible conditional bit patterns. Only the bitpattern of all 0's is kept. Thus a node on a bit pipeline tree may not have both children. A variable xi onlyappears in Fu as xiu with u < jxij because the setting of random variables in Fu, u � jxij, is not a�ected byxiu.Procedure MRV-TreebeginStep t (0 � t < u): Wait for the pipeline to be �lled.Step u:(* In this step we will build T (0)u [i][j]. 0 � i < n=2 and j are indices for which T (0)u [i][j] is notempty. At the beginning of this step T (0)u�1[i][j] has already been constructed if it is not empty.Random variables xi have been transmitted to depth u of the bit pipeline tree for level 0. *)for each node T (0)u [i][j]if T (0)u [i][j] has received either x2i or x2i+1 from T (0)u�1[i][j=2](* x2i and x2i+1 becomes x2iu and x2i+1u in Tu. *) thenbeginif T (0)u [i][j] has received x2i thenmake it the left child of T (0)u [i][j] in the random variable forest for Pu;19



if T (0)u [i][j] has received x2i+1 thenmake it the right child of T (0)u [i][j] in the random variable forest for Pu;�x random variable r in T (0)u [i][j];make T (0)u [i][j] a child of T (0)u�1[i][j=2] in the bit pipeline tree;if T (0)u [i][j] has received x2i and jx2ij � u thentransmit x2i to T (0)u+1[i][j0];if T (0)u [i][j] has received x2i+1 and jx2i+1j � u thentransmit xi#0 to T (0)u+1[i][jr];endelse (* T (0)u [i][j] is empty. *);Step u+ t (1 � t < logn):(* In this step we will build T (t)u [i][j], 0 � i < n=2t+1 and j are indices for which T (t)u [i][j] is notempty. At the beginning of this step T (t)u�1[i][j] has already been constructed. Let T (t�1)u�1 [i0][j] andT (t�1)u�1 [i1][j0] (they may be empty) be the two children in the random variable subtree rooted atT (t)u�1[i][j]. T (t�1)u [i0][j0] and T (t�1)u [i0][j1] (they may be empty) are the children of T (t�1)u�1 [i0][j],and T (t�1)u [i1][j00] and T (t�1)u [i1][j01] (they may be empty) are the children of T (t�1)u�1 [i1][j0] in thebit pipeline tree for level t� 1. The setting of the random variable r for the pair (i0; i1) at level tfor Pu�1, i.e. the random variable in T (t)u�1[i][j], is known. *)if T (t�1)u [i0][j0] is not empty thenmake it the left child of T (t)u [i][j0] in the random variable forest for Pu;if T (t�1)u [i1][j0r] is not empty thenmake it the right child of T (t)u [i][j0] in the random variable forest for Pu;if T (t�1)u [i0][j1] is not empty thenmake it the left child of T (t)u [i][j1] in the random variable forest for Pu;if T (t�1)u [i1][j0r] is not empty thenmake it the right child of T (t)u [i][j1] in the random variable forest for Pu;if T (t)u [i][j0] is not empty thenmake it the left child of T (t)u�1[i][j] in the bit pipeline tree for level t;if T (t)u [i][j1] is not empty then 20



make it the right child of T (t)u�1[i][j] in the bit pipeline tree for level t;�x the random variables in T (t)u [i][j0] and T (t)u [i][j1];Step u+ logn:(* At the beginning of this step the random variable trees have been built for Ti, 0 � i < u. LetT (logn)u�1 [0][j] be the root of Tu�1. The random variable r in T (logn)u�1 [0][j] has been set. In this stepwe will choose one of the two children of T (logn)u�1 [0][j] in the bit pipeline tree for level logn as theroot of Tu. *)if T (logn�1)u [0][jr] is not empty thenbeginmake T (logn�1)u [0][jr] the child of T (logn)u [0][jr] in the random variable tree;make T (logn)u [0][jr] the child of T (logn)u�1 [0][j] in the bit pipeline tree for level logn;�x the random variable in T (logn)u [0][jr];output T (logn)u [0][jr] as the root of Tu;endendNote that i and j in T (t)u [i][j] are parameters and T (t)u is not a two dimensional array here. We canview algorithm MRV-Tree as one which distributes random variables xi into di�erent sets. Each set isindexed by (u; t; i; j). We call these sets BD sets because they are obtained on the bit pipeline trees and thederandomization trees. x is in BD(u; t; i; j) if x is a leaf in T (t)u [i][j]. When u and t are �xed BD(u; t; i; j) setsare disjoint. Because we allow O(logn) time for each step in MRV-Tree, the time complexity for constructingthe random variable trees is O(log2 n).Example: See Fig. 6 for an execution of MRV-Tree. Variables are distributed into the BD sets as shownbelow.
21



Step 0 :x0; x1 2 BD(0; 0; 0; �);x2; x3 2 BD(0; 0; 1; �);x4; x5 2 BD(0; 0; 2; �);x6; x7 2 BD(0; 0; 3; �): Step 1 :x0; x1; x2; x3 2 BD(0; 1; 0; �);x4; x5; x6; x7 2 BD(0; 1; 1; �);x0; x1 2 BD(1; 0; 0; 0);x2; x3 2 BD(1; 0; 1; 0);x4 2 BD(1; 0; 2; 0);x5 2 BD(1; 0; 2; 1);x6; x7 2 BD(1; 0; 3; 0):Step 2 :x0; x1; x2; x3;x4; x5; x6; x7 2 BD(0; 2; 0; �);x0; x1 2 BD(1; 1; 0; 0);x2; x3 2 BD(1; 1; 0; 1);x4 2 BD(1; 1; 1; 0);x5; x6; x7 2 BD(1; 1; 1; 1);x0; x1 2 BD(2; 0; 0; 00);x2; x3 2 BD(2; 0; 1; 00);x4 2 BD(2; 0; 2; 00);x5 2 BD(2; 0; 2; 10);x6 2 BD(2; 0; 3; 00);x7 2 BD(2; 0; 3; 01):
Step 3 :x0; x1; x2; x3;x4; x5; x6; x7 2 BD(0; 3; 0; �);x0; x1; x5; x6; x7 2 BD(1; 2; 0; 0);x2; x3; x4 2 BD(1; 2; 0; 1);x0; x1 2 BD(2; 1; 0; 00);x5; x7 2 BD(2; 1; 0; 10);x6 2 BD(2; 1; 0; 11);x2; x3 2 BD(2; 1; 1; 00);x4 2 BD(2; 1; 1; 10):Step 4 :x2; x3; x4 2 BD(1; 3; 0; 0);x2; x3 2 BD(2; 2; 0; 00);x4 2 BD(2; 2; 0; 01): Step 5 :x2; x3 2 BD(2; 3; 0; 00):Now consider GPC functions of the form Yi(xi) and Yi;j(xi; xj) except the functions in the vertex clusterterm. Our algorithm will distribute these functions into sets BDF (u; t; i0; j0) by the execution of MRV-Tree,where BDF (u; t; i0; j0) is essentially the BD set except it is for functions. Yi;j is in BDF (u; t; i0; j0) i� both xiand xj are in BD(u; t; i0; j0), maxfkj (the k-th bit of i XOR j) = 1g = t, jxij > u and jxjj > u, where XORis the bitwise exclusive-or operation, with the exception that all functions belong to BDF (u; logn; 0; j0) forsome j0. The condition maxfkj (the k-th bit of i XOR j) = 1g = t ensures that xi and xj are in di�erentsubtree of the tree rooted at T (t)u [i0][j0]. The conditions jxij > u and jxjj > u ensure that xi and xj are stillvalid. The algorithm for the GPC functions for Pu is shown below.Procedure FUNCTIONSbeginStep t (0 � t < u):(* Functions in BDF (0; t; i0;�) reach depth 0 of the bit pipeline tree for level t. *)Wait for the pipeline to be �lled;Step u+ t (0 � t < logn): 22



(* Let S = BDF (u; t; i0; j0). *)if S is not empty thenbeginfor each GPC function Yi;j(xi; xj) 2 Scompute the BPC function Yiu;ju(xiu; xju) with conditional bits set to all 0's;(* To �x the random bit in T (t)u [i0][j0]. *)T (t)u [i0][j0] := 0;F0 :=PYi;j2S Yiu;ju(	(xi; T (t)u [i0][j0]);	(xj; T (t)u [i0][j0]))+PYi;j2S Yiu;ju(	(xi; T (t)u [i0][j0])� 1;	(xj; T (t)u [i0][j0])� 1) + V C;(* V C is the function value obtained for functions in the vertex cluster term. We shallexplain how to compute it later. � is the exclusive-or operation. *)T (t)u [i0][j0] := 1;F1 :=PYi;j2S Yiu;ju(	(xi; T (t)u [i0][j0]);	(xj; T (t)u [i0][j0]))+PYi;j2S Yiu;ju(	(xi; T (t)u [i0][j0])� 1;	(xj; T (t)u [i0][j0])� 1) + V C;if F0 � F1 then T (t)u [i0][j0] := 0else T (t)u [i0][j0] := 1;(* The random bit is �xed. *)(* To decide whether Yi;j should remain in the pipeline. *)for each Yi;j 2 Sbeginif 	(xi; T (t)u [i0][j0]) 6= 	(xj ; T (t)u [i0][j0]) then remove Yi;j ;(* Yi;j is a zero function in the remaining computation of Pu and also a zero functionin Pv, v > u. *)if (	(xi; T (t)u [i0][j0]) = 	(xj; T (t)u [i0][j0])) ^ (jxij � u+ 1) ^ (jxjj � u+ 1) then(* Let b = 	(xi; T (t)u [i0][j0]). *)put Yi;j into BDF (u + 1; t; i0; j0b); (* Yi;j to be processed in Yu+1. *)endendStep u+ logn:if S = BDF (u; logn; 0; j0) is not empty then(* S is the only set left for this step. *) 23



beginfor each GPC function Yi;j(xi; xj) (Yi(xi)) 2 Scompute the BPC function Yiu;ju(xiu; xju) (Yiu(xiu)) with conditional bits set to all 0's;(* To �x the random bit in T (logn)u [0][j0]. *)T (logn)u [0][j0] := 0;F0 :=PYi;j2S Yiu;ju(	(xi; T (logn)u [0][j0]);	(xj; T (logn)u [0][j0]))+PYi2S Yiu(	(xi; T (logn)u [0][j0])) + V C;T (logn)u [0][j0] := 1;F1 :=PYi;j2S Yiu;ju(	(xi; T (logn)u [0][j0]);	(xj; T (logn)u [0][j0]))+PYi2S Yiu(	(xi; T (logn)u [0][j0])) + V C;if F0 � F1 then T (logn)u [0][j0] := 0else T (logn)u [0][j0] := 1;(* The random bit is �xed. *)(* To decide whether Ti;j should remain in the pipeline. *)for each Yi;j 2 Sbegin(* Let b = T (logn)u [0][j0]). 	(xi; T (logn)u [0][j0]) and 	(xj; T (logn)u [0][j0]) must be equalhere. *)if (	(xi; T (logn)u [0][j0]) = 	(xj ; T (logn)u [0][j0]) = 0) ^ ((jxij � u+ 1) _ (jxjj � u+ 1))thenput Yi;j into BDF (u + 1; logn; 0; j0b);else remove Yi;j;end(* To decide whether Yi should remain in the pipeline. *)for each Yi 2 Sbegin(* Let b = T (logn)u [0][j0]). *)if (	(xi; T (logn)u [0][j0]) = 0) ^ (jxij � u+ 1) thenput Yi into BDF (u + 1; logn; 0; j0b);else remove Yi;endendend 24



The functions being evaluated can also be viewed as being pipelined through the derandomization trees.There are O(logn) steps in MRV-Tree and FUNCTIONS, each step takes O(logn) time and O((m +n) logn) processors.Now we describe how the functions in the vertex cluster term are evaluated. Each function Yi;j(xi; xj) inthe vertex cluster term is de�ned as Yi;j(xi; xj) = �1 if the �rst jxij bits of xi are 0's and the �rst jxjj bits ofxj are 0's, and otherwise as Yi;j(xi; xj) = 0. Let l(i) = jxij�u. Then Yiu;ju(�;�)(0u; 0u) = �1=2l(i)+l(j) andYiu;ju(0; 0)(0u; 0u) = �1=2l(i)+l(j)�2 if jxij > u and jxjj > u. Procedure MRV-Tree is executed in parallel foreach cluster C(v) to build an evaluation tree TC(v) for C(v). An evaluation tree is similar to the randomvariable tree. The di�erence between the random variable tree and TC(v) is that the leaves of TC(v) consistof variables from C(v). Let r = T (t)u;v[i0][j0] be the root of a subtree T 0 in TC(v) which is to be constructedin the current step. Let L and R be the left and right subtrees of T 0, respectively. Let rL and rR be theroots of L and R, respectively. At the beginning of the current step L and R have already been constructed.Random variables in the interior nodes of L and R have been �xed. De�ne M (x; b) =P	(i;x)=b 12l(i) , wherei's are leaves in the subtree rooted at x. At the beginning of the current step M (rL; b) and M (rR; b),b = 0; 1, have already been computed and associated with rL and rR, respectively. During the currentstep rL is made the left child of r and rR is made the right child of r. Now r is tentatively set to 0 and1 to obtain the value V C for �xing r in procedure FUNCTIONS. We �rst compute V C(v; r) for each v.V C(v; r) = 2P1b=0M (rL; b)M (rR; b � r), where � is the exclusive-or operation. The V C value used inprocedure FUNCTIONS is �PfvjT (t)u;v[i0 ][j0] is not emptyg d(i)2 V C(v; T (t)u;v[i0][j0]). After setting r we obtain anupdated value for M (r; b) as M (r; b) = M (rL; b)+M (rR; b�r). If T 0 has only one subtree then V C(v; r) = 0and M (r; b) need to be computed after r is set.The above paragraph shows that we need only spend O(TV C) operations for evaluating V C for all vertexclusters in a BPC problem, where TV C is the total number of tree nodes of all evaluation trees. TV C isO(m logn) because there are a total of O(m) leaves and some nodes in the evaluation trees have one child.We brie
y describe the data structure for the algorithm. We build the random variable tree and evaluationtrees for P0. Nodes T (t)0 [i][�] in the random variable tree and nodes T (t)0;v[i][�] in the evaluation trees andfunctions in BDF (0; t; i;�) are sorted by the pair (t; i). This is done only once and takes O(logn) time withO(m + n) processors[AKS][C]. As the computation proceeds, the random variable tree and each evaluationtree will split into several trees, each BDF set will split into several sets, one for each distinct conditionalbit pattern. A BDF set in Pu can split into at most two in Pu+1. Since we allow O(logn) time for eachstep, we can allocate memory for the new level to be built in the evaluation trees. We use pointers tokeep track of the bit pipeline trees and the evaluation trees. The nodes and functions in the same BDand BDF sets (indexed by the same (u; t; i0; j0)) should be arranged to occupy consecutive memory cells tofacilitate the computation of F0 and F1 in FUNCTIONS. These operations can be done in O(logn) timeusing O((m+ n)= logn) processors.It is now straightforward to verify that our algorithm for solving a GPC problem takes O(log2 n) time,25



O(logn) time for each of the O(logn) steps. We note that in each step for each BPC problem we have usedO(m + n) processors. This can be reduced to O((m + n)= logn) processors because in each step O(m + n)operations are performed for each BPC problem. They can be done in O(logn) time using O((m+n)= logn)processors. Since we have O(logn) BPC problems, we need only O(m + n) processors to achieve timecomplexity O(log2 n) for solving one GPC problem.We use O((m+n)= log0:5 n) processors to solve the �rst O(log0:5 n) GPC problems in the maximal inde-pendent set problem. Recall that the execution of a GPC algorithmwill reduce the size of the graph by a con-stant fraction. For the �rst O(log logn) GPC problems the time complexity is O(PO(log logn)i=1 log2:5 n=ci) =O(log2:5 n), where c > 1 is a constant. In the i-th GPC problem we solve O(ci log0:5 n) BPC problems ina batch, incurring O(log2 n) time for one batch and O(log2:5 n=ci) time for the O(log0:5 n=ci) batches. Thetime complexity for the remaining GPC problems is O(Plog0:5 ni=O(log logn) log2 n) = O(log2:5 n).The Speedup StageThe input graph here is the output graph from the initial stage. The speedup stage consists of the rest ofthe GPC problems.We have to reduce the time complexity for solving one GPC problem to under O(log2 n) in order toobtain an o(log3 n) algorithm for the maximal independent set problem. After the initial stage, we have asmall size problem and we have extra processor power to help us speed up the algorithm.We redesign the random variable tree T for a BPC problem. We use the design as shown in Fig. 3c insection 2. There are S = d(logn+ 1)=ae blocks in T , where a is a parameter.We note that the design of T incorporates design techniques from both [H2][HI] and [L2][L3]. Theadvantage of Han and Igarashi's design[H2][HI] is that random bits can be �xed independently if these bitsare at the same level of T . The advantage of Luby's design is that there are fewer random bits in T whichis desirable in the the speedup stage of our algorithm for the maximal independent set problem.Lemma 6: If all random variables in the interior nodes of a proper subtree T 0 of T are �xed, the randomvariables xj at the leaves of T 0 can only assume two di�erent patterns.Proof: This is because the random variables from the root of T to the parent of the root of T 0 are commonto all xj 's at the leaves of T 0. 2In fact we have implicitly used this lemma in constructing the bit pipeline tree in the design of our GPCalgorithm and in procedure RV-Tree.The q BPC problems in a GPC problem are divided into b = q=a teams (w.l.g. assuming it is an integer).Team i, 0 � i < b, has a BPC problems. Let Jw be w-th team. The algorithm for �xing the random variablesfor Jw can be expressed as follows. 26



Step t (0 � t < w): Wait for the pipeline to be �lled.Step t+w (0 � t < S): Fix random variables in block t in random variable forests for Jw.Each step will be executed in O(logn) time. Since there are O(b + S) steps, the time complexity isO(log2 n=a) for the above algorithm since q = O(logn).For a graph withm edges and n vertices, to �x random bits in block 0 for P0 we need 2a(m+n) processorsto enumerate all possible 2a bit patterns for the a bits in block 0. To �x the bits in block 0 for Pv, v < a, weneed 2a(v+1) patterns to enumerate all possible a(v+1) bits in block 0 for Pu, u � v. For each of the 2a(v+1)patterns, there are 2v conditional bit patterns. Thus we need ca2(m+n) processors for team 0 for a suitableconstant c. Although the input to each team may have many conditional bit patterns, it contains at mostO(m+n) random variable trees (in the input random variable forest). We need keep working for only thoseconditional bit patterns which are not associated with empty trees. Thus the number of processors neededfor each team is the same because when team Jw is working on block i the bits in block i have already been�xed for teams Ju, u < w, and because we keep only nonzero functions. The situation here is similar to thesituation in the initial stage. Thus the total number of processors we need for solving one GPC problemin time O(log2 n=a) is ca2 (m + n) logn=a = O(ca2(m + n) logn). We conclude that one GPC problem canbe solved in time O(log2 n=pk) with O(ck(m + n) logn) processors. Therefore the time complexity for thespeedup stage is O(Plognk=1 (log2 n=pk)) = O(log2:5 n).Theorem 6: There is an EREW PRAM algorithm for the maximal independent set problem with timecomplexity O(log2:5 n) using O((m + n)= log0:5 n) processors. 2We shall call this algorithm MAX.Further ImprovementTo reduce the processor complexity by another factor of logn on the CREW model we need only work onthe �rst O(log logn) GPC problems. These GPC problems belong to the initial stage.Consider the �rst GPC problem. At the beginning of the GPC algorithmall GPC functions (inBDF (0; t; i;�)),nodes in the random variable tree (in T (t)0 [i][�]) and nodes in the evaluation trees (in T (t)0;v[i][�]) will be sortedby the parameter (t; i). This takes O(m logn=p+ logn) time with p processors. A GPC function f will bepassed down the bit pipeline tree in the procedure FUNCTIONS. At each depth of the bit pipeline tree f isinvolved in a constant number of operations. Thus each GPC function will account for O(logn) operations,giving a total of O(m logn) operations. This can be done in time O(m logn=p+ log2 n) with p processors.The nodes in the random variable tree and the nodes in an evaluation tree, as they pass done the bit pipelinetree, can be decomposed into several random variable trees and evaluation trees, one for each conditionalbit pattern. Each leaf in these trees can be involved in O(logn) operations in a BPC problem and thereforeO(log2 n) operations in the GPC problem. This gives time O(m log2 n=p+ log2 n). On the CREW PRAM,27



we can avoid evaluating nodes in a evaluation tree which has only one child. As long as we only evaluatenodes in the evaluation trees which have two children, the number of operations for evaluating the nodesin an evaluation tree is proportional to the number of leaves in the tree. This helps to cut the time forevaluating the evaluation trees to O(m=p+ log2 n) for a BPC problem and to O(m logn=p+ log2 n) for theGPC problem. However, a node v at level l in an evaluation tree could have its parent p(v) at level l + cwith c > 1 because now we require that p(v) have two children. When p(v) is evaluated, we need the value	(v; p(v)). In order to obtain this value we keep updated 	(v; w) for all leaves v in a random variable treeand the current node w. The 	(v; w) value for the n leaves in the random variable forest for a BPC problemwill be updated immediately after the random variables at each level are �xed. This takes O(n logn=p) timefor a BPC problem and O(n log2 n=p) time for the GPC problem. In summary, the �rst GPC problem canbe solved in time O(m logn=p+ n log2 n=p+ log2 n) with p processors. If m > n logn the time will becomeO(m logn=p+ log2 n).One might argue that since the evaluation trees are built bottom up, if a node is not checked one cannotknow whether that node has one or two children. The answer is that we cannot avoid checking whether anode r in an evaluation tree of Pu has one or two children. But if we know r has one child, we can avoidchecking r's descendants in the bit pipeline tree, i.e., those nodes in Pv, v > u, which are descendants of rin the bit pipeline tree.Our modi�ed algorithm for the GPC problem will �rst check whether m > n logn. If m � n logn we�rst construct G0 induced by vertices in V with degree no greater than logn. We then solve the maximalindependent set problem for G0 in time O(m logn=p + log2 n), using an algorithm to be described later.Now the remaining graph can be viewed as satisfying m > n logn and the rest of the computation takesO(m logn=p+ log2 n) time as explained above. We therefore achieve time O(m logn=p+ log2 n log logn) forthe �rst O(log logn) GPC problems. The remaining graph can now be solved by MAX.We now describe an algorithm for �nding a maximal independent set for a graph satisfying � = O(logn).This algorithm is obtained by using a modi�ed version of our �+1 vertex coloring algorithm. We �rst colorthe graph with � + 1 colors and then �nd a maximal independent set by sequencing through these colors.Lemma 7[HI]: A BPC problem can be solved by �rst sorting the input BPC functions into the �le-major indexing which takes O(m logn=p + logn) time, and then building the derandomization tree andderandomizing the random variables which takes O(m=p+ logn) time, where p is the number of processorsused. 2The reason that the computation for a BPC problem takes O(m=p+ logn) time except the sorting stepis that the derandomization process can be formulated[HI] as a tree contraction process[MR]. Note that inorder to establish Lemma 7 the derandomization tree D should take the form that each interior node of Dmust have at least two children[HI].Lemma 8: The �+ 1 vertex coloring problem can be solved in time O(m logn=p+ logn(log logn)2) using28



p processors on the CREW PRAM if � = O(logn).Proof: Since � = O(logn), one GPC problem now contains only O(log logn) BPC problems. Since thederandomization trees for all the BPC problems in a GPC problem are the same, we need only build onederandomization tree and then makeO(log logn) copies of the tree. The time complexity for building the de-randomization trees in the GPC algorithm isO(m logn=p+logn). The time complexity for building the tablesis O(m log logn=p+ logn) for a BPC problem because � = O(logn) and O(m(log logn)2=p+ logn log logn)for the GPC problem. The time complexity for the rest of the computation in the GPC algorithm isO(m log logn=p+log n log logn) using p processors because the BPC problems are solved sequentially. Thusthe �rst O(log logn) GPC problems can be solved in timeO0@(O(log logn)Xi=1 m logncip ) + logn(log logn)21A = O(m logn=p+ logn(log logn)2)using p processors. Now the graph has size O(m= log2 n). It can be colored using the algorithm in section 4.Note again that each GPC problem has only O(log logn) BPC problems. 2Theorem 7: There is a CREW PRAM algorithm for the maximal independent set problem with timecomplexity O(log2:5 n) using O((m + n)= log1:5 n) processors. 2The dominating operations in each step of our maximal independent set algorithm are memory allocationand summation. These operations can be done in time O(logn= log logn) on the CRCW PRAM[P][Re][CV].Therefore we have,Corollary: There is a CRCW PRAM algorithm for the maximal independent set problem with time com-plexity O(log2:5 n= log logn) using O((m + n) log logn= log1:5 n) processors. 26 Maximal MatchingLet N (M ) = f(i; k) 2 E; (k; j) 2 E j 9 (i; j) 2Mg. A maximal matching can be found by repeatedly �ndinga matching M and removing M [N (M ) from the graph.We adapt Luby's work[L3] to show that after an execution of the GPC procedure a constant fraction ofthe edges will be reduced.Let ki be such that 2ki�1 < 4d(i) � 2ki. Let q = maxfkiji 2 V g. Let !x=< xij 2 f0; 1gq; (i; j) 2 Eg.The length jxijj of xij is de�ned to be maxfki; kjg. De�ne29



Yij(xij) = � 1 if xij(jxijj � 1) � � � xij(0) = 0jxijj0 otherwiseYij;i0j0(xij ; xi0j0) = �Yij(xij)Yi0j0(xi0j0)B(!x ) = Xi2V d(i)2 0@ Xj2adj(i)0@Yij(xij) + Xk2adj(j);k 6=iYij;jk(xij; xjk)1A+ Xj;k2adj(i);j 6=kYij;ik(xij; xik)1Awhere xij(p) is the p-th bit of xij.Function B sets a lower bound on the number of edges deleted from the graph[L3] should edge (i; j) betentatively labeled as an edge in the matching set if xij = (0 [ 1)q�jxij j0jxij j. The following lemma can beproven by following Luby's proof for Theorem 1 in [L1].Lemma 9: E[B] � jEj=c for a constant c > 0. 2Function B can be written asB(!x ) = X(i;j)2E d(i) + d(j)2 Yij(xij) +Xj2V Xi;k2adj(j);i 6=k d(i)2 Yij;jk(xij; xjk)+Xi2V d(i)2 Xj;k2adj(i);j 6=kYij;ik(xij ; xik)By using the same technique in section 5 we can obtain a CREW algorithm for the maximal matchingproblem with time complexityO(log2 n) using O(M (n)) processors. The details of this algorithm are omittedhere.There are two cluster terms in function B. We only need explain how to evaluate the cluster termPj2V Pi;k2adj(j);i 6=k d(i)2 Yij;jk(xij; xjk). The rest of the functions can be computed as we have done for themaximal independent set problem in section 5.Again we build an evaluation tree TC(v) for each cluster C(v) in the cluster term. Let l(ij) = jxijj � u.Let r = T (t)u;v[i0][j0] be the root of a subtree T 0 in TC(v) which is to be constructed in the current step. Let Land R be the left and right subtrees of T 0, respectively. Let rL and rR be the roots of L and R, respectively.At the beginning of the current step L and R have already been constructed. Random variables in the interiornodes of L and R have been �xed. De�ne M (x; b) =P	(ij;x)=b 12l(ij) . De�ne N (x; b) =P	(ij;x)=b d(i)2 12l(ij) .At the beginning of the current step M (rL; b), M (rR; b), N (rL; b) and N (rR; b), b = 0; 1, have already beencomputed and associated with rL and rR, respectively. During the current step rL is made the left child ofr and rR is made the right child of r. Now r is tentatively set to 0 and 1 to obtain value V C for �xing r.30



We �rst compute V C(v; r) for each v. V C(v; r) =P1b=0(N (rL; b)M (rR; b� r) +M (rL; b)N (rR; b� r)). TheV C value is �PfvjT (t)u;v[i0][j0 ] is not emptyg V C(v; T (t)u;v[i0][j0]). After setting r we obtain updated value M (r; b)and N (r; b) as M (r; b) = M (rL; b) +M (rR; b� r), N (r; b) = N (rL; b) + N (rR; b� r).Since this computation does not require more processors, we have,Theorem 8: There is an EREW PRAM algorithm for the maximalmatching problem with time complexityO(log2:5 n) using O((m + n)= log0:5 n) processors. 2For the maximal matching problem we cannot remove another factor of logn from the processor com-plexity as we did for the maximal independent set problem because there are O(m) leaves in the randomvariable trees of a BPC problem while there are only O(n) leaves in the maximal independent set problem.Again in the CRCW PRAM algorithm a factor of log logn can be taken out from the time complexityand put into the processor complexity.AcknowledgementThe author wishes to thank the anonymous referees for their careful reviewing and helpful comments on themanuscript. The author also thanks Professor Richard Cole for making several good suggestions about thepaper.References[AKS] M. Ajtai, J. Koml�os and E. Szemer�edi. An O(N logN ) sorting network. Proc. 15th ACM Symp. onTheory of Computing, 1-9(1983).[ABI] N. Alon, L. Babai, A. Itai. A fast and simple randomized parallel algorithm for the maximal inde-pendent set problem. J. of Algorithms 7, 567-583(1986).[BR] B. Berger, J. Rompel. Simulating (logc n)-wise independence in NC. Proc. 30th Symp. on Founda-tions of Computer Science, IEEE, 2-7(1989).[BRS] B. Berger, J. Rompel, P. Shor. E�cient NC algorithms for set cover with applications to learningand geometry. Proc. 30th Symp. on Foundations of Computer Science, IEEE, 54-59(1989).[C] R. Cole. Parallel merge sort. Proc. 27th Symp. on Foundations of Computer Science, IEEE, 511-516(1986).[Co] S. Cook. A taxonomy of problems with fast parallel algorithms. Information and Control, Vol. 64,Nos. 1-3, 1985.[CV] R. Cole and U. Vishkin. Approximate and exact parallel scheduling with applications to list, treeand graph problems. Proc. 27th Symp. on Foundations of Computer Sci., IEEE, 478-491(1986).31
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Fig. 2. A derandomization tree. Pairs in the circles are the subscripts of PROFIT/COSTproblems.
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Block 0

Block 1

(a) (b) (c)Fig. 3. (a) Luby's tree. (b) Han and Igarashi's tree. (c) A tree of combination.
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